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Abstract

In this paper, it is defined the incomplete k-Pell, k-Pell-Lucas and Mod-
ified k-Pell numbers, it is studied the recurrence relations, some prop-
erties of these sequences of integers and their generating functions.
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1. Introduction

The Fibonacci and Lucas sequences are the sequences of positive integers that have
been studied over several years. Many authors have investigated about these sequence
[18], [21], [22], [23], [32], [35] and also some generalizations of them have been a great
topic of research [1], [2], [3], [8], [12], [13], [14], [16]. These sequences are examples of
a sequences defined by a recurrence relation of second order. It is well known that the
Fibonacci sequence {Fy }. is defined by the following recurrence relation

Fo=F, 1+ Fy 2, n>2

with Fy = 0 and Fy = 1. In the case of the Lucas sequence {L,}, we have
Ln=ILn1+Lno, n>2

with Lo =2 and L; = 1.
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As we have mentioned above, many generalizations of Fibonacci (and Lucas) sequence
has been investigated. One of these generalizations is the k—Fibonacci sequence {Fk,» }n
with k any integer. This sequence is defined by

Frpn=kFyn-1+Frno2, n>2

With Fk,() =0 and Fk,l =1.

The sequence of Pell numbers is a particular case of this sequence, considering k = 2.
Hence the Pell sequence, denoted by {P,}n, is defined by the recursive sequence given
by

(1.1) P,=2P,_1+ P2, n>2

with initial terms Py = 0 and P; = 1.

If we modify the values of the initial conditions of this sequence, we obtain two more
sequences called by Pell-Lucas and the Modified Pell sequences.

The sequence of Pell-Lucas numbers is defined by the recursive sequence given by

(12) Qn = 2Qn—1 + Qn—27 n > 2

with initial terms Qo = @1 = 2, and the Modified Pell sequence {g»}n is given by the
following recursive relation

(1.3)  gn=2¢n-1+Gn-2, n>2

with initial terms gqo = g1 = 1. Some identities related with these sequences involving
sums formulae for products involving its terms have been studied by several authors (see,
for example, [17], among others).

Catarino in [5] studied a generalization of Pell sequence, as well as in [6] and in
[7], where Catarino and Vasco studied generalizations of Pell-Lucas and Modified Pell
sequences, respectively. Also in [30], the authors studied some identities and norms of
Hankel matrices whose entries are elements of these sequences, as well as in [31], we can
find some properties involving sums of products with its terms. Such generalizations are
defined by a recurrence relations of second order given, for any positive real number k,
by:

(1.4) Pin =2Py -1+ kPin_2, n>2

with initial terms Py o = 0 and Px,1 = 1, for k-Pell sequence;

(15) Qi =2Qkn—1 +kQrn-2, n>2

with initial terms Qr,0 = Q&1 = 2, for k-Pell-Lucas sequence; and

(1.6) Qkn = 2qkn—1 + kQk,n—2, 1 > 2

with initial terms gr0 = g¢r,1 = 1, for Modified k-Pell sequence. Note that in the
particular case where k = 1, (1.4)-(1.5)-(1.6) reduces to (1.1)-(1.2)-(1.3), respectively.

Also, Djordjevié in [9] considers the convolution of the generalized Pell and Pell-Lucas
numbers PT(LS,)n and Q,(f)m respectively, for a nonnegative integers n, s and a natural number
m. For s = 0, the sequence Pr(z?%@ represents the generalized Pell numbers P, ,,, and the
sequence Q,(lo)m represents the generalized Pell-Lucas numbers @, .. In addition, for s = 0
and m = 2 the numbers Pfl(g and Qflo)z are Pell and Pell-Lucas numbers, respectively.
In this paper the author presents the recurrence relation of the sequences {P,ESBn} and
{ng)m and some properties of these sequences are stated.

There are many directions in order to develop our investigation through to these type
of special numbers. For example, the mathematical term incomplete on Fibonacci, Lu-
cas and Tribonacci numbers and polynomials has been considered. For studies about



363

the incomplete Fibonacci and Lucas numbers and their generating functions and prop-
erties, see, for example, [15] and [24], and for the incomplete Tribonacci numbers, see,
for example, [26] and [33]. The incomplete generalized Fibonacci and Lucas numbers
are presented in [10] and the incomplete generalized Jacobsthal and Jacobsthal-Lucas
numbers in [11]. We may also refer to [25], [28], [29] and [34], among others.

Motivated essentially by these works, we aim to introduce and study here the analo-
gously incomplete version of each one of these three classes of numbers: k-Pell, k-Pell-
Lucas and Modified k-Pell numbers. We begin recalling some properties involving these
sequences of numbers and then, for each one, we introduce and present some properties
and the generating function.

2. A summary of some properties of k-Pell, k-Pell-Lucas and Mod-
ified k-Pell numbers

The characteristic equation associated with the recurrence relations (1.4), (1.5) and
(1.6) is 72 — 2r — k = 0 whose roots are 71 = 1 + 1+ k and 2 = 1 — /1 + k. Clearly,
ri+re=2, 11 —12 =21+ k and rires = —k.

The k-Pell, k-Pell-Lucas and Modified k-Pell numbers verify the following properties
(see, [5], [6] and [7] for the proofs), respectively:

n_.n nyon
e Binet’s formula: Py, = 211_:;  Qron =TT + 755 Qrn = =L ;Trz :

. . _ —t . _ 2—2t ., — _ 1-t
e Generating function: f(t) = ;= 9() = 552 M) = T

The Pell, Pell-Lucas and Modified Pell numbers verify the corresponding following
properties (see, [19] and [20] for the proofs), respectively:

] T o e
e Binet’s formula: P, = TIQ\/;Q ; Qn =711 +78; gn = 2.
e Generating function: f(t) = =7 g(t) = 1252523 h(t) = =550
and A
o Excolici p =l n—1—] n—1-2;
xplicit Formula: P, =3 ;_§ j 2 (see, for example, Theorem

9.1in [20], p.173, or, see also (1.1) for s = 0 and m = 2in [9]); Qu = Y42, 2 ”;J ) on=2J,

and since 2¢, = Qn, n > 0, then the explicit formula to Modified Pell number is given
LLLJ n n—j n—=2j5—
by qn = %Qn = Z]io n—j ( J J ) 2 2 1.

3. The incomplete k-Pell numbers and some properties
3.1. Definition. With k any integer, the incomplete k-Pell numbers are defined by
l
—1-y n—1-2571j n—1
1) Pl = e 1R 0<i< |22 neN).

Note that

n—1

pzl=p.,

2
sn

and some special cases of (3.1) are:
Pln=2""" (n21);

Ppyn=2""+k(n—2)2"" (n>3)

(n—4)(n—

Pl,=2"""+k(n—-2)2""+ 5 8 gn-sp2, (n>5);



ne3 . n—2
PkLnTJ _ ) Pen—nk n,il , (n even) (n>3).
’ Py —k 2, (nodd)

By Definition 3.1, in the Table 1 we present a few incomplete k-Pell numbers.

n\j |j=0]j=1 Jj=2 j=3

n=1]|1

n=21|2

n=3|4 4+k

n=418 8 + 4k

n=>5|16 16 + 12k k% + 12k + 16

n==6 |32 32 + 32k 6k? + 32k + 32

n="7|64 64 + 80k 24k% + 80k + 64 k2 + 24k2 + 80k + 64
n=28|128 | 128 + 192k | 80k + 192k + 128 | 8k> + 80k2 + 192k + 128

Table 1. The incomplete P,i’n for 1 <n<8

In the next result we present the recurrence relation verified by these numbers followed
by other results which reveals some properties of the numbers P,i,n.

3.2. Proposition. With k any integer, the recurrence relation of the incomplete k-Pell
numbers P,i’n 18

(32) P, =2Pl, kPl 0<i< " nen).

Proof. By Definition 3.1 we get

I+1 . l .
141 1 _ n—7 —25 1.9 n—l—] —1-2j5.4
2P +kPen = 22( j >2” ka+kz( i >2” Ik
=0 =0
< n—j n—2j+117.j l n—1-—j n—1-2;57j+1
= >0 " )t 4] . o 1T
j=0 J j=0 J

I+1 n—j I+1 -
_ - n—2j+17.j - n—2j+17.7j
= S Y S (1] Y
j=

Jj=
l

= (CORENESS

+

_ Z( nfj:Jrl )2n72j+1k]’

7=0

_ 1+1
- Pk,n+27

= o

-~ <

as required. O

3.3. Proposition. With k any integer and n natural number, the relation of the incom-

plete k-Pell numbers P,i,n gwen in (3.2) can be transformed into the mon-homogeneous

recurrence relation

n—1-1
l

(3.3)  Pinio=2Pini1+kPi, — D N (R
,n+ ;n+ s
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Proof. By Proposition 3.2 and Definition 3.1 we get

Phiniz = 2PLr = kPhy = (2PLo + RPLY) = 2PL iy — kPL,

= kP = kP =k (P = PLy)

1 l

1—
_ nflfj n—1-—25179 nflf.] n—1-—275179
k(g ( j )2 kafg ( j )2 ]k1>

=0 §=0

_ ( nfll =1 ) gn1-20pi+1

as required. O

More properties involving the incomplete k-Pell numbers are given in the next results.
3.4. Proposition. With k any integer, and n, s natural numbers,
s o s I4+i  oigs—i n—s—1
(34) Pk,n+25 - ZO ( i ) Pk,n+i2 k ) 0 S l S P —

Proof. We prove by induction on s. It is clear that for s = 0 and s = 1, the equation
(3.4) holds. Now suppose that the result is true for all j < s + 1 and we shall prove it
for s + 1. Then using some combinatorial properties and Proposition 3.2, we have:

st s+ 1 st s s
I+ 17.8+1—1 I+ 17.8+1—1
ST mmarn = () + (2] ma

s+1 s s+1 s
_ I+ i7,8+1—1 I+ i7,8+1—1
_ZO(Z_)Pk’nMQk +;(i_1)Pk,nsz

=kP o, + < sj—l )pé;s++31+12s+1 + 3 ( j >Péﬁii1+12i+1k37i

i=—1
s
o I+s Z S I4+i4+1 i+17s—1
- kPk,n+25 + ( i ) Pk,7L+i+12 k
1=0
_ l+s l+s+1
- kPk,n+25 + 2Pk,n+25+1
_ plt(s+D)
- Pk,n+2(s+1)7
as required. |

Now let us consider the sum of s consecutive elements of the /th column of the array
shown in Table 1.

3.5. Proposition. With k any integer, n, s natural numbers and once | has been chosen,
for n > 21+ 2, we have

s—1

(3-5) Z Plé,n+i257i71k = Plf:?Lnl+s+1 - QSPIi:tL{Fl‘
i=0
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Proof. We proceed by induction on s. The sum (3.5) is true for s = 1 (see Proposition
3.2). Now suppose that the result is valid for all j < s and we shall prove it for s. Using
Proposition 3.2, we have:

1+1 s+1 pl41 . 1+1 i s+1 pl+1
Pk,n+s+2 -2 Pk,nJrl (2Pk:,n+s+1 + kpk,n+s> -2 Pk,n+1

_ 1+1 s pl+1 1
- 2 (Pk,n+s+1 -2 Pk,n+1) + kPk,nJrs
s—1

= 2) Penri2 kA kP,
1=0
s—1

= D Pensi2” kA kP s

=0

= Z Pinyi2” 'k
1=0

4. The incomplete k-Pell-Lucas numbers and some properties

4.1. Definition. With k any integer, the incomplete k-Pell-Lucas numbers are defined
by

l .
4.1 e n I ) gnig <1< |2 .
(4.1)  Qrn ;)nj< j K, (0<i<|5)ineN)

Note that
zﬁj = Qk,n
and some special cases of (4.1) are:
Qhn=2", (n21);
Qi =2"(4+ k), (n>2);
Q} o =2"(1+nk272 4 n(n - 3)k*27°), (n > 4);

L1521 _ Qi,n —2k%,  (n even) S
Qun = { Qkn — 2nk™, (n odd) (n > 2).

By Definition 4.1, we present in Table 2 a few incomplete k-Pell-Lucas numbers.

n\j |j=0]|j=1 j=2 j=3
n=1]|2

n=2|4 44 2k

n=3|8 8 + 6k

n=4116 16 + 16k 2k? + 16k + 16
n=>5|32 32 + 40k 10k? 4 40k + 32
n==6 |64 64 + 96k 36k2 + 96k + 64 2k® 4 36k% 4 96k + 64
n="7]128 | 128 + 224k | 112k? + 224k + 128 | 14k> + 112k% + 224k + 128

Table 2. The incomplete Qﬁcn for 1<n<7

In the following result we present the recurrence relation verified by the incomplete
k-Pell-Lucas numbers.



367

4.2. Proposition. With k any integer, the recurrence relation of the incomplete k-Pell-
Lucas numbers QL n 1S

(4.2) Qk 2 = 2Qk nt1 T ka n, (051 L

Proof. Using Definition 4.1 we obtain

l -1
! -1 n+1 n+1—3j n+1-2j,4 n n—7j n—2j17.4
2Qk,n11HkQy, =2 E E— ( . ) 2 k' +k E o j 2 k
=

%; n € N).

— n+1*j 7 —j
. -1 .

—Z ntl (nﬂ_] )2”*2j+2kj+z = .(nfj )2”*2%]'“
“n+1—j J =TI J

! 1

n+1 n+1l—j on—2j+2 n—j+1 n—2j+27.j
= _— . K’ _— . A
Jz:nJrl]( J ) +Zn+1f] j—1

0 j=1
[ .
_Z n+1 (n+1—]> n <n+1—j >:| n—2j421.j
jzo_n+17] J n+1—j j—1
o . .
=2 L( nr2e >+¥< nEled )}2"%“1&
= In+1—3j J n+1l—j J
U . . }
_ n n+2—j n+2-2j n+2—j n—2j+27.j
= —_— ; + ; 2 k
lnt+l-j J (n+1-7n+2-j) J
l
_ n+2 (n+2—1 )] gn—2+2pi
= In+2—7j J
:Qéc,n+27
as required. O

4.3. Proposition. The relation of the incomplete k-Pell-Lucas numbers Qﬁcn given in
(4.2) can be transformed into the non-homogeneous recurrence relation

(43)  Qhre =2k +hQh, - 1 (M7 )2

Proof. By Proposition 4.2 and Definition 4.1 we get
Qe = 2Qh i — k@b = (20011 + QL)) = 2@k i1 — 4k
= kQi) — k@ = k (@15 — Qh)

-1 . 1 .
n n—7j n—2j1.j n n—7 n—2jj
=k —_ . 2 kK — - . 2 k
<Zn—y( J ) ;n—3< J ) >

Jj=0

n n—1 n—2171+1
= —— 2 k
n—l( l ) ’

as required. O

More properties involving the incomplete k-Pell-Lucas numbers are given in the next
results.
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4.4. Proposition. With k any integer, the incomplete k-Pell-Lucas numbers verify

s - S i gigs—i n—s
(44) Qic-,kn+2s = Z ( ‘ ) Q;:,FTL-FZQ k 9 (O S l S 2 pne N)
=0

Proof. We prove by induction on s. It is clear that for s = 0 and s = 1, the equation
(4.4) holds. Now suppose that the result is true for all j < s + 1 and we shall prove it
for s + 1. Then using some combinatorial properties and Proposition 4.2, we have:

s+1 s + 1 s+1 s s
141 i7.8+1—i __ I+ i7,8+1—1

i=0 =0
s+1 s+1
_ Z S 141 i7.5+1—1 Z S I+ i7.s4+1—1i
- < i ) Qk,n+i2 k + i—1 Qk,n+i2 k
i=0 1=0
s+1
o I+s S I+s+1 s+1 Z S I+ i7.5+1—1
- ka,n+25 + ( s+ 1 ) k,n+5+12 + ( s —1i Qk,n+i2 k
1=0

S
_ I+s S I+i+1 i+1.s—1i
- ka,n+23 + Z ( i ) Qk,n+i+12 k

i=—1
- S
_ I+s Z I4+i+1 itlys—i
- ka,n+25 + ( 3 ) Qk,n+i—12 k
=0
_ l+s I+s+1
- ka,n+25 + 2Qk,n+25+1
_ Ql+(s+1)
- k,n+2(s+1)’

as required. O

Now let us consider the sum of s consecutive elements of the /th column of the array
shown in Table 2.

4.5. Proposition. Once l has been chosen, for n > 2l + 1, we have

s—1
(4.5) > Qni2 TR = Qo —2°Q 0, (n, sEN).
i=0
Proof. The proof of the following result is similar to Proposition 3.5. O

Catarino in [4] presents two relations between the k-Pell numbers and the k-Pell-
Lucas numbers. In the next result we present some relationship between the incomplete
numbers P,ém and QL,H which are similar with the relations stated in [4].

4.6. Proposition. Let | be a nonnegative integer and n be a positive integer. Then the
following equalities hold:

(1) Forl=0,Q%, =2P,, (n>1);

(2) Ifn =21 then Qh o =2 (Pl + kPG, s (n>2);
() Qi =2(Plo+kPLLL ), (0<i< (3]

(4) Ifn =2l then Qj o =2 (Pli,ZH—l - Plé_Q}) , (n>2);
(5) Qkn =2 (Ping1 — Frn)» (0<I<[5]).
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Proof. The proof of (1) is easy, being sufficient to use the definitions 3.1 and 4.1 in the
case where [ = 0.

Proof of (2): From the definitions 3.1 and 4.1 and the use of some combinatorial
properties we have:

-1 I—1
2 (Pk,Zl + kPk,Ql—l)
j=0

-1

. -1 .
o s C T
J = J

~
= o

1
20—1—3 2U—2j71 5 (2171*]') 2412515
— : 22 4 . 2 K
( J ) =1 g1

j=0
I or . .

- 3 2l*_1*7>+2(2l71*3 )]221—%]’
— | J j—1
j=0
I r . .

_ Z 2l.7] >+(2l.,1,.] >:|221_ijj
— | J j—1
7=0

<
<

I ) (2 e
<

20— 3 21 2A-25 15
2 Jk.]
)75)

l
= Qk,2l~

In a similar way used in the proof of statement (2) we can easily prove the statements
(3). Also for the proofs of (4) and (5) we can use the Definitions 3.1 and 4.1 and some
combinatorial properties and we easily obtain the result required. O

Now if we denote by qfc’n the term of order n of a sequence {q,lcn} such that
n
2Gkin = Qs 0TS [5) nEN)

we get what we call by the incomplete Modified k-Pell numbers sequence. From this
relation all the results, which include these numbers, can be proved by a similar way
used in case of the incomplete k-Pell-Lucas numbers. Note that, it is well known this
equality for the case of non incomplete version of these sequences.

5. Generating functions of the incomplete k-Pell, k-Pell-Lucas and
Modified k-Pell numbers

In this section we give the generating functions

GFp =Y Pijt!, GFo=> Qi,;t', GFy =Y g ;t’
3=0 3=0 3=0
of the incomplete k-Pell, k-Pell-Lucas and Modified k-Pell numbers, respectively. First,
we need to recall a lemma stated in [24], and then we will use it in the proof of the

statement of each one of the generating function. Then we have the following result (see
[24], p. 592):

-1 -1
20-1—j 20-1-25 5 21-2—j 201-2-25 7
2 E . 2 Tk + k E < . )2 T k7
{ ( J ) =0 J
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5.1. Lemma. Let {s,}nzo be a complex sequence satisfying the following nonhomoge-
neous recurrence relation:
Sp = ASpn—1 + b5n72 + T (n > 1)7

where a and b are complex numbers and {rn} is a given compler sequence. Then the
generating function U(t) of the sequence {sn} is
G(t) 4+ so —ro + (s1 — soa — 1)t
1 — at — bt2 ’
where G(t) denotes the generating function of {rn}.

U(t) =

Now we shall use this result in the proof of the next three results.

5.2. Theorem. The generating function of the incomplete k-Pell numbers P,i’n s given
by
2

GFp = t*'1! |:Plé,2l+1 + (Pkl:,2l+2 - 2P1i,2l+1) t— 0= 2kt

} [1—2t—kt?] "
Proof. Let I be a positive integer. From Definition 3.1 and Proposition 3.3, we get that
Pi,=0for 0<n<2+1, P{y,s=Peas1, Pioys = Prose, and that

Pipn =2Pfnq +kPhp_o— ( " 71371 ) gn— 32l

Suppose that sg = P,i’QH_l, s1 = PLQH_Q and s, = P,é’nJrQl_H. Suppose also that o =
n+l—-1
n—2
function G(t) of the sequence {r,}, we have

r1=0and r, = > 2"~2k"~2_ Then, using [27], (p. 355), for the generating

t2
Glt) = Ty

Thus, using Lemma 5.1, the generating function S, ;(¢) of the sequence {s,} satisfies
the following relationship:

2
Sllc,l(t)(l — 2t — ktz) + W = Pli,21+1 + (Pli,2l+2 — 2P1i,21+1) t.
Hence GFp =377, P t7 =715} 1(t) and the result follows. O

5.3. Theorem. The generating function of the incomplete k-Pell-Lucas numbers an
is given by
2
_ 2| A ] 1 t*(2 —t) o—1
GFo =t |:Qk,2l + (Qk,QH—l - 2Qk,2l) t— (1= 2kt)+T [1—2t—kt"] .
Proof. Let | be a positive integer. From Definition 4.1 and Proposition 4.3, we get that
Qgc,n =0 for 0 <n< 217 QL,Zl = Qk,Qla Q;c,2l+1 = Qk,2l+17 and that

n—2 n—2-—1 n—o_
Qhm =2Qkm 1 +kQlp o — ———— gn—2- 2l
n—2-—1 l

Now suppose that so = Qﬁc,zl, s1 = Qﬁcyzlﬂ and s, = Qﬁwﬂ_m. Consider 7o =71 =0

and r, = ( 212[[:22 ) Qn2A=2pn 22 Then using [27], (p. 355), for the generating
function G(t) of the sequence {r,}, we have
t2(2 — 1)

Glt) = = gy



371

Thus, using Lemma 5.1, the generating function S} ;(t) of the sequence {s,} satisfies
the following relationship:

! 2 t*(2-1) 1 1 !
Ska(t)(1 =2t — kt) + (1= 2kt)+T = Qra + (Qk,QH—l - 2@k,21) t.
Hence GFo =372, Qj. ;¥ = t*'5}.,(t) and the result follows. O

Once again using the relationship between the incomplete k-Pell-Lucas numbers and
the incomplete Modified k-Pell numbers we have that GFg = 2GF; and then we obtain

5.4. Theorem. The generating function of the incomplete Modified k-Pell numbers qéyn
is given by

1

2
20 | 1 1 1 t°(2-1) 27—
GFy =t [Qk,Ql + (Qk,2l+1 - 2Qk,21> t— m [1 — 2t —kt ]
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