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Approximation of fractional-order Chemostat
model with nonstandard finite difference scheme

M. Zeinadini* and M. Namjoo'*

Abstract

In this paper, the fractional-order form of three dimensional chemostat
model with variable yields is introduced. The stability analysis of this
fractional system is discussed in detail. In order to study the dynamic
behaviours of mentioned fractional system, the well known nonstandard
finite difference (NSFD) scheme is implemented. The proposed NSFD
scheme is compared with the forward Euler and fourth order Runge-
Kutta methods. Numerical results show that the NSFD approach is
easy and accurate when applied to fractional-order chemostat model.
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1. Introduction

Competition modelling is one of the important topics in the mathematical biology.
The simplest form of competition, however, occurs when individuals of different species
compete for the same limited source foods, in some way species inhibit each other growth.
This is called exploitative competition. A simple example of this type of competition
occurs in a laboratory device, called a chemostat or a continuous culture, that models
competition in a very simple lake [25].

As we know, most of the mathematical models of the biological systems are based
on ordinary differential equations (ODEs) of integer-order. However, the behaviour of
most biological systems has memory or after-effects, for which the ODEs of integer-order
disregard such effects. It is worth noting that describing the behaviour of these systems
by fractional-order differential equations is more useful than their classical integer-order

*Department, of Mathematics, School of Mathematical Sciences, Vali-e-Asr University of Raf-
sanjan, Rafsanjan, Iran., Email: p91363001@post.vru.ac.ir

TDepartment of Mathematics, School of Mathematical Sciences, Vali-e-Asr University of Raf-
sanjan, Rafsanjan, Iran., Email: namjoo@vru.ac.ir

J:Corresponding Author.



470

counterpart, due to good memory and hereditary properties of fractional derivatives. It
should be emphasized that in the literature the fractional calculus has been used as an ef-
ficient tool to simulate the true nature of so many systems in diverse and widespread fields
of science and engineering. For example, fractional calculus has been successfully applied
to system biology [2, 3, 6, 8, 9], physics [10, 11], chemistry and biochemistry [26], hydrol-
ogy [14, 24], medicine [12, 5], and finance [7]. Hence study and use the fractional-order
differential equations help us to have a better understanding of the biological systems
behaviour. In the other hand, analytical solutions of these types of fractional equations
cannot generally be obtained, hence good numerical schemes are playing important role
in identifying the solution behaviour of such fractional equations and exploring their ap-
plications. Nevertheless, Among numericals methods, NSFD schemes can alternatively
be used to obtain more qualitative results and remove numerical instabilities.

This paper organized as follows: In next Section, we elaborate the definition and some
basic properties of Giinwald-Letnikov (GL) approximation as well we discuss that how
NSFED scheme can be implemented for systems of ODEs. In Section 3, fractional-order
form of the chemostat model is introduced and also stability theorem and fractional
Routh-Hurwitz stability conditions are given for the local asymptotic stability of the
fractional-order systems. Section 4 is devoted to the study of the stability analysis of the
fractional-order chemostat model. In Section 5, the idea of NSFD scheme for solving the
fractional-order chemostat model is presented. Finally, the theoretical results obtained
in former section are compared with the other numerical methods and the simulated
numerical results are given.

2. Preliminaries

Although the discussion of the fractional calculus is as old as integer-order calculus,
the complexity and the lack of applications postponed its progress till a few decades ago.
Recently, most of the dynamical systems, based on the integer-order calculus, have been
modified into the fractional-order domain due to the extra degrees of freedom and the
flexibility which can be used to precisely fit the experimental data much better than the
integer-order modelling.

2.1. Griinwald—Letnikov Approximation. Derivatives of fractional-order have been
introduced in several ways. In this paper we consider GL approach. The GL method for
the one-dimensional fractional derivative takes the following form [23]:

(2.1) D(t) = f(t,z(t),  z(0) = o, t e 0,t],
[#)
Da(t) = Jimh ™"} (—1)j<?>x(t—jh),

where D, h and [t/h] denote fractional derivative, stepsize and the integer part of ¢/h,
respectively. Therefore, the Eq. (2.1) is discretized as follows:

n
> Fany = fltn,xn), n=1,23,.
=0

where t,, = nh, x,,_; is approximation of z(t,—;) and ¢§, j =1,2...,n are the binomial
coefficients that are defined as:

)Ci—1, cg =h™“, j=1,2,3,...,n.
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2.2. Nonstandard Finite Difference Schemes. NSFD schemes were firstly proposed
by Mickens|20, 21] for ODEs and successively, their use has been investigated in several
fields. To describe NSFD scheme, we consider an ODE such as

d
(22)  ZL=fte N, @0 =w, telot),
where ) is a parameter. Given a discretization ¢,, = nh, NSFD is constructed by following
two main steps:

(i) The derivative at the left-hand side of the Eq. (2.2) is replaced by a discrete
form

dx Tntl — Tn

dt = p(h,N)

where z, is an approximation of z(t,).

(if) The nonlinear term in the Eq. (2.2) is replaced by a nonlocal discrete representation
F(t,Zn+1,Tn, ..., ) depending on some of the previous approximation. Hence
the gained scheme described as follows:

Tn+1l — Tn
2.4 ———— = F(t,xn s eee s A)e
( ) QS(h,A) ( Tn+1;Tn, )
The discrete derivative on the left-hand side of the Eq.(2.4) is a generalization of the
classical discrete representation for the first derivative that is obtained by using ¢(h, \) =
h. The denominator function ¢(h, A), that is function of stepsize, must have consistency
condition

(25)  ¢(h,A) =h+O(R®),

to ensure that the discrete representation of (2.3) converges to the corresponding contin-
uous derivative as h — 0. Examples of denominator function that satisfy the condition
(2.5) are h, sin(h), 1—e™", (1 — e ")/ and so forth. The papers of Mickens [16, 17, 19]
give a general procedure for determining ¢(h) for systems of ODEs. In general, for an
ODE with polynomial terms,

% =azr+ (NL), NL = Nonlinearterms,

the NSFD discretization for the linear expression is given by Mickens [16]

Tn+1l — Tn
¢

where the denominator function is

=az, + (NL)p,

ah_1

¢(h7 a’) =

Note that if a = 0 then the denominator function is just h, i.e., ¢(h) = h.

The first NSFD requirement is that the dependent functions should be modelled non-
locally on the discrete-time computational grid. Particular examples of this include the
following functions [17, 18]

a

TY R Tn+1Yn TY N TnYnt1,

2

2 Tn+1 +wn
7 X 2Tp41%n, T R 2,—m—m.

2
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By applying this technique and using the GL discretization method, it yields the
following relation

n+1
=Y 1oy + F(tnt1, Tnt)

j=1
Tnt1 = > , n=0,1,2,..
Co

where c§f = ¢(h) ™.

3. Fractional-Order Chemostat Model

At time t, let s(t) denotes the concentration of nutrient in the vessel, z(¢) and y(¢)
denote the concentration of two microorganism. The mathematical model takes the form

ds 1

i (s0 = 5)Q — 5- (7125 — L)z — 5 225y,
dx
= (s — L - Q)
@1 A '
dy rmgs
E = (k2is - Q)

5(0) = s0,  2(0) =20, ¥(0) = yo,

where sg is the input concentration of nutrient, @ is the washout rate, m; is the maximal
growth rates, k; is the Michaelis-Menton constants, J; is the yield coefficients and L is
the intrinsic consumption rate for the first microorganism, which are all positive. This
model is usually called the Monod model or the model with Michaelis Menten dynamics
[4, 13, 22].

Here we investigate system Egs. (3.1) with yield coefficients §; = A+ Bs, 62 = C+Ds>,
which means that the production of the microbial biomasses is very sensitive to the
concentration of the nutrient. In the system Egs. (3.1) we have used the growth rate

functions
m;Ss

ki; + s ’
which have following common features:
(i) F;(0)=0.
(ii) F; is an increasing function of s.
(iii) F; approaches to a constant value as s approaches to infinity.

Fl(S) =

i=1,2,

Now we introduce fractional-order form of the system Eqgs. (3.1). The new system is
described by the following set of fractional differential equations of order a1, a2, as > 0,
with initial population; i.e., s(0) >0, z(0) >0, y(0) > 0.

Dt s(t) = (so — 5)Q — 5 (F45 — L)z — 5, 2350,

D*a(t) = z(545 — L —Q),

(32)  DWyt) =y(22 - Q),
5(0) = s0, 2(0) =0, y(0) =1,

0<a; <1, i=1,23.
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In order to analyze the stability of the model, stability theorem on fractional-order sys-
tems and fractional Routh-Hurwitz stability conditions are introduced.

3.1. Theorem. [15] Consider the following commensurate fractional-order system:
(33)  D%(t) = f(x(t)), x(0)=uwmo, tE€I0,ts],

where, 0 < o < 1 and x € R™. Equilibrium point E of the system (3.3), calculated by
solving f(x) =0, is locally asymptotically stable if all eigenvalues of the Jacobian matriz

J = % that evaluated at the equilibrium point E, satisfy:

(3.4) |arg(\)| > «

™
5
3.2. Proposition. [1] Suppose P(\) = A\ + bX + ¢ is characteristic polynomial of the
Jacobian matriz %, evaluated at the equilibrium point E. For 0 < a < 1, the eigenvalues
of Jacobian matriz J = %, satisfy condition (3.4) in Theorem 3.1 if

b>0, c¢>0,

or

b<0, de> b2 ’tanfl(\/z;c - b2/b)) >aZ.
4. Stability Analysis of the Equilibrium Points

In this section we deal with stability of the equilibrium points of the system Egs.
(3.2). The equilibrium points of this system are:
EO = (807 07 0)7
Ey = (B1, (so — B1)(A+ Bp1),0),
Ey = (/62707 (SO - 62)(0 + D/Bg))v
where
_ _k(L+Q) __Qk
b= —"""" f2=—"7.
m1— (L +Q) ma — Q
Note that the equilibrium points F;, ¢ = 0,1,2, have real biological meaning if their
components are non-negative. Since so > 0, the equilibrium point Ey exists by biological
meaning. Also the equilibrium points F»> and Fs have real biological meaning when
0 < B;i < so, @ = 1,2. Now let us verify stability of these equilibrium points. The
Jacobian matrix of the system (3.2) at the equilibrium point E = (s, z,y) is

T(s,x,y) #( e — L) y o

~ A¥+Bs k1+s 7C+Ds3 ko+s

mikix mis _

(41) J(S7$7y) = (k1+s)2 k1+s L Q 0 >
mokay m2s
(ko+s)2 0 ko+s Q

where

N _ T miky Bz mis
T(s,x,y) = -Q A+Bs Gats)? (A+Bs)2(k:1+s L)

_ Yy komay + 3D32y maos
C+Ds3 kao+s (C+Ds3)2 ko+s”

The characteristic equation of the Jacobian matrix J at the equilibrium point Ej is
PO) =AM+ Q)N +bid+c1) =0,

where

mi1So ma2So

ki +s0  ka+so

m1So

maSo )
k1 + so

b1 =L+ 2Q — ( T 50

)7 01:(L+Q_

NQ—
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Eigenvalues of the matrix J at the equilibrium point Ey are
miSo maSo
! re ( /€1-~-So)7 ’ ( k2+80)

These eigenvalues are real, hence by Theorem 3.1 the equilibrium point Ej is stable if
Ai <0, i=1,2,3. Since @ > 0, the inequality A1 < 0 holds. Also inequalities A2 < 0
and A3 < 0 are satisfied when f3; > so, @ = 1,2. Therefore the equilibrium point Ey is
stable if

Bi >s0,  i=1,2.

The characteristic equation of the Jacobian matrix J, evaluated at the equilibrium point
El, is

P(\) = (A —a2)(A* + bad + ¢2) =0,

where
o e
by =Q— (50— B)(a55m — mrs2)

miky

c2 = (50 = PR @
To consider stability of the equilibrium point E7, Let

Q(so — ﬂl)(lﬁ + 51)2 — Q(kl + 51)2 —maiki1B1(so — B1)
Q(k1 + 51)2 + miki(so — B1)

Note that as is a real root of the characteristic equation of the Jacobian matrix J at the

equilibrium point F7, therefore conditions ae < 0, or equivalently 51 < 2 and c2 > 0, are

necessary for stability of the equilibrium point E; ( Theorem 3.1 and Proposition 3.2).

Since all parameters in chemostat model are positive and 0 < 81 < So, the condition

c2 > 0 holds. We now consider the following two cases:

Ry =

(i) If b2 > 0 or equivalently % > R; then by Theorem 3.1, E; is stable equilibrium
point of the system Eqs. (3.2).
(ii) If b2 < 0 or equivalently % < R; and

\/402 — bg

b

™

(4.2)  4ex > b3, |tan”( 3

)| >«

then the equilibrium point E is stable ( Proposition 3.2).
In case (ii) the second condition in (4.2), that satisfy the first condition, is equivalent to

4cos” (Oég)CQ > b3.

If we let

Ry — Q(s0 — B1) (ks + 1) _ 4
(Q+2cos(af)y/e) (ki + B1)” + miki(so — B1)
then case (i) follows that R» < 4 < Ry.
The characteristic equation of the equilibrium point F» is

PA) = (A —a3)(A* +bsh+¢3) =0,

where

o _ miBs 1 _
a3 = yiis —L-Q

DBy? k
bs = Q — (s0 — 52)(03?% ~ Gatpa?)
c3 = (s0 — 52)%@
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Let
_ 3B3(s0 = Ba) (k2 + B2)” — B3Q(k2 + B2)* — B3(s0 — B2)makr
Q(k2 + 52)2 + (s0 — B2)make
like equilibrium point Ei, conditions az < 0 and c3 > 0 are necessary for stability of
the equilibrium point Fs. Positivity of the parameters and condition 8 < s, show that
c3 > 0. But inequality as < 0 holds provided that 82 < B1. Now, we have the following
two cases:
(i) If bs > 0 (equivalently £ > Rs ) then by Theorem 3.1 the equilibrium point E»
is stable.
(i) If —24/czcos(af)) < bz < 0 then the equilibrium point Es is stable (Proposition
3.2).

Like equilibrium point F1, case (ii) is equal to R4 < % < R3 , where

363 (s0 — B2) (k2 + B2)°
(Q + 2cos(af)/cs) (k2 + ,32)2 + maka(so — B2)
4.1. Theorem. Let 0 < a < 1, then for the equilibrium points Ey , E1 and E2 of system
Egs. (3.2), the following statements hold.
(1) If Bi > so, i =1,2, then the equilibrium point Ey is stable.
(ii) If B1 < B2 and % > Ry or f1 < B2 and Rz < % < Ri , then the equilibrium
pownt E1 s stable.
(iil) If B2 < B1 and % > R3 or B2 < 1 and Ry < % < Rs3 , then the equilibrium
point Eo s stable.

Rs3

)

- B3

Ry =

5. NSFD Scheme for Fractional-Order Chemostat Model

In this section, we present numerical simulation to illustrate the results obtained in
the previous section. By using definition of GL derivative and use NSFD scheme for the
model we have:

n+1 1

Dt snriog = (s0 = 5041)Q
j=0

_ mMi1Sn+1
A+ Bs, ki1 4+ sn

— L)z,

_ 1 M2Sn+1Yn
C+D(5n)3 k2+5n

n+1
M1Sn+1

as _
E C; Tnt1—j = $n(ﬁ) — (L + Q)zng1,
=0 1 n+1
n+1

asg _ ma2Sn+1
E €2 Yn41—j = Yn7———— — QUn41,
= k2 + Sn+1

where t, = nh and c}“, i =1,2,3 are the GL coefficients defined as:

14+ oy
J

)Cal 637: (¢Z(h))_al7 j: 172737"'7n+17 7:: 17 2737

= (1-
with

¢1(h) =h, ¢a(h)=h, ¢3(h)=h.
The previous discretization of system Egs. (3.2) has the following principles:

(i) ¢, is an increasing function of h for i = 1,2, 3.
(ii) Comparing to the system Egs. (3.2) in the first equation —s changed to —sn+1
and in the second and the third equations changed to sn41.



(iii) In the second equation —z changed to x,+1 and in the third equation —y changed
t0 Yn+1-
Manipulating previous discretization we get the following equations:

n+1 L
(e 7] €T
- ,21 ¢ snt1-j + $0Q + 7yFL,
i=
Sn+l = —a; mi1Tn mayn ’
¢’ +Q+ B (e T ©FDsS) (katen)
n+1
_ o ) M1Sn41
(5.1) J; ¢ Tnt1—j + on(F350)
X 1= -
n+ Cgl +L+Q ’
_nil Cai . MaSn41
o Yntl—5 T Yngois, oy
i=
Yn+1 =

g+ Q

5.1. Proposition. The numerical solutions obtained from system (5.1) for case 0 <
a; <1, i=1,2,3 satisfy

Sn >0 Snt+1 >0
(5.2) T >0 = Tpy1 >0
Yn >0 Ynt1 >0
Proof. Since c¢g? > 0, by recursive relation
o 1 + a; a; .
Cj :(177‘] )ijl’ j:1,2,...,n+1,

we have ¢j* <0, j > 0, therefore the system equations (5.1) show that relation (5.2) is
established. For case a; =1, i =1,2,3, by considering the following system

Snt1 — Sn 1 mM1Sn+1
— Y N = — Sn - —L n
o1 () (50 — 8n+1)Q A+Bsn(k1 p )z
B 1 M2Sn41Yn
C+D(sn)® ko+sn ’

Tntl — Tn mMi1Sn+1
Y = zp(———) = (L + Q)znt1,

¢2(h) (kl + Sn+1) ( Q) +1
Ynt+1 — Yn _ m2Sn+41

o¢3(h) = n k2 + sn41 = Qynir.

and solving this system in terms of $ni1,%n+1,Yn+1 we conclude that relation (5.2)
holds. O

6. Numerical results

Analytical studies always remain incomplete without numerical verification of the
results. In this section we present numerical simulation to illustrate the result obtained
in previous sections. Now we consider the fractional-order chemostat model in several
cases. For the parameter values m; = 1.625, mo = 1.875, k1 = 1, ke = 1.25, Q@ = 1 and
initial conditions so = 1, o = 0.5, yo = 0.4, numerical solutions of the system Eqs. (3.2)
converge to the equilibrium point Ey (Fig. 1). These values satisfy conditions 81 > so
and (B2 > so (for these set of data 81 = 1.6860 and 2 = 1.4286) . For parameter values
A = 0.0005, B = 1.3, ki = 0.53, k2 = 1, my = 1.05, L = 0.002, @ = 0.5 and initial
conditions so = 1.4, xg = 0.1, yo = 0.4, numerical solutions of the system Egs.(3.2)
converge to the equilibrium point F; (Fig. 2). For these values we have % > Ry and
B1 < B2 that ensure solutions converge to the equilibrium point F; (for this set of data

B1 = 0.9161, B> = 1.25, 4 > 0 and R1 < 0). Finally for parameter values C = 2,
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Figure 1. Numerical solutions of the system Egs. (3.2) converge to
the equilibrium point Ey for different o; with stepsize h = 1.5.

Figure 2. Numerical solutions of the system Egs. (3.2) converge to
the equilibrium point F, for different o; with stepsize h = 1.5.

D =1.5, ks =0.75, ma = 1.5, L = 0.001, @ = 1 and initial conditions so = 2.2, ¢ = 0.5,
yo = 0.4, we have % > R and $1 > B2 (for this set of data, % = 1.3333, Ry = —.649,
B1 = 4.0201 and B2 = 1.5 ). With these conditions numerical solutions converge to the
equilibrium point E3 . All numerical solution illustrated in Figs. 1~ 3, gained by step

size h = 1.5, this step size shows high accuracy of NSFD scheme.



Figure 3. Numerical solutions of the system Egs. (3.2) converge to
the equilibrium point F» for different o; with stepsize h = 1.5.

4| - - a=a,7a,706

Figure 4. Numerical solutions of the system Egs. (3.2) converge to
the equilibrium point F> for different «; with stepsize h = 1.5 and
bz = —0.274

6.1. Remark. Note that the conditions b2, b3 > 0 are necessary for stability of the
equilibrium points E; and E2 when «; = 1, but in obtained fractional-order model
b1 and b2 might be less or equal to zero and the equilibrium points E; and E; are stable
yet. We observe that for parameter values A = 0.0005 , B=13,C =0.006, D=2,
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k1:1,k2:2.9,m1:2,m2:3,L:0.02, 50:5andQ:1.31,thesingofb2is
negative ( b2 = —0.0025), but for some 0 < a; < 1 the numerical solutions of the system
Egs. (3.2) converge to the equilibrium point E;. Also by using the values, B = 1.3,
C=2,D=15ki =1,k =06, m =125 my =15 L=0.02, so =2.1and Q =1,
the value of b3 is less than zero ( b3 = —0.274 ), but the equilibrium point Es is stable
yet ( Proposition 3.2 and Figs. 4 and 5). Two dimensional plots s — x illustrate better
this matter.

50 0 700 800 () 100 200 300 400 500 600 700 800 W00 400 s00 60 700 800
t

25 - -ﬂi:azzng:ﬂ 98
a,=0,70,=0.9 10 — e
- 01:u2:u3:0 88

X

1 15 2 25 3 35 4 a5
x(t) s %

Figure 5. Numerical solutions of the system Egs. (3.2) converge to
the equilibrium point F; for different «; with stepsize h = 0.8 and
ba = —0.0025.

In Tabs. 1~3 the NSFD scheme for the system Egs. (3.2) with forward Euler and
fourth order Runge-Kutta methods are compared when «; = 1, i = 1,2,3. This com-
parison done for different time stepsize h and the CPU times of the NSFD scheme are
compared with forward Euler and fourth order Runge-Kutta schemes. As we observe,
the CPU times of NSFD scheme are less than the CPU times of forward Euler and fourth
order Runge-Kutta methods. Therefore the numerical solutions of NSFD scheme have
better manner than Euler and Runge-Kutta methods. Also in Figs. 6 and 7, the forward
Euler and fourth order Runge-Kutta methods are compared with NSFD scheme graph-
ically. The stepsizes that used in these figures show the accuracy of the NSFD scheme.

7. Conclusion

In this paper the fractional form of the chemostat model is introduced. The stability
of the equilibrium points is studied. Exploiting the NSFD scheme, we study the stability
analysis as well as the dynamic behaviour of mentioned system. Moreover the obtained
numerical results of NSFD scheme are compared with forward Euler and fourth order
Runge-Kutta methods in integer-order case. Numerical results show the accuracy and
efficiency of the NSFD scheme.
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Figure 6. Numerical solutions with step size h = 0.002 for forward

Euler and fourth order Runge-Kutta and step size h = 0.005 for NSFD
methods converge to the equilibrium point E; .

NSFD
— — — Forward Euler
- - Runge-—Kutial

(] 02 04 06 08
x(t) s(t) s()

Figure 7. Numerical solutions with step size A = 0.002 for forward
Euler and fourth order Runge-Kutta and step size h = 0.02 for NSFD
methods converge to the equilibrium point Ej.
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h Euler CPU time Runge-Kutta CPU time NSFD CPU time
0.5 Convergence 0.004342  Convergence  0.005209 Convergence 0.000186
1 Convergence 0.001203  Convergence  0.003202 Convergence 0.000094
2 Divergence Convergence 0.001018  Convergence  0.000053
2.5  Divergence Convergence  0.001018  Convergence  0.000053
5 Divergence Divergence Convergence  0.000008
10 Divergence Divergence Convergence  0.000003

Table 1. Qualitative result of the equilibrium point Ey for different

stepsizes h.

h Fuler CPU time Runge-Kutta CPU time NSFD CPU time
0.001 Convergence 0.016342 Convergence 0.032029  Convergence  0.002066
0.002 Convergence 0.015242  Convergence  0.022028 Convergence 0.002024
0.025 Convergence 0.013242 Convergence 0.021011  Convergence  0.002003
0.003  Divergence Divergence Convergence  0.002002

0.5 Divergence Divergence Convergence  0.001103

5 Divergence Divergence Convergence  0.000023

10 Divergence Divergence Convergence  0.000023

Table 2. Qualitative result of the equilibrium point F; for different

stepsizes h.

h Fuler CPU time Runge-Kutta CPU time NSFD CPU time
0.01 Convergence  0.003423 Convergence 0.008292  Convergence  0.001146
0.02  Divergence Divergence Convergence  0.000956
0.5 Divergence Divergence Convergence  0.000123

5 Divergence Divergence Convergence  0.000054
10 Divergence Divergence Convergence  0.000004
50 Divergence Divergence Convergence  0.000003

Table 3. Qualitative result of the equilibrium point Fs for different

stepsizes h.
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