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CONSTRUCTION OF A TOPOLOGICAL DEGREE THEORY IN
GENERALIZED SOBOLEV SPACES

M. AIT HAMMOU AND E. AZROUL

ABSTRACT. In this paper, we construct an integer-valued degree function in a
suitable classes of mappings of monotone type, using a complementary system
formed of Generalized Sobolev Spaces in which the variable exponent

p € Plog(Q) satisfy 1 < p'~ < p’'T < oo, where Q@ C RY is open and bounded.
This kind of spaces are not reflexives.

1. INTRODUCTION

Topological degree theory is one of the most effective tools in solving nonlinear
equations.

Brouwer had published a degree theory in 1912 for continuous maps defined in
finite dimensional Euclidean space [4]. Leray and Schauder developed the degree
theory for compact operators in infinite dimensional Banach spaces [12]. Since then
numerous generalizations and applications have been investigated in various ways
of approach (see e.g.[7, 15, 16, 18]). Browder introduced a topological degree for
nonlinear operators of monotone type in reflexive Banach spaces [5, 6]. The theory
was constructed later by Berkovits and Mustonen by using the Leray-Schauder
degree [1, 2, 3] which can be applied to partial differential operators of general
divergence form.

The purpose of this article is to generalize this theory to Sobolev spaces with
variable exponent in the case where these spaces are not reflexives, exactly in the
case where the variable exponent p satisfies 1 < p/~ < p'T < 0o where p’ is the
dual variable exponent of p. We will construct this theory for appropriate classes of
monotone mappings using a complementary system formed of Generalized Sobolev
spaces.

The paper is divided into three parts. In the second section, we introduce some
preliminary definitions and results concerning the generalized Lebesgue and Sobolev
spaces, we construct a complementary system of these spaces and we present some
classes of monotone cartography. The third section is dedicated to the construction
of degree theory in generalized Sobolev spaces.
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2. PRELIMINARY DEFINITIONS AND RESULTS

In the sequel, we consider a naturel number N > 1 and an open and bounded
domain Q C RV with segment property.

2.1. Generalized Lebesgue spaces. We define P(Q2) to be the set of all measur-
able function: p :  — [1,+o00]. Functions p € P(Q2) are called variable exponents
on . We define p~ = ess igfp and pT = esssup p.
Q

If p € P(2), then we define p’ € P(Q) by ﬁ + ﬁ = 1, where é := 0. The
function p’ is called the dual variable exponent of p.
We say that a function a : Q — R is locally log-Hélder continuous on §2 if there
exists ¢; > 0 such that

C1

<

= Togle + 1/l 9]

for all z,y € Q2. We say that « satisfies the log-Hoélder decay condition if there exist
Qs € R and a constant ¢y > 0 such that

|a(z) — a(y)

C2
— e
o) = 0l = G e

for all x € Q. We say that « is globally log-Hélder continuous in § if it is locally
log-Hélder continuous and satisfies the log-Holder decay condition.
We define the following class of variable exponents

1
Pl9(Q) := {p € P(Q) : - is globally log-Holder continuous }.
p

We can deduce that p € P() if and only if p’ € P(Q2).
Fort >0,z € Qand 1 <p < oo we define

Pp(x) (t) = tp(m)
Moreover we set

(poo(t) = OO-X(I,OO)(t) = { 00 ift e (1,00)

We will use tP(*) as an abbreviation for ©p(z)(t), also in the case p = co. Similarly,
#77 will denote the inverse function 4,0;(;)@) ; note that in case p = oo we have

1 —
t = o (t) = X(0,00) (1)
For any variable exponent p(-) and any measurable function u, we define the mod-
ular

() = [ @)
and we define the variable exponent Lebesgue space
LPO(Q) = {u; u:Q — R is measurable and Pp(y(Au) < oo for someA > 0}

equipped with the norm, called the Luxemburg norm,
. U
[lullp() = f{A > 0/py(y(3) < 1}

It is a Banach space ([8, Theorem 3.2.7]). The space EP()(Q) is the closure of the
space L*°(£2) with respect to the Luxemburg norm.



118 M. AIT HAMMOU AND E. AZROUL

Theorem 2.1. [8] Let p(-) and q(-) be the exponent and QO C RN open and bounded.
Then

(i): BrO(©) € 12O(Q),

(ii): EPO(Q) = LPO(Q) iff p* < oo,

(iii): EPO)(Q) is separable,

(iv): (EO(Q)* = L' O(Q),

(v): LPO)(Q) is reflexive iff 1 < p~ < p(z) < pt < oo.

We say that a sequence {u,} C LP()(Q) converges to u € LP()(Q) in the modular

sense, denote u,, — u(mod) in LP() if there exists A > 0 such that

pp(,)(un;u) — 0, when n — oo.

Let X and Y be arbitrary Banach spaces with bilinear bicontinuous pairing
(., )x,y.- We say that a sequence u,, C X converges to v € X with respect the
topology o(X,Y), denote u, — u(c(X,Y)) in X, if (up,v) = (u,v) for all v € Y.
When Y* 2 X, we denote only u,, — u in X.

Theorem 2.2. ([8, 11]) In any Generalized Lebesgue space LPC)(Q)
(i): morm convergence implies modular convergence,
(ii): morm convergence and modular convergence are equivalent iff p* < oo,
(iii): modular convergence implies o(LPC), LP'0)) convergence.

2.2. Generalized Sobolev spaces and complementary system.

Definition 2.3. Let Y and Z be Banach spaces in duality with respect with to a
continuous pairing (.,.) and let Yy and Z be closed subspaces of Y and Z respec-
Y Z
Yo Zo
means of (.,.), Y =2 Z and Zf =Y.

tively. Then the quadruple ( ) is caled a complementary system if, by

An example of a complementary system is

LrO)(Q) LP’(‘)(Q)
(EP(')(Q) EP/(')(Q) )

The following lemma gives an important method by which from a complemen-

tary system < ;f ZZ ) and a closed subspace E of Y, one can construct a
0o Zo
E F B
new complementary system B B ) Define Ey = ENYy, F = Z/Ey and
o Fo

Fo={2+Ef;z € Zy} C F, where | denotes the orthogonal in the duality (Y, Z),
ie. By ={z€ Z;(y,z) =0 for all y € Ep}.

Lemma 2.4. [10, Lemma 1.2] The pairing (.,.) betweenY and Z induces a pairing

between E and F if and only if Ey is 0(Y, Z) dense in E. In this case, < EE }}; )
o Fo

is a complementary system if E is o(Y,Zy) closed, and conversely, when Zy is

complete, E is o (Y, Zo) closed if < 50 11;?)

is a complementary system.

Next, let p € P(Q2) and m € N.
We define the spaces

wmrO(Q) = {u e LPV(Q) : D*u € LPY(Q),|a| < m},
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Hm,p(.)(Q) ={ue Ep(')(Q) - D% € Ep(.)(Q), la] < m}
with the norm

llmpe) = Z D% ul]p(.).-

la|<m

The spaces W™P()(Q) and H™?()(Q) are Banach spaces (see [8]).
We say that a sequence {u,} € W™PL)(Q) converges to u € W™PL)(Q) in the
modular sense, denote u,, — u(mod) in W™P) | if there exists A > 0 such that

pp(_)(w) — 0, when n — oo,

for |a] < m.
The Sobolev space W™ () with zero boundary valus is the closure of the set of
WmP()(Q)-functions with compact support, i.e.

{fu e Wm™PO(Q) : u = uxg for a compact K C €}
in Wm0 (Q).
The space W™P()(Q) will always be identified to a subspace of the product
H|a‘§mLP(') = TILP0); this subspace is J(HLP('),HEPI(')) closed and Wén’p(')(ﬂ)
will be the o(TILPC) TIEP' () closure of D(Q) = 35_, Ci(Q) in WPL)(Q).
The (norm) closure of D(2) in the space WP (Q) (or in TILP()) is denoted by
HY"PY(Q).
If p € P°9(Q) is bounded, then W(;n’p(')(Q) = H[;n’p(')(ﬂ) [8, Corollary 11.2.4].
The space Wén P (')(Q) is a Banach space, which is separable if p is bounded, and
reflexive and uniformly convex if 1 < p~ < p* < oo [8, Theorem 8.1.13].
Let p € P9(Q) satisfy 1 < p'~ < p'" < 0o. We denote the dual spaces of Sobolev
spaces Wén"p(')(Q) anngn’p(')(Q) as follows

WP O/(Q) i= (WP (Q)* and H-™P'0/(Q) = (HYWPY ()",

Proposition 1. [8, Proposition 12.3.2] Let  C RY be a domain, let p € P9(Q)
satisfy 1 <p'~ < p’+ < oo and let m € N. For each F € W‘m’pl(')(Q) there exists
fo € LP"O(Q), |a| < m, such that

(F,u)y = faD%u dx
z

for all W) (€). Moreover,

HF”fm,p’(-) ~ Z ||fa||p'(-)'

la|<m
We can write an analogue proposition for =™ ()(Q) and then

WP OQ) ={FeD(Q): F= Y (-1)Df,, where f, € L"'(Q)},

lal<m

Hm'O@Q) ={FeD(Q):F= Y (-1)*Df,, where f, € B )(Q)}.

la|<m
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By Lemma 2.4,the quadruple

W (@) wemaO(q)
Hy (@) B O(Q)

forms a complementary system.
We say that a sequence {u,,} C W2 ()(Q) converges to u € W2 ()(Q) in the
modular sense, denote u, — u(mod) in W=m#"C) if u,, and u have representations

= 3 CFD, u= 3 (1D,

lo|<m lor|<m

such that g&n),ga e LP')(Q) and g((yn) — go(mod) in L'C) for all |a| < m.
Let A be a subset of a Generalized Sobolev Space Y. We denote by A™°? the
sequentiel modular closure of Ai.e.

A™ed = [y € Y/ there exists {u,} C A such that u, — u(mod) in Y}.

2.3. Some classes of mappings of monotone type. Let

(Y zZ N\ _ | wgrYQ) wemr @)
Yo Zo )\ HIMY(Q) H-mP'O(Q)

be a complementary system formed of Generalized Sobolev Spaces in which
Q0 C RY is open, bounded and satisfies the segment property and p € P©9(Q)
satisfy 1 < p/~ < p'T < co. We consider mappings F : D — Z which satisfy the
following conditions:
(i): YoCDrCY,
(ii): F is finitely continuous, i.e., the restriction of the mapping F' to any
finite dimensional supspace X C Yj is continuous from the topology of X
to the weak topology of Z .

We shall next define some classes of mappings of monotone type:

(i): F is bounded, denote F' € (BD), if the set F(A) C Z is bounded when
A C Dr is bounded.

(ii): F is strongly quasibounded , denote F' € (QB) , if the conditions
{un} C DF bounded and (F(uy),u, — @) is bounded from above for some
u €Yy
imply that {F(u,)} is bounded in Z .

(iii): F is continuous , denote F' € (CONT) , if the conditions {u,} C Dp ,
u € Dp and ||u, —ully =0
imply that ||F(u,) — F(u)||z =0 .

(iv): F is of the class (S+), denote F' € (S4),if the conditions
{un} C Dp, up = uw €Y inY and limsup,— oo (F (tn), tn —u) <0
imply that v € Dp , and |lu, —ul|ly — 0.

(v): Fis demicontinuous if the conditions {u,} C Dp , u € Dp and u, — u
imply that F(u,) = F(u) .

(vi): F is pseudomonotone, F' € (PM) , if the conditions
{un} C Dp, up ~uinY |, F(u,) = x in Z and
limsupy oo (F(uy), un) < (X, u)
imply that u € Dp , x = F(u) and (F'(up), un) — (F(u),u).
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(vi): F is of the class (MOD), denote F' € (MOD), if the conditions
{un} C Dp, up ~uinY | F(u,) — x in Z and
lmsupn o0 (F (Un), un) < (X, u)
imply that w € Dy , x = F(u) and there exists a subsequence {u,} such
that w, — u (mod) in Y and F(uy,) — F(u) (mod) in Z.

3. DEGREE THEORY IN GENERALIZED SOBOLEV SPACES
3.1. An outline of Brouwers degree theory.

Theorem 3.1. Let X =R" =Y for a given positive integer n. For bounded open
subsets G of X, consider continuous mappings f : G — Y and points yo in'Y such
that yo ¢ f(OG). Then to each such triple (f,G,yo), there corresponds an integer
d(f,G,yo) having the following properties:
(a): Existence: if d(f,G,yo) # 0, then yo € f(G) =,
(b): Additivity: if f : G — Y is a continuous map with G a bounded open
set in X and G1,Ge are a pair of disjoint open subsets of G such that
Yo & f(G\ (Gl U GQ)), then

d(vaayO) = d(f7 GlzyO) + d(fa G2,yo)>

(¢): Invariance under homotopy: Let G be a bounded open set in X, and
consider a continuous homotopy {f; : 0 < t < 1} of maps of G into Y.
{ys : 0 <t < 1} be a continuous curve in'Y such that y; & f:(0G) for any
t € [0,1], then d(f;,G,y:) is constant in t on [0,1],

(d): Normalization: If fy is the identity map of X onto Y, then for every
bounded open G and yo € fo(G) then

d(f07 G7y0) =1

Theorem 3.2. The degree function d(f,G,y0) is uniquely determined by the four
conditions of Theorem 3.1.

Remark 3.3. Theorem 3.1 is an appropriately formalized version of the properties
of the classical Brouwer degree. Theorem 3.2 contains an observation made inde-
pendently in 1972 and 1973 by Fuhrer [9] and Amann and Weiss [17], respectively.

3.2. Construction of a degree function in Generalized Sobolev Spaces.

Let
(Y Z > WP Q) wemr O(q)
Yo Zo HMPOQ)  H-mP'O(Q)

be a complementary system formed of Generalized Sobolev Spaces in which

Q c RV is open, bounded and satisfies the segment property and p € P9(Q)
satisfy 1 < p'~ < p/T < 0o. We define the class F of admissible mappings and the
class H of admissible homotopies as follows:

F:Dp CY — Z belongs to F | if

(a): F is a strongly quasibounded mapping of the class (M OD).
F:Dp CY — Z belongs to F¢ | if F € F and the following conditions
hold:

(b): if {u,} C Dp is bounded , t,, — 07 and (t,F(uy),u, — u) is bounded
from above for some @ € Y, then {¢,F(u,)} C Z is bounded,
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(c): if {u,} C Dp, up > u €Y for o(Y,Zy),tn, — 0" | t,F(u,) — x € Z for
o(Z,Yy) and limsup(t, F(uy,), un) < (x,u) , then
(tnF'(tn), un) = (X, u)
(d): if {un} C Dp, up, = u (mod) in Y, ¢, — 0T,
toF(un) = x € Z(0(Z,Yy)) in Z and limsup(t, F(un), un) < {x,u) , then
tnF(uy) — 0 (mod) in Z.
The homotopy H : Dy — Z belongs to H, if H is a strongly quasibounded homo-
topy of the class (MOD).

Lemma 3.4. If F,G € F°, then H(t,u) = tF(u) + (1 — t)G(u) belongs to H with

DrNDg, if0<t<1
Dy, = D¢, ift=0
Dp, ift=1.

Proof. Step 1

Since F' and G are finitely continuous, the homotopy H is finitely continuous from
the norm topology of [0,1] x Y to the weak topology of Z.

Step 2

We shall prove that H is strongly quasibounded.

Assume {t, } C [0,1], {un} C Dy, and (H(t,,un),u, — ) is bounded from above
for some @ € Yy. It follows that (t, F(un), un — @) or (1 =ty )G (up/), up — @) is
bounded from above for a subsequence.

We may also suppose that (¢, F (u,), u, — @) is bounded from above. By condition
(b) and the fact that F' is strongly quasibounded, the sequence {t, F(u,/)} is
bounded in Z. Consequently, (t,/F (tn/), un — @) is bounded implying that ((1 —
tn )G (Ups ), uns — @) is bounded from above. Therefore {(1 — ¢,/ )G(u, )} is also
bounded in Z and hence {H (t,, u,/)} is bounded in Z.

By contradiction argument, {H (t,, u,)} is bounded in Z.

Step 3

We shall next prove that H is a homotopy of the class (M OD).

Asuume that t,, C [0,1], t,, =t € [0,1], {un} C D, , up = uinY, H(t,,u,) = X
in Z and limsupn—yoo (H (tn, Un), tn) < (X, u).

Deducing as above, {t, F(u,/) and {(1 — t,/)G(u, )} are bounded in Z for some
subsequence. We may assume that ¢,/ F'(u,) — x1 and (1 —t,/)G(up/) — x2 in Z.
It is clear that x = x1 + x2. We may assume that limsup, oo (tn F(tns), tun) <
(x1, u) or limsupy oo ((1 =t )G (up ), un) < {x2,u). Suppose, for example, that

limsupn— oo (tn/ F (Uns), tn) < (x1,u).

By condition (c) and the fact that F belongs to the class (M OD), we have (t,,, F(un’), tns) —
(x1,u). Hence
limsupn—oo{(1 — tn )G (Unr), Un) < (X2, u).
If 0 <t<1,then F(uy)— Xt in Z, Gluy) = 2% in Z, (F(un), upr) = ($x1,0)
and 1imsupy— oo (G (Un ), tns) < <ﬁxg,u>.
Therefore u € DpNDg, X = F(u), 1% = G(u), up — u(mod) in Y and F(u,) —
F(u), G(uy) = G(u)(mod) in Z. Hence u € Dy, and H (t,:, un) — H(t,u)(mod)
in Z. If t = 0, then G(uy) = 7% in Z and limsupy— o0 (G (tn/), tn') < (755 X2, U).
Therefore u € D¢, uy — u(mod) in Y and G(u, — G(u)(mod) in Z. Moreover,
by condition (d), we have ¢, F(u,) — 0 in the modular sense. Hence u € Dy,

and H(t,,un ) — H(t,u)(mod) in Z. If t = 1, we make an analogue deduction to
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obtain u € Dp = Dy, and u, — u(mod) in Y and F(u,) = F(u)(mod) in Z.
Consequently, H is a homotopy of the class (MOD). O

Our aim in this subsection is to construct an integer-valued degree function
d(F,G, f) for F € F, G C Y, open and bounded in Yo, f € Zo and f ¢ F(9y,G" )N
F(0y,G """ satisfying the following conditions:

(C1): Existence: if d(F,G, f) £ 0 , then f € F(G™d) N F(G) ",
(Co): Additivity: if G1,G2 C G are open and bounded, G; N Gy = () and
mod mod

fEF(G\(GiUGy) )NF(G\(G1UGy))
then

d(F,G, f) = d(F,G1, f) + d(F, Gz, f),
(C3): Homotopy invariance: if H € H,f € Zo and f & H([0,1] x 8y, G~
H0.1] x 8y, &), then
d(H(t,-),G, f) = constant for all ¢ € [0, 1],
(Cy): Normalization: There exists a normalising map K € F® such that if
F€Zo, fE KOG Y NEK@vG) " and f € K(G), then
d(K, G, f) = 1.

d)m

Remark 3.5. We shall always assume in the applications that

1 <p” <p(-) <pT < oo. This restriction means that instad of modular closure
we have norm closures. In these cases the corresponding degree theories can be
formulated as fellows:

F e F,GCY open and bounded in Y, f € Zy and f & F(0yG)

(c1): Existence: if d(F, G, f) # 0, then f € F(G),
(c2): Additivity: if G1,G2 C G are open and bounded, G1 N G2 = ¢ and
f € F(G\ (G1UGj3)), then
d(F7G7f) = d(F7G17f) +d(F7G2af)a
(c3): Homotopy invariance: if H € H,f € Zy and f ¢ H(]0,1] x 9y G), then
d(H(t,-),G, f) = constant for all ¢ € [0, 1],
(c4): Normalization: There exists a normalising map K € F® such that if
f€Zy, f € K(OyG) and f € K(G), then
d(K,G, f)=1.

For the construction of such degree, we need the following;:

Definition 3.6. Let A be the set of all finite dimensional subspaces of Yj.
Denote

Yy = X, @Y, for all X\ € A, where Y, is the closed complement of X, ([14, p.157]),
Ay=ANX,, when ACY,

P, : Yy — X the projection map,

P} X\ — Z, (P{(u),v) = (u, Px(v)) for all u € X and v € Y.

For the natural injection ¢y : X\ — Yp, we define

&% Z — X, (5 (w),v) = (u,px(v)) for all w € Z and v € X,.

If F:Yy— Z, then F) : X\ — X, F)\(ﬂj) = qu{(F(gb)\(x)))

Let d,, be the Brouwer degree for continuous maps from R™ to R™.
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Lemma 3.7. [5] Let G C R™ be open and bounded and
F:G CR® = R"™ continuous such that 0 ¢ F(OG). Define a mapping

F':Gx[-1,1]" Cc R"™ — R
F'(z,y) = (F(x),y) for allz € G,y € [-1,1]™
Then
dn(F,G,0) = dpym(F',G x (—=1,1)™,0).
Let dy be the Brouwer degree in the space X .

Lemma 3.8. Let G C Yy be open and bounded in Yy, X\ C X, € A, such that
GNXy #0 and F € (MOD). If d\(Fx,Gx,0) # d,(F,,G,,0) or one of the degrees
is not defined, then there ezists u € Oy, G such that

(F(u),u) <0 and (F(u),v) =0 for all v € X,.

Proof. If one of the degrees dy(F»,Gx,0) and d,,(F,,G,,0) is not defined, there
exists u € Ox,Gx C Oy, G such that Fy(u) = 0 or u € 9x,G,, C 9dy,G such that
F,,(u) = 0. In both cases the proof is complete.

Otherwise we define a continuous mapping S : Xy — X,

S(x) = QA(F(Pr(2))) + 2 — P(x.)
By Lemma 3.7 we have
d)\(F)\,G)\,O) = d,u(Sa G % (_1’1)771’0),

where m = dimX,, — dimXy. If S(z) = 0 for some = € G, then

x— Py(z) =0, implying = € G x (—1,1)™. If S(x) = 0 for some x € G x (—1,1)™
then  — Py(z) = 0, which means that € Gy C G,,. By the excision property of
the Brouwer degree, we have

d,(S,Gp,0) =du(S,Gx x (=1,1)",0).
Hence
du(Fu, G, 0) # dpu(S, G, 0).
Define another mapping 5" : Xp — X,
§'(x) = ¢3(Fx)) + 2 — P(z).
We shall prove that d, (S, G,0) =d,(S’,G,,0). Consider the homotopy
H(t,u) =tS(u) + (1 — )" (u) = u — Px(u) + $3[tF(Pa(u)) + (1 — t)F(u)].

If H(t,u) =0 for some 0 < ¢t <1 and u € GM“7 then u = Py(u) € X, implying
¢3(F(u)) = Fx(u) = 0 and therefore v € G5 C G,,. By homoyopy invariance, we
have

d,(S,G,,0) = d#(S’,G#,O).
We can thus deduce that
d#(F,uv G#a 0) 7é d,u(S/’ G,u, 0)
Consider the homotopy H : [0,1] x X,, = X,
H(t,u) =tS"(u) + (1 — ) F,(u).
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By the homotopy invariance of the Brouwer degree, H(t,u) = 0 for some
u € 0x,G, COyG and t € (0,1). Let v € X\ be arbitrary, then
(H(t,u),v) £(S"(u), v) + (1 = t)(Fx(u),v)
= t(F(u),v) + t{u— Px(u),v) + (1 — t)(F(u),v)
= H(F(u),v) + (1 = t)(F(u),v) =0,
implying (F(u),v) = 0. Moreover,
(H(t, u),u — Px(u)) HPA(F(u)), v — Pa(u)) + t{u — Pa(u)),u — Px(u))
(1= 8)(Fx(u), u— Px(u))
tllu — Py(u)||* + (1 — t)(F(u),u) = 0.
Hence (F(u),u) <0. O

+

Lemma 3.9. Let H: Dy — Z be a strongly quasibounded (MOD) homotopy and
A C Yy closed and bounded. If

0 ¢ H([0,1] x Am) 0 (0,1 x A)"",
then there exists X, € A such that
0¢ H,([0,1] x A,) for all Xp D Xy,
Proof. By contradiction, suppose that
VXy e A, 3Xp D Xy, Ity a,) €0,1] x Ay Hy(ty, a,) = 0.
Define a set
Va={(t,a) € [0,1] x A| (H(t,a),a) <0 and (H(t,a),v) =0 for all v € X, },

which is non-empty for all A. If X, X»,,..., Xy, € A and if U] ; X, C X, then

Z C N Vs,
Therefore the family {V)} has the finite intersection property. Denote 7 the topol-
ogy |||l x o(Y,Zo). The set V is bounded and 7-closed, which implies by
Alaoglu’s Theorem that it is T-compact. Hence

N #0.

Choose(tg, ug) € NVx . The space Y is separable, we may denote Y = m
Define X, = sp{y1,v2,...,¥:i}, then we have X, € X, C ... C X, C .... The

T

space Z is separable, then the 7-topology in the set [0,1] x A is metrizable ([18,
p.782]. Denote d, this metric. For every i = 1,2,..., we have (t,ug) € KT, then
we can choose a sequence {(tgf), ugf))}n C Vy, such that

(Vi € N), d {0, ul?), (to, o)} < —.

Therefore (t%"), uﬁ?)) — (to,up) with respect to 7 and

(3.1) (H(t, ui) ui) <0,

(3.2) (H(t u(™) v) =0 for all v € X .
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Since H is strongly quasibounded, the sequence {H (t%n),u%"))} is bounded in
Z by (3.1). Therefore we can choose a subsequence {H (tflrf ),ufff ')} such that
H(t") w7y = 2 € Z. Moreover, by (3.2), we have

(x,v) =0for all v € USZ X, .

Because U2 ; X, is norm-dense in Yy, we have
(x,v) =0 for all v € Y.

Therefore y = 0 as an element of the dual space Z. Moreover, Y} is o(Y, Z)-dense
in Y, which implies that

(x,v) =0forallveY.
Consequently, we have

limsup(H(tS,Ll),uiﬁl)),ugﬁl)> <0 = (x,uo)-

Since H is a (MOD) homotopy, we have uy € Dp,, uiy) — up(mod) in Y and

H(t(nl) u(nl)) — H(to,uo) = 0(mod) in Z for a subsequence. Therefor

_ ———————mod

0€ H([0,1] x AmH N H([0,1] x A)
which is a contradiction. (I
The next lemma proves that the degree d,, will stabilize when we go to the limit.

Lemma 3.10. Let F € (MOD) be a strongly quasibounded and G C Yy open and
bounded in Yy. If

————=mod ————  mod
0¢ F(0y,G )N F(0y,G)
then there exists X, € A such that
0¢ F.(0x,Gy) and d,(F,,G,,0) = constant for every X, D Xy.

Proof. The first part follows immediately from Lemma 3.9.
For the second part, suppose, by contradiction, that

VX € A, 3X, D X da(Fa,Ga,0) # du(F,, G, 0).
By Lemma 3.8, there exists uy € 0y, G such that
(F(ux),uxn) <0 and (F(uy),v) =0 for every v € X,.
Define a set
Vi=u € 0y,G | (F(u),u) <0 and (F(u),v) =0 for all v € X},

which is non-empty. As in the proof of Lemma 3.9, we can deduce the existence of

ug € mv/\a(y,zo) and {un,} C dy,G such that u, — ug € Dp(mod) in Y, F(u,) —
F(ug)(mod) in Z for a subsequence and F(ug) = 0.
Consequently, 0 € F(0dy, Gmmi) N F(dy, G)mOd, which is a contradiction. O

We can now define a degree function in the complementary system

(Y Z > WP @) wemr'O(q)
Yo Zo )\ mHPYQ) HmO(Q)
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Definition 3.11. Let ' € F, G C Y, open and bounded in Yy, f € Zy and
Fé F@v,G"") N F(dy,G)™". We then define

d(F,G, f) = h;\ndA(FA — @3 (f), G, 0).

Theorem 3.12. The mapping d in Definition 8.11 satisfies the conditions (Cy) —
(C3). Any mapping K € F* satisfying

(K (u),u) >0, whenu#0, and K(0) =0
can be chosen as a normalising map.

Proof. It is enough to prove the conditions (C7)—(Cs) for f = 0, because F'— f € F,
H — f e?H and

d(FaG7f) = hind)\(FA - (b;(f),G)\,O) = hiﬂd)\((F - f)/\vGMO = d(F - f)’G’ 0)

(Ch) If d(F,G,0) # 0, then there exists Xy € A such that d,(F,,G,,0) # 0
for all X,, D X). Choose a sequence {v,,} such that v,, € G, ,F,, (v.,) =0,
dim X,,, — oo and UX,, is dense in Yj. Chose a subsequence {v, ,} such that
v, — v €Y. Since (F(v,,,),v,,,) =0 and F is strongly quasibounded, we have
F(v,,,) = x € Z for a subsequence. We immediately see that (x,w) = 0 for all
w € X, for every n. Therefore, by density, (x,w) = 0 for all w € Yy, and by the
o(Y, Z)-density of Yy in the space Y, (x,v) = 0. Hence x = 0 and
limsup(F(vy,, ), vy,,) = 0= (x,v),
implying v, , — v € Dp(mod) in Y and F(v,,,) — F(v)(mod) in Z for a further

—————mod

subsequence. Therefore 0 € F(G™°%) N F(G)
(Co) If G1,G2 C G are open and bounded in Yy, G1 NGy = () and

mod mod

0ZF(G\(GLUGs) YNF(G\(GLUGy))
then, by Lemma 3.10, there exists X, C A such that
0¢ F,(Gu\ (G1,,UG2,)) for all X,, D X,.

Hence
A(F.G,0) = limdy(Fy,G»,0)
= li/r\n[d,\(F,\,GL)\,O) + dx(Fx, G2, 0)]
d(F,G1,0) + d(F,G>,0).
(C3) Let H € H and G C Yy be open and bounded in Y. Suppose that

mod

0¢ H([0,1] x .G NH([0,1] x 9y, G)
By Lemma 3.9, there exists X € A such that
0¢ H,([0,1] x 0G,,) for all X, D X,.
Consequently,
d,(H,(t,.),Gp,0) = constant for all t € [0,1], when X,, D X,.
Let t1,t2 € [0,1] be arbitrary. Then
dy(Hy(ty,.), G, 0) = dy(Hy(t2,.), G, 0),
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and going to the limit we obtain
d(H(tl’ ')7 G7 O) = d(H(t27 ')7 G7 O)a

which means that d(H(t,.), G,0) = constant for all ¢t € [0, 1].
(Cy) Let K € F* a mapping satisfying

(K (u),u) >0, when u # 0, and K(0) = 0.
Suppose that f ¢ K(@yOGmOd) N K(BYOG)mOd and f € K(G). Let u € G be such
that K(u) = f, and choose X) € A such that u € Xy. Then ¢}(f) € K.(G,)
for all X,, D X. Moreover, (K, (v),v) > 0 for every v € X,,,v # 0. By the basic

properties of the Brouwer degree, we have d,, (K, G, ¢;,(f)) =1 for all X;, D X.
Hence d(K,G, f) = 1. O

3.3. Properties of the degree function. Using the conditions (Cy) — (Cy) for
the degree function, we can deduce some standard properties.

Property 1. Let F,T € F*,G C Y} open and bounded in Yy, F/0y,G = T /0y, G
and f € Zy.
If1<p <p(-) <p' <ooand f & F(dyQ), then d(F,G, f) =d(T, G, f).

Proof. Define an affine homotopy H : Dy — Z,
H(t,u) =tF(u)+ (1 —t)T(u),
which belongs ti the class H by Lemma 3.4. It is clear that
H([0,1] x 0y, G) = F(0y, Q).
Since f & F(0yG), we have f ¢ H([0,1] x 0y G). By homotopy invariance,
d(F,G, f)=d(T,G,f).
O

Property 2. If F € F and G C Y} is an open and bounded in Yj.
If1<p” <p() <p" < oo, then d(F,G,.) is constant on each open component in
Zy of the open set Zy \ F(dyG).

Proof. Let A C Zy\ F(0yG) be an open component in Zy and f1, fo € A arbitrary.
Then there exists a continuous curve y : [0, 1] = Zy such that y(0) = f1, y(1) = fa
and y(t) € A for all t € [0,1]. Therefore y(t) ¢ F(dyG). We see immediately that
F(u) —y(t) € H and 0 ¢ F(OG) — y([0,1]). By homotopy invariance,
d(F,G,y(0)) = d(F,G,y(1)) and we have the proof. O
Property 3. Let F' € F, G C Yj open and bounded in Yy and uy € G. Define a
mapping s : Yo — Yo, s(u) =u —up. If 0 & F(@yOGmOd) N F(GYOG)mOd, then

d(F,G,0) = d(Fos™*, s(@),0).
Proof. Choose Xy, € A such that uy € X,,. Now

d(F, G, 0) = lim d)\(F)\, G)\, 0)

A>Xo

By the properties of the Brouwer degree, we have

dx(Fx, G, 0) = dx(Faos™",5(Gr),0) = da((Fos ™), (s(G))), 0).
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Moreover, it is easy to check that Fos™! € F, s(G) C Y} is open and bounded in

Yo

(1]
2]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17)

(18]

mod

and 0 ¢ F(9y,5(G) ") N F(Byys(Q)) """ Therefore
A(F,G.0) = lim dy((Fos™)x, (5(G))2).0) = d(Fos™,5(G),0),
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