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Squared radial Ornstein-Uhlenbeck processes and
inverse Laplace transforms of products of confluent
hypergeometric functions
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Abstract

In this paper, we consider the squared radial Ornstein-Uhlenbeck pro-
cess and associated Kolmogorov backward equation (the Laguerre heat
equation). For this process, we obtain the Green function of the Laplace
transform of the transition density function in terms of the confluent
hypergeometric functions and present new representations for the in-
verse Laplace transform of the products of confluent hypergeometric
functions.
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1. Introduction

The so-called Ornstein-Uhlenbeck (OU) process V; is defined by the following 2-
parameter Langevin equation

(1.1) dVy = —A\Vidt + vdBs, Ay >0,

where B; is the n-dimensional Brownian motion. The OU and associated processes
are intensively applied in the study of stochastic processes [2,17,25], astrophysics [10],
neurophysiology [16], financial mathematics [9,20,26], and the first passage time problems
[18].
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As a derivation of another stochastic process, by setting W; = ||V;||* in the OU process,
we can derive the squared radial Ornstein- Uhlenbeck process (SROU) of n-dimension as
follows

(1.2)  dWi = 29V WidB; + (v*n — 2AW;)dt.

For this type of stochastic process, see [15,19,21,29] for some properties and different
applications.

In this paper, we intend to consider the transition distribution as P(w,t|wo) =
Pr{W(t) < w|W(0) = wo} and study the associated partial differential equation (as Kol-
mogorov backward equation). This partial differential equation which can be presented
as a heat equation with the Laguerre type operator, is derived from SROU process for
the transition density function p(w, tjwo) = 22 P(w,t|wo) and v = A = 1, [19]

&*p dp dp n
1. =L 1—wy)—L =2 =21
( 3) Wo 6’[1}3 + (a + wO)awO ot ) 67 2 )

with an initial condition with respect to the Dirac delta function §(.)
(1.4)  p(w,tjwo) = é(w — wo), t=0.

The motivation of this paper is to find the Laplace transform of transition density
p(w, tjwe) and relate it to the confluent hypergeometric functions. In this sense, we
present some new representations for the inverse Laplace transform of the products of
confluent hypergeometric functions.

For this purpose, in Section 2 we recall some properties of the confluent hypergeo-
metric functions, and in Section 3 we consider the exponential operators for solving the
Kolmogorov backward equation and obtaining its formal solution. Section 4 contains a
brief summary of the Green function of Kolmogorov backward equation (the Laguerre
heat equation). In Section 5, using the recurrence relations of confluent hypergeometric
functions, we show some relations for the inverse Laplace transforms of the products of
confluent hypergeometric functions.

2. The Confluent hypergeometric functions

The confluent hypergeometric functions (Kummer functions) are given as the inde-
pendent solutions of Kummer’s equation

2
(2.1) Z%Jr(bfz)%fawzo, a,beR,
in the following form

(2.2)  w=cM(a,b,z)+ c2U(a,b, z).

The function M(a,b, z) was introduced by Kummer in the year 1837 [24, p. 322, eq.
(13.2.1)]

G2 @ =alat Dia+2)o(atn—1), (@o=1

and in the year 1947, the function U(a, b, z) was introduced by Francesco Tricomi
T [ M(a, b, z) _Zl,bM(l—‘,—a—b,Q—b,z)}
sin(7b) LT'(1 + a — b)I'(b) I'(a)(2 —b)
At this point, we mention some properties of the confluent hypergeometric functions that
are used in the next sections.

(2.3) M(a,b,z) = Z

(2.4)  U(a,b,2) =
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i): The Wronskian of the confluent hypergeometric functions is shown by [24, p.
324, eq. (13.2.24)]

I'(b)z~’*
I(a)

ii): Two recurrence relations for the confluent hypergeometric function are given
by [24, p. 3251, [1]

(2.6) (a+1)z2M(a+2,b+2,2)+ (b+1)(b—2)M(a+1,b+1,2) —b(b+1)M(a,b, 2) =0,
(2.7 (a+1)2zU(a+2,b+2,2)+(z—b)U(a+1,b+1,2) — U(a,b,z) = 0.

iii): The following relations are derivative and integral formulas for the functions
M and U, [24, pp. 325, 326, 332]

(2.5) W{M(a, b, z), U(a, b, z)} -

d a
(2.8) gM(a, b,z) = EM(a—l—l,b—i—l,z)7

2.9 LU(a,b2) = —aUla+1,b+1,2),

dz
(2.10) /M(a,b, z) = b- 1M(a— 1,b—1,2),

-
1
(2.11) /U(a7 b2)=———Ula—1,b-1,2).

3. The Laguerre heat equation

In this section, we intend to find a formal solution for the Kolmogorov backward
equation (1.3). This equation, can be interpreted as the Laguerre heat equation which is
derived from the squared radial Ornstein-Uhlenbeck process W = {W4,t > 0} with initial
value W (0) = wo. For this purpose, we recall the definition of exponential operators

d
(3.1)  exp (Ma(a) - +0(@)]) f(2) = [N,

where z(\) and g()\) satisfy the following system with first-order differential equations
as follows

(3.2 { om0

x9(A) =v(@(N)g(A), g(0)=1.
This type of differential operator, has many applications in the different fields of applied
mathematics, such as fractional calculus and mathematical physics [3-8], [11-14, 23].

3.1. Theorem. The solution of Kolmogorov backward equation

p op _ op
3.3 — 1-— — ==, t>0, € R,
( ) wo 0’!1)(2) + (Ol + wO)awO ot wo
with initial condition
p(w7t|w0) = 5(11) - U]()), t= Oa
is given by
p(w,t|w0) — ew fO-O—oo e 2t4kZ(—1te )2 (e—Zt + kQ(e—t o 1)2)
—t — —t_
X COS (k(wo — W) + (a=1) arctan(%)) dk.
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Figure 1. The graph of function p(w, t|wg) for w = a = 0.

Proof. The proof will be divided into three steps. First, we recall the definition of Fourier
transform of transition density

1 +oe —ikw
(35)  Flpw,thuo). k) = F(R) = / e (o),
and apply the Fourier transform on the Laguerre heat equation (1.3), to get

(3.6)  (ik —ika + 1)F(k) + (ik* + k)%F(k) =F,.

In the second step, we solve the first order differential equation (3.6) and incorporate its
initial condition to obtain

(3.7) F(k) = 127Te(ikika+1+(ik2+k)§k)t|:e_iwk:|.

Now, according to the functions ¢(z) = iz? 4+ z and v(z) = iz —iza+ 1 in equation (3.2),
the Fourier transform of the transition density is

V2r

Finally, by applying the of inverse Fourier transform on the above relation

(a—1) iw ket
68 F) = Solw.thun). ) = e (s —ibe o)A

1 L[
(3.9)  p(w,tlwo) =F ~(F(k),wo) = \/—27/_ e F(k)dk,

we get the relation (3.4). The graph of this solution has been plotted in Figure 1 for
w=a=0. ]
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4. The Green function of Laguerre differential equation

We consider the Laplace transform of transition density function p(w,t|wo) in the
SROU process

+oo
(4.1)  p(w,slwo) :/ e "'p(w, tjwo)dt, R(s) >0,
0

and apply this transform on the Kolmogorov backward equation (1.3), to get the following
Laguerre differential equation

d*p(w, slwo)
dw?

dp(w, s|wo)

(4.2) Wo dwo

+ (¢ +1—wo) — sp(w, slwo) = —d(w — wo).

According to [24], two linear independent solutions of equation (4.2) are the confluent
hypergeometric functions M(s,a + 1,wo) and U(s,a + 1,wo). Now, we use the idea of
Veestraeten’s papers [27,28] and state the following theorem for obtaining the Green
function of the Laguerre differential equation.

4.1. Theorem. The Green function of the Laguerre differential equation (4.2) is given

by
(43) P(w, s|wo)|—co<wo<w = %e*wwo‘U(s7 a+ 1, w)M(s,a+ 1, wo),
’ P(w, 8|wo)|w<wo<+o0 = %e_“’w“M(s7 a+1,w)U(s,a + 1,wo).

Proof. According to the properties of the Green function, we claim that the Green func-
tion of the equation (4.2) is

G(w7 wo) = G(w7w0)|*00§wo§w + G(w7w0)|w§woﬁ+007

where

(4.4) G(w, wo)|-co<wo<w = AM(s, o + 1, wo),
' G(w7w0)|w§w0§+00 = BU(57 (6% + 1,’!1]0),

and A and B are two unknown coefficients that should be determined by the following
boundary conditions [22]

A5 G(w, wo)|-so<wy<w = G(W, Wo)|w<wy<+oo, w = wo,
(4.5) dG(w.wo) | _ dG(w.wg) _ 1 w— w
dwo w<wo <400 dwg —oo<wp<w w? 0-

After applying the boundary conditions and incorporating the Wronskian of confluent
hypergeometric functions given by (2.5), the coefficients A and B can be easily obtained
as

B § C) I
(46) A = me w U(S,a +4 1,11)),
= T e w*M(s, a w
(4.7) B = fat M(s,a + 1,w).

Finally, by substituting the coefficients A and B into (4.4) we derive the result (4.3). O
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Now, we intend to define the new function p; (w, t|w1) which is obtained from integra-
tion of the transition density p(w,t|wo) as follows

wi
p1(w, tlwr) = / p(w, t|wo)dwo
“+o0 ka( 1+e—t) a—1

= 7/ ee 2t+kZ(—1te—H)2Z < 2 +k2(—1 +eit)2> :

X sin { kw fwe ! + (o — 1) arctan(k(e’ — 1))
k 11— e—2t —|—k2(—1—|—6_t)2
. —kwe™? ;

(4.8) — sin (e—” T g + (a — 1) arctan(k(e’ — 1))) }dk,

Also, the Laplace transform of p; (w, t|jw1) is
—+oo
/ e 'p1(w, tjwy )dt
0

wi
(4.9) = / p(w, s|lwo)dwo,
0

which by setting the relation (4.3) in the latter integral, we get the Laplace transform of
p1(w, tlwi) as

p1(w, s|lwo)

F(S — 1) e v

(4.10) pi(w,slun) = ()

wU(s,a + 1, w) {M(s -1, a,wr) — 1.

5. The inverse Laplace transform of the products of Confluent

hypergeometric functions

In this section, we use the recurrence relations of the confluent hypergeometric func-
tions to show new relations for the inverse Laplace transforms of the products of con-
fluent hypergeometric functions. For this purpose, we consider the inverse transforms
of the functions p(w, s|wo) and pi(w, s|wi) and for simplicity of the formulas (3.4) and
(4.8), we set the change of variables © = —1 +e7%, y = e 2 + k*(=1 4+ e7%)? and
g = (a — 1) arctan(k(e’ — 1)). Therefore, we have

(5.1) L‘l{r(s)U(s, a+1,w)M(s — 1, a, w1)}

T wtta,, —a +oo 2 e a— 1
= 7(0[)6 v / ek Y yTl { cos (kwl — kwi(x;_ ) + q)
0

™
+ cos (—Sw(az—i—l)—i—q) —%sin <k:(w1 —w%il))-i-q) +%Sin <—kw¥+q> }dk’7

and

(5.2) L_I{F(S)U(s,a—&—Lw)M(s,a—i— 1,w0)}

wtto, —o +oo 2wz a—
_ Dla+ e ™ w / e 3y T cos (k(wo _ w%) + q> dk.
0

s

At this point, we use the recurrence relation (2.6) for the confluent hypergeometric func-
tion M(a, b, z) and establish a table for the inverse Laplace transform of the products of
confluent hypergeometric functions. For this purpose, we fix the confluent hypergeomet-
ric function U(s, o 4+ 1,w) and consider the relation

zsT(s)M(s+ 1,a+2,2)U(s,a+ 1,w) = —(a+ 1)(a — 2)T'(s)M(s,a + 1,2)U(s,a + 1, w)
(5.3) +a(a+ DI'(s)M(s — 1, a, 2)U(s,a + 1, w).
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We combine the inverse Laplace transforms (5.1) and (5.2) with the recurrence relation
(5.3) to get

(5.4) L_l{zF(s—i—1)U(s,a+1,w)M(s+1,a+2,z)}

_ Dla+2)e" " w™ /0+°° eL;”y"T’l ({(z — ) cos (k(z - w%) + q) }

™

+{ cos <k(z - w%) + q) + cos ( - Sw(w +1)+ q)
—% sin <l<:(z - w%) + q) + %sin ( - kw(w%l) + q) })dk.

Similarly, we show our results for different orders of the product of confluent hypergeo-
metric functions in Table 1, where

Table 1. The inverse Laplace transform of the products of confluent
hypergeometric functions

Laplace transform Function
I(s)U(s,a+ 1, w)M(s,a+ 1, 2) Pla+1)f
I(s)U(s,a+ 1, w)M(s — 1, a0, 2) D) (f+h—j+T)

I(s+1)U(s,a + 1, w)M(s + 1, a + 2, 2) @{(z—a+1)f+h—j+r}
T(s)U(s, o+ 1, w)M(s — 2,00 — 1, 2) {f = —h+ )
+(a—1—z)F(a—1)(f+h—j+r)}
I'(s)U(s,a + 1,w)M(s — 3,a — 2, 2) m{z(f —2j +2r)
+(‘17T272><h7f7n+(a717z)

><P(oz+1)(f+h—j+r))}

(w+ta),, —a +o0 oy o
(5.5) flt,a,z,w) = i/ ekzw(i)y T cos (k(z - ww) + q) dk,
™ 0 Yy

(w+ta),, — +o0 - a—
(5.6) h(t,a,w) = %/ ek2w(5)yTl cos ( — Sw(m +1)+ q) dk,
0

™
(w+ta),, —a “+oo - o 1
6.7 mt, o z,w) = i/ )y T sin (k(z - wL—;)) + q) dk,
n 0
(w+ta),, —a +oo oy a—
(58) n(t7 «Q, 2, w) = i / ekzw(g)yTl S sin (S(z — ’LU(CC + 1)) + q) dk7
n 0

(w+ta),, —a +oo " a1
(5.9)  rt,a,w)= i/ ek%(g)y—Q L - sin ( - Sw(w +1)+ q> dk,
0

™

(w+ta),, —a “+oo " a1 1
(5.10)  j(t,a,z,w) = %/ ek%(?)yTlEsin <k(z—w%)+q)dk.
0

™
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5.1. Remark. If we fix the confluent hypergeometric function M(s,a + 1,z) and use
the recurrence relation (2.7), then we can get new relations for the inverse Laplace trans-
form of other products of confluent hypergeometric functions such as I'(s)U(s — 2, —
1, 2)M(s,a + 1, w).
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