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AN |İ.|TEGER PRoGnAMMiNG FoRMuLATloN FoR THE L|NE
BALANClNG PROBLEMS

cemaı öZGÜVEN'
osman uNuTt LMAZ"

ABSTRACT: The 0-1 programming fo.mulalions developed so far to deal
wilh lhe simple assembly ıine balancing ploblems fix eilher lhe cycle ljme
or the number ol süations along the line, The inıeger programming
formulaıion sugoesl€d in this paper aIlows simullaneous consjderalaon of
ihe cycle lime and lhe number ol ştations. lt manaEes io delermine lhe line
wilh minimum balance delay wilhoul having to fix eilher of lhem.
(PROGRAMMING |NTEGER, L|NEBALANolNG, PRoDUcTloN scHEDULING)

lNTRooucTloN

The probIem considered in this paper is 1o detelmine ıhe line with
minimum balance dglay for a specified range of cycle iimes,

The lane wjlh minimıJm balance delay can be deıermıned eilher by
solvİng a number of 0,1 formulations o' SALBP-1 (one for each
aıternative cycle ıime) or by solving a numbeı of 0-1 formUlaljon of
SALBP_2 (one fol each aılernalivo numbel of stations) relavanl to the
ran9e.

To obtain the solution in one swoop, an integer quadralic programming
(loP) formulalıon is developed. ln lhis loP fo.mulalion neilher lhe cycle
lime nor lhe number of siatjons ıs fixed. ln order to be able to employ the
inleger programnino algorilhms and lo sel lhe groıJnd for making
compalison lo ıhe 0-1 formulalions of SALBP 1 and SALBP-2, ühe loP
formulaiion is then |.ansformed inıo an inıeger linea. proqrammino llLP)
formulalion.

' Plo|.o.., Elciye6 tJniv. lkıi6adi ve |dari 8iliml6ıi Fakolıesi Öğr-Oy.
, , Doç,Dr., Elciyos Üniv,lktisadi ve ldari Bilimlori Faİğ|le6i öğr.Üy.
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PRELlıtlıNARlEs A}|D NoTATloN

Hefe the gengral notation usod will be presenıed and lhe addilional
onos will be introduced as needed.

l
J
ı(ı)
li

lask set ( l= {,l,2,,...,i,.,..m})
station sel (J= {1,2,...,j,..,,n})
subs€t ol lasks assİghgd lo stalion j, j€ J
process time of ıaks, i, i € l

Tj= E ie ı(i) ti (i.e., work conüent of stalion 

')

ş
,=., 

ti 0.e., toıal tasİ processino tlme)

T : cycle lİme

tmin-mln i€ l {ti}

tmaı=max ie l (tj}

n= ili, ıı1 l ıasr i is an immediate predecessor of ıask h}

i.o., pariiaı order of the task sel l(precedenc€ relaıions)
P(i)= {he ll (h, i) € R} (i.e.. the immedıalg predecessors of task i)
Pa(i) - (aIl predecessors of i}

s(i)=(h€ ll(i,h) € R} (i.e., the immodiaı€ succ€ssors of lask i)

sa(i),all successo.s of i}

NPa(i):{the numb€r o' all predecessors of lask 0
NSa(i) :{the number of all succossors of üask l}

K(i) :(subset of tasks thaı can b6 assignod to station j, i€ J, by
vartue of iho tasİ procodence relationshlpsj

F= {i€ ll s(i)-oxı.e., tasks wilh no suc!€ssors}
n': th€ optimum number of stalions needgd
T': the optimum cycl€ time
TU: the sfrecified urt€r bound of the ranEe of cyc|e limes.

(lhe maximum cycl6 tİme)
TL: the specifi€d lowgr bound of the range of cycle times.

(thg minimum cycle tlme)
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r-[wTUl+ i.o., thg low€r boUM on the optimum numb€r of stations
needed (tho ttooret|caı minimum nurnbor ol stations)

s-m i.o., ıho uppgr bound on ıha oplimum numb€r of stalions ngeded
(ıhe th€oretacal malimum number of staiions)

Ei : th6 smallest numbored(the oarligsO süaiion to which task ican b€
assloned

Li : The largest numbgred (the lat€sO slallon lo $,hich task i can be
asslgn8d

(rl+-th€ smalıest int€ggr larger than or oqual to x

lt should bo not€d tııat

l<n'< m
Tl<T'<Tu

and that Tu and TL arg sp€cilled by lh€ d€cision maker unde. lhe
restricıions

TL>tmaİ

,U- availablo lim6 oel wolkind dav

ıhe m;nimum acceptable numtıel of p.oducts p6r wo*ing day

THE lop FoRıtluLATloN

ln lhis seclİon an inleger quadratic proEramming (loP) formulati,on,
a powerrul tool lor handlino thğ simple lıne balancing prob|erİis
(BAYBARS), is prgsenıod. The d€cisİon variables afe defined as lollows:

a 1 if task i is assigned üo slalion j
xii ,l

L 0 olherwise

Vi€ l andVj€J

The o@Jlance contraints (PATTERSoN aM ALBRACH) guarantoe thal
gv€ry ı8sk is asslgn€d ıo a station and that each task occurs wiolly within a
statİon, sİnce xij is 0 of 1-



Erciye. Ünlvcl.l!..l Iki.adi vo ldari Bilımı.l Fıkğlt\all o.Ql.i, sayt 9, Ka.ım 1991

I'' ,,, -1 Vi€l (ı)

i-E

The coniralnı (1) is satisfiod il thg cönstiaihl ğet

E '''' 1,j .l Vlel 12\

j=Eı

as satisli€d and

*,.,=,.6 '' '\ 
i=Eı

Thg cycı€ tlm€ Gonstraints oua.antee ıhal tho wo* contenl of avory
stalion is noı oreaı6İ lhan lh8 clcl8 tlrno.

I;. x.., tiXı1 <l Vj € J (4)

Ngxl, the p.ocedgnca .elationships bolwoen lh6 tasks will bg
conaider€d. lf h€ s(D, then ask h must bo assiğnod githgr to the samo
staıion as task i or to a subsequent slation, never to a pİior one. The
conslraint seı (PATTERSoN and ALBRAGH)

ı '' j(xii) < I 
Ln j(xnj) (5)

j=Ei j=Eh

where Li>Eh and i<<h

qualanlees lhat task h is nol assigned to a station prior ıo ıhe slataon ıo
which lask iis assigned. To prevenü lhe violalion ol the precedence

-) vieı (3)
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.elallonshlps, a constralnt of typo(s) musl b€ writton 
'or 

oach oair ol
lasks iand h, l.g., lor oach task İand its imm€dial€ succgssor.

. Flnally, the followlno conslraints aro lmposod to mak6 sure that the
cycle tlmo rgmaihs wlthln th€ .ano€ specifigod by th€ docislon mak€l:

Tl<T<Tg (6)

.. . The obiectivg is to delgrmino T', n' and lhg rolaled ı8sk assionmsnü
which gıves rise to tho line wllh munlmum baıance dolay ıoı ıııe sjecmea
.ano€ ol cyc|o lim€§. sirrce lho balanco d€lay of ltıe ıine ıi a tunalon-ot-ooıtı
lhe cycl6 iimo (T) and ıh€ numb€r af siaü|ons (n) along the tlne, ıhJ
oblociİvg funcıion is wrltton as

mİnlmlze ,|,wnT

since, 1 and w arg constants, thg objoctive function can equivalgnlly b€
writtan asl

m|nİıılze nT

ln lh€ final form of th€ obj€cllvo funclion, tho le.m n is roDlaced bv
an glpross'ıon lnvotvlng thö xii variablos. Boforo presenling tııe iınaı ıoıııi,
|l is @nvonlenl to give lho 

'ollotvlng 
deltnllion:

lask d: tho unlqug ı€rmlnal dummy task
with td-o and l<< d for oach i€ F.

ıhg numb€r of ıh9 slallon lo which ıask d is assioned indicales lh6
numb€r o' lhe sl8ıions that ar9 opgned a|ono lhe |in8. lf la;k d is a;;; ü;
slation k (Ed.r<k<m). then tho varlabl9 Xdk is sel equal lo 

'-i;ih;erprgssion

lı

1 minimizing the balance dolay of tho lino i§ oquivalQnü lo minimizing ü6 iolal
idlo time elong üe line

mln !

lheı ia, ,nin nT.w
and thır6, min nT

(r_Tj )
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m

» i(Xaj ) je J

By Vinue of lhe constrainl se(l)

Xdj=o for j*k

Then. (8) leduces into

k

indıcating the numbe. ol lhe stations thal afe opened along the line,

in (7). n is replaced by lhe explession (8) and lhe objeclive lunclion

is writlen in ils final form as

(9)

(8)

)=r

This objective funclion along wilh the constraint sets (1), (4), (5)

ano loi ıoim! lhe lop tormula|,on lhal serves lo tind lhe line wilh

minimum oaıance oeıay lor ıhe specified range of cycle ılmes,
wı,en in ıhis ıop lormulaıion -r is fiXed at To, lhe objective tunction

becorn€s

.. [L' ixaı 
]r

min I jXai To

jJ

min ! jxdj

{9)

(10)

ıhaı is

j=ı
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and lhe conslaint sel (4) lıJrns inlo

' 
ı. x9 ııX,; , ıo Vj € J

» ıu ı161 liXı; < r j=1,2, ....,k (13)

(11)

lı musl be no|iced thal lhe resulling ıolmulaıion2 {1,. 15) t1o]and (1ı) i§ a 0-1 pıogramming formulation ol Snl-gP ı ıtİİİ'se;'"]'İJoelelmlne the line with minimıJm balance delay for To.
when in the above loP formulalion X61 is seı equaı ıo 1, the objectivefuncıion (9) reduces into

min kT
lhat is

min T (12)

and due lo lhe conskainı sels(1) and (5) ıhe consırainl sel (4) Decomes

The ,esulling 
'ormulalion 

(1). (5), (6), (12) and ü]3l js a o 1ploglammIng tolmıJlalion ol sALBP 2. ll determlnes ih" ı,ne ,r,ınminimum ba]ance delay 
'or 

a lired nunber ol sİaıİJnİrnol]

THE lLP FoRMuLATloN

, _ The lLP formulation in wh;ch neilher T no. n is fixed can be derivedby deiining some addilional va.iables and constıainls and by;akİn;;o;;modifications to ıhe loP formıJlalion (1), (4), (5), raı "«i ts). 
'-- -

. ., No, T"']", what the cycle lime js, at leası r=Iw/TU]+ sıations 1l,e..sla|ions t-l, 2, ...,r] mıJsl be opened alıogether. Thehi vii,aoıes taıe 
"arnol ıhe tacı lhal lhe addilional slaıions may be opened 'sequenıially. slarting

'rom 
ıhe.+J'lh staljon up ıo the m'lh one.

,,= 
[

T if lhe llh slalion with cvcle
ıime T in opened
o otherwise

2 R€lalion (6) becohes redundant.
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l, '+1, 
r+2, "", m

Th€ Rj variablos m8k€ lt posslblo to conv€n thg conslralnl s€l (4)

into ühe followino 
'rom:

E ;. xç, tiXı; < l ] - 1,2, ...ü

I,. xu, tiXi1 < a j- r+1, r+2,...,m

To prg\rent thg Ri variablos takho on valu€s othe, than 0 or T

Lj - o, ı i- r+1, 
'+2,..., 

m

varİabl8s aro lnt.oduced and lhe loilowlno constrainls ar8 impos€d

R1 < M(l,L1) j, r+1, r+2,..., m

Rj> T-M! j- r+'t, r+2,..., m (15)

Rl(T j- r+'1, r+2,..., m

whero M is a larog numbor.

An addltional s€t of constraints is no€d€d ıo mako sure thet alt€r tho

fir§l r 3l8tlons arg opon€d a now slallon cennot bs opgnod unl€ss iha
pİorlou3 slat|on has boen opon6d:

Rl+ı < R1 j- r+', r+2,",, m-1 t16)

Flnally, lhe obigctivo 
'unclion, 

now in |ingar foİm, is expressed as

(ı 4)

j-r+l Ri
minimize rT +!,
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The resulling formulation (1), (5), (6), (14), (15), (16) and
(17) ıs the lLP formulation sugg€sted in this paPer, ll is lh€ linearized
version ol the loP formulation developed above.

EXAuPLE: A LINE BALANCING PRoBLEu

The minimum acceptable number ol ploducts wiıhin an eight hour
shiit is 235 units. six diıferenı tasks ale involved, The relevant
information is pıesenıed below.

Table ,l: standard Ptoce9g Tim€s and Tho Pıecodonca
Relıtion.hlPs

Ti(secondş) P(i)
1

2
3
4
5
6

83
30
60
85
45
70

,
1,2
3,4

4

The d€cision maker has specifaed the lower and lhe uppe. bounds of
the Ianoe of cycle limes wiıhin which he desire§ lo d€lermine ıhe line with
manimum balance delay as RL-88 seconds and Ru-120 seconds
respectively:

TL - 88> lmax = 85
Tg - ,120< 8x6or60/235

No matlor what the cycle time is at least

, ı- [83+30+60+85+45+70/120|+ = 4

stations must be opened along the line. The theoretical minimum number of
stations is r=4.

The theoretical maximum numbeİ ol stations is laken to be equal üo

lhe number of the tasks: s=m=6.
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THE PRoBLEttı vARlABLEs

The variables that will be used in the lLp formulalion are defined
follows j

a 1 il lask i is assigned lo stalion i
xii = lL 0 oıherwise

El.jyo9 Ünivoırilssi lkiti§ada vo ldari Bilimler Faküllgsi De.gisi, sayl 9, Kaslm 199l

cycle
Rj =

i= 1,2,3,4,5,6
j=1,2,3,4,5,6

a 1 il teh lıh stalion wilh.l lime T is opened
L 0 otherwise

Lj= 0,1

j=5,6

T: cycle lime

5,6

considerable amounı of leduclion an the number ol Xül Vaaiables can
be achieved by delelmining lhe inleasible staıions for ıask i, i.e., the
stations to which task i cannol be assigned.

THE FEAS|BLE ANo lNFLAslBLE sTATloNs

When the p.ecedence lelalionshıps, the minimum numbel ol sıations
(r) and lhe maximum number of stations (m) are ıaken inıo considelaııon,
il becomes cıeal lhal lask i cannot be assigned to some of lhe stations.

The infeasible slations are delermined by finding ihe earliest and lhe
laıest slaıions to which task i can be assigned (Ei and Li), The slataons pİior
lo E]and subsequent to Li a.e ühe inreasible ones lor ıask i.

The number of lasks thaı musı be perfo.med allel lask iis Nsa(i).
The toıal number of lasks excluding task i is m 1. So, (m-1) NSa(i)
indicales lhe lolal number ol the tasks thaı may be done befole ıask i. lf
(m-1),NSa(j) lasks may be done before task i and if al most m
slations can be opened, then lhe ıalesi slalion lhal lask ican be assigned to is
the m-Nsa(i)'th one:

51
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The siations opened after the Li'th station are lhe infeasible slations
for ıask i.

The sum-totat o' lhe process ıime of lask ıand its predecessors can be
expressed as

Vi = tı * I 6. p"li1 rn i- 1,2,3,4,5,6

Adopüing lhe lormula suggesled in (TALBOT and PATTERSoN) lhe
earliest §lalion to which task i can be assigned is deıermined as foılows3

Ei = [Vy'120]+ İ= 1,2,3,4,5,6

The stataons opened betole lhe E|'th one ale lhe inleasible stalions for
lask i.

The steps laken to delermine ıhe feasible statıons for each lask may be
preŞenled in ıabular form. For lhe sample problem Table 2 is folmed.

Table 2i Delermination of The Feasible stations

Pa(i) Vı Sa(i) N sa(i) Ei Li The Feasibıe
stations

1

1

2
2
3
3

1

2
3
4

6

,1

1,2,3,4
1 ,2,4

83 3,4,5,6
30 4,5,6

143 5
198 56
303
268

2 1,2
3 1,2,3
5 2,3,4,5
4 2,3,4
6 3,4,5,6
6 3,4,5,6

ıhe lLp tormuıation, the
6x6=36 lo 20.

4
3
1

2
0
0

|' the last collmn of Table 2 is used lor
number o' ıhe Xt variables will b€ reduced f.om

3 ThB maximum cycle lime o{ 120 s€conds is omployod in |hğ folmula, becausg

lh6 range of f6as]bl6 slaljons b€comes wider ihan lhg ranggs lhat would b€

obla]n€d 1or the shonsr cycl€ linres.
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THE lLP FoRıauLATloN oF THE sAılPLE PRoBLEu

Using tho last coıumn of Tabl6 2, the lLP formulation (,l), (5), (6),
(r4), (15), (16) and (17) can b€ written as

minimize 4T +R5+R6 (17)

subjecı to

x1l+Xt2 - 1

X2I+X22+X23 * 1

Xge+Xsg+Xoı+Xıs - 1

X42+X43+X44 =1 (1)
X53+X54+X55+X56 = 1

X63+X54+X55+X55 - 1

X 2 1 +2X22+3X 23S?X 42+3X 4+ 4X 4 4
2X32+3x$+4x34+5X35<3X53+4X54+5X55+6X56 (5)

2X42+3X43+4X44<3X53+4X54+5X55+6X56
, 2X42+3Xç+4X44<3X63+4X54+5Xes+6Xs s

Tsl20
. T< 88 (6)

83Xı t +30Xzı <T
83X12+30X22+60x32ç85x4 2 < T

3ox23+6ox33+85x43+45x53+7ox63 <T (t4)
60X34+85X44+45X54+70X54 < T
60X35 +45X55+70X55 SRs

45X55+70X55 <R5

R5<1,000(1-L5) R6<1,000(1-L6)
R5>T-1,000 L5 R5>T-'|,000 L5 (ı5)
R5<T Rs<T

Re<Rs (16)

This is an lLP lormuıation with 25 va.ıables and 25 constraints. l{
lhe coıstraint set (1) is replaced by two seıs wİitten in teİms ol ths
relations (2) and (3), six Xij vaıiables aro oliminaled from lhe constrainl



Eldy$ Ünıv.rıi!.ıi lkt.adl ve ldaıl 8illrİİor Falülıesl D.rga3i, sayl 9, Ka.ım 1991

sels(s) and (14), and the lLP 
'ormulalion 

of the sample problem in its
final form wilh 19 variables and 25 conslrainls is obtained,

THE SOLUTION

Tho lLP 
'ormulation 

wilh 19 variables and 25 consıraints i5 solved
wilhin 9.083 minuıes in the Vesl Veslel 64 compuler by employing
program package LlNDo thal is based on lhe branch and bound algorilhm.
The following solulion is oblained:

4T+R5 ı R6=450 X 1 1 --X22= X32=Xa3=X64 =X55'= l
T- R5 - 90. k=l

This solulion indıcaıes lhat lhe oplimum number ol stations is live
(n'=5) and lhe optimum cycle time is 90 seconds (T'=9o) fol the
specified range of cycle limes wilh RL=88 and RU=120 soconds. when five
stations with cycle time of 90 seconds js op€ned and the tasks are assigned
accordingly, the line with minimum balance delay fo. the specified range is
formed. The balance delay ol lhis line is 1-(373/5x90)=0- 1 71 1 ,

coMPARlsoN To THE 0.1 FoRMuLATloNS

Thg same resull can be obtained by lhe 0 1 programming
fo.mulations. This can be done either by solving four 0-1 lolmulations of
SALBP,1 (one for each alıernaıive cycle lime relavanl lo the range), or by
solving two 01 folmulalions oİ SALBP,2 (one for four slalions and one for
five 5tations)4

Four 0 1 formulalions of SALBP,1 are formed in terms of the
relalions (1), (5), and (11). The objective funclion

minimize 1,000(X56+ X66)+ 100 (X55+X65)+ 1 0(X5a+X5a)

is employed.

Two 0-1 folmulations o' SALBP-2 are formed according to the
relations (1), (5), (6), (12), and (13). ln ail ol lhe SALBP,1 and
SALBP-2 

'o.mulaıions 
İelalion (l) is replaced by ühe relations (2) and

(3) as iı is done in ıhe lLP loümulaıion,
The siX 0-1 formulataons are solved undel axaclly lhe same

conditions. The computalional .esult a.e presenled below.

4 Th6 0-1 lormulalion ol SALBP_2 Jor sit slalions has a lrivjal solulion-
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Tabtg 3: The comPutational Result9s

Formulaıion (1) (2) (3) (4) (5) {6) (7) (8)
lLP
sALBP,1
sALBP- 1

sALBP_ 1

SALBP,1
SALBP,2
SALBP_2

450 46
450 15
525 37
452 17
460 21
452 18
45o 74

488 9.08
1 54 2,16
2 63 3.25
99 1.22

102 1 -53
129 1 .61
510 6.33

90
05
13
15

19 25
14 16
14 16
14 16
14 16
10 16
13 17

The sum-ıolal of lhe compıJtation limes is 8.16 minules lor lhe four
o-1 lormulations of SALBP-1 and 7.94 minUles for lhe ıwo 0-1
fo.mllations ot SALBP-2. Both ol lhe lolats are about one minule shoıler
lhan lhe 9.08 minules ol lhe lLP lormulalion.

However. when lhe 0-1 lormulalions o' sALBP,,ı ale used, the
deıermination of lhe leasible allernative cycle lengıh becomes exı.emeIy
cumbersome, if not impossible, as lhe problem size ıncreases.

one does noı experience such a complicalion in employing lhe 0-1
formulalions of SALBP-2. Yet, when lhe lo.mulation, loading and
compulation ıimes are considered altogethel, lhe lotal time spenl 

'or 
lhe 0-

1 
'ormulations 

will exceed thal ol the llp lolmulaıion.

coNcLusloN

The lLp flomulalion .ecommended here enables one lo delelmine lhe
line wilh minimuo balance delay (and lhe relaled lask assignmenl) for a
specified .ange ol cycle times wilhout fixing eilher lhe cycle lime or the
number of slalions. This lLp fo.mulalion seems lo be more efficient lhan
lhe o-1 formulations in lerms of the toıal time requiled to allain lhe
solulion.

5 11) To
(2) no

(3) Variables
(4) consllainls
(5) n'I'
(6) blanches
(7) piVols
(8) V€sl V€slel 64 compalalion lime, in m]nule§
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