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FIXED POINT THEOREM USING A NEW CLASS OF FUZZY
CONTRACTIVE MAPPINGS

S. MELLIANI AND A. MOUSSAOUI

ABSTRACT. In this paper we introduce a new class of fuzzy contractive map-
ping and we show that such a class unify and generalize several existing con-
cepts in the literature. We establish fixed point theorem for such mappings in
complete strong fuzzy metric spaces and we give an illustrative example .

1. INTRODUCTION

One of the important theoretical development in the fuzzy sets theory is the way
of defining the concept of fuzzy metric space, In 1975, Kramosil and Michalek [12]
introduced the concept of fuzzy metric spaces, which constitutes a reformulation
of the notion of probabilistic metric space, in 1988 Grabiec [1] introduced the Ba-
nach contraction in a fuzzy metric space in the sense of Kramosil and Michalek and
extended the well-known fixed point theorems of Banach and Edelstein[2] to fuzzy
metric spaces. In order to define a Hausdorff topology George and Veeramani [3]
modified the concept of fuzzy metric space introduced by Kramosil and Michalek.
Gregori and sapena [4] reconsidered the Banach contraction principle by initiating a
new concept of fuzzy contractive mapping. In this direction, Mihet [10] introduced
the notion of fuzzy i-contractive mappings and generalized the definitions given
in [13]and [4]. Wardowski [11] proposed a New family of contractive mappings in
a new sense called H-contractive and proved that the class of fuzzy contractive
mappings is included in the class of fuzzy H-contractive mappings and obtained
a fixed point result in complete fuzzy metric spaces in the sense of George and
Veeramani, Gregori and Minana [6] pointed out some drawbacks on the conditions
in Wardowski Theorem, The main Wardowskis theorem is correct and it is different
from the ones known in the literature. For other related concepts and results on
the development of fixed point theory in fuzzy metric spaces and its applications
the reader is referred to [7], [9] ,[13], [14] and [15].

Building on this background and aiming to unifying different classes of fuzzy
contractive mappings we introduce a new class of mappings called fuzzy FZ-
contractive mappings. Moreover, we show that many existing concepts in the lit-
erature can be easily deduced from our definition and we provide a fixed point
theorem for this class of contractive mapping in strong fuzzy metric spaces.
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2. PRELIMINARIES

For the sake of completeness, we briefly recall some basic concepts used in
the following.

Definition 2.1. (Schweizer and Sklar [8])

A binary operation * : [0,1] x [0,1] — [0, 1] is called a continuous triangular
norm (in short, continuous t-norm) if it satisfies the following conditions

(T1) ax1=aVac[0,1],

(T2) axb<cxdVa<ec, b<danda,b,cdecl01],

(T3) x is commutative and associative .

(T4) * is continuous ,

Example 2.2. The following instances are classical examples of continuous t-norm:
a) axb = min(a,b) Zadeh’s t-norm
b) a*b=max[0,a + b — 1] Lukasiewicz’s t-norm
¢) a*b = a.b Probabilistic t-norm

Definition 2.3. (George and Veeramani [3])

The 3-tuple (X, M, %) is said to be a fuzzy metric space if X is an arbitrary set, x
is a continuous t-norm and M is fuzzy set on X x X x]0, oo[ satisfying the following
conditions :

vV x, y,zGXands t>0:

(GV1) M(z,y,t) >

(GV2) M(z,y, )—1<:>x—y,

(GV3) M(z,y,t) = M(y,z,1t),

(GV4) M(x,y,t)x M(y,z,8) < M(x,z,t+s),
(GV5) M(zx,y,.) :]0,00[— [0, 1] is continuous .

M (z,y,t) can be thought of as the degree of nearness betwen z and y with
respect to ¢. In the above definition, if we replace (GV5) by (GV5') : M (z,y,t)
My, z,8) < M(z,z,max{t,s})V x,y,z € X and s,t > 0 Then the triple (X, M, x)
is said to be a non-Archimedean fuzzy metric space. As (GV5') = (GV5), each
non-Archimedean fuzzy metric space is a fuzzy metric space, Further if M (x,y, ) x
M(y,z,t) < M(x,z,t) YVt > 0 M is said to be a strong fuzzy metric .

Let (X, M,*) be a fuzzy metric space. The open ball By/(z,r,t) for t > 0
with centre x € X and radius r, 0 < r < 1 is defined by:

By(z,rt)={ye X : M(x,y,t) >1—r}
A subset A of a fuzzy metric space (X, M, *) is said to be open if given any point
x € A, there exists 0 < r < 1, and ¢ > 0 such that B(x,r,t) C A.
The familly :
Tm={ACX:xe€Aifonlyifthereexistt > 0and0 < r < 1 such that B(z,r,t) C A}

is a topology on X | 7); is called the topology on X induced by the fuzzy metric M
. (X, 7a) is a Housdorff first countable topological space .[3]

Example 2.4. [3]
Let (X,d) be a metric space, Define a x b = min(a, b) Va,b € [0, 1], Define
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Mg(z,y,t) =t/t +d(z,y) V t > 0. Then (X, My,*) is a fuzzy metric space. My is
called the standard fuzzy metric induced by d .

Moreover, The topology Tas, generated by the induced fuzzy metric My coincides
with the topology generated by d.

Theorem 2.5. [1]
Let (X, M, %) be a fuzzy metric space. Then M (x,y,.) is non-decreasing for
all xz,y € X.

Definition 2.6. [3]

Let (X, M, %) be a fuzzy metric space. Then:

(1) A sequence {z,} in X is said to be a Cauchy sequence if and only if for each
€,0 <e<1andt >0, there exists ng € N such that M (x,,, xm,t) >1—¢
for all n,m> ng .

(2) A sequence {x,} in X is said to convergent to x in X ,denoted x,, — x , if
an only if lim, oo M(xy,,z,t) = 1 for all t > 0, i.e. for each r €]0,1[ and
t > 0, there exists ng € N such that M (z,,,z,t) > 1 —r for all n > nyg.

(3) The fuzzy metric space (X, M,*) is called complete if every Cauchy se-
quence is convergent.

Definition 2.7. (Gregori and sapena [4])
Let (X, M, *) be a fuzzy metric space. A mapping T': X — X is said to be fuzzy
contractive if there exists k& €]0, 1[ such that

1 1
1<k 1)
M(T(z),T(y),t) M(z,y,t)
for each z,y € X and t > 0. A sequence {x,} in X is said to be fuzzy contractive
if there exists k €]0, 1] such that

! [P G —
M(xn+1;'rn+27t) o M(xn71'n+1,t)

forallt>0n e N.

Theorem 2.8. [4]

Let (X, M,*) be a complete fuzzy metric space in which fuzzy contractive
sequences are Cauchy. Let T : X — X be a fuzzy contractive mapping being k the
contractive constant. Then T has a unique fized point.

Definition 2.9. ( D.Mihet[10].)
Let ¥ be the class of all mapping v :]0,1] —]0, 1] such that 4 is continuous,
nondecreasing and, ¥(t) > ¢ for all ¢ €]0,1] .

Let ¢» € ¥, A mapping T': X — X is said to be fuzzy 1)-contractive mapping
if:

_1)

M(T(z), T(y),t) > v(M(z,y,t)) for all z,y € X,t >0

In [11] Wardowski proposed a new type of contraction in a fuzzy metric space.
We can read it as follows:

Definition 2.10. ( Wardowski[11].)
Let H be the family of the mappings 7 :]0, 1] — [0, oo[ satisfying the following
conditions :
H1): n transforms |0, 1] onto [0, 00| ,
Hs): 7 is strictly decreasing .
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A mapping T': X — X. is said to be fuzzy H-contractive with respect to n €
H if Ak €]0, 1] satisfying the following condition :

n(M(T(z), T(y),t)) < kn((M(x,y,t)) for all x,y € X,t >0

Remark 2.11. (Gregori and Minana [6])

If » € H then the mapping 1.k :J0,1] — [0,00[ and =1 : [0, 00[—]0, 1],
defined in its obvious sense, are two bijective continuous mappings which are strictly
decreasing.

3. MAIN RESULTS

Definition 3.1.
Let ¢ :]0,1]%]0,1] — R be a mapping satisfying the following conditions :
(i) ¢(1,1) =0,
(i) ¢(t,s) <1 —1forallt,s<1,
(iil) if {tn}, {sn} are sequence in [0, 1] such that lim, o t, = lim, o0 8, < 1
then limy, o SUp ¢(tn, sn) < 0.

We denote by FZ the class of all functions which satisfies the above conditions.

Definition 3.2.
Let (X, M, *) be a fuzzy metric space. We say that a mapping T': X — X
is a F Z-contractive mapping with respect to ¢ if the following condition is satisfied

H(M(T(x), T (y),t), M(z,y,t)) >0 for all x,y € X.

A simple example of F Z-contraction is the fuzzy contraction given by Gre-
gori and Sapena which can obtained by taking k €]0,1[ and ¢(t,s) = k(1 —1)—1+1
for all ¢, s €]0, 1]. Consequently, The class of fuzzy contractive mappings in the sense
of Gregori and Sapena is included in the class of FZ-contractive mappings.

Remark 3.3. Tt is clear from the definition that ¢(¢,s) < 0 for all s > ¢. Therefore, if
T is a F Z-contraction mapping with respect to ¢ then M (x,y,t) < M (T(z),T(y),1).

Proposition 1. The class of fuzzy -contractive mappings are included in the class
of FZ-contractive mappings.

Proof. Suppose that T : X — X is ¥-contractive with respect to ¢ € U |
Define ¢y :]0,1]x]0,1] — R by

1 1
¢y = —— — — for all s,t €]0,1
P ’(/J(S) £ ] }
T is F Z-contractive mapping with respect to ¢ € FZ. g

Remark 3.4. Taking in account the remark 2.11, every H-contractive mapping with
respect to n € H is a fuzzy F Z-contraction with respect to the function ¢ € FZ

defined by ¢, (t,s) = m — 1 for all s,t €]0,1].

Lemma 3.5. Let (X, M, %) be a fuzzy metric space and T be a FZ-contraction
with respect to ¢ € FZ. Then the fived point of T in X is unique, provided it exists
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proof. Suppose u € X be a fixed point of T, If possible, let v € X be another fixed
point of T" and it is distinct from w, that is, Tv = v and u # v. Now it follows from
the definition that

0 < ¢(M(T(u), T(v),t), M(u,v,t)) = (M (u,v,t), M(u,v,1)).
The remark 3.3 yields a contradiction, so u = v.
d

Theorem 3.6. Let (X, M,x) be a complete strong fuzzy metric space and T be a
F Z-contraction with respect to ¢ € FZ. Then the fized point of T in X is unique .

proof. Let zo € X be any arbitrary point in X. Now we Construct a sequence
{z,} € X Such that z,, = Ta,,_1 for alln € N .
Without loss of generality we can assume that x, # z,41 for all n € N Trivially,
if there exists ng such that x,, = z,,+1,then the equalities z,, = xny+1 = T%n,
implies that x,, is a fixed point of T'.
we prove that lim, oo M(zy,,zny1,t) =1 for all ¢t > 0, Suppose, to the contrary,
that there exists some ty such that

lim M(z,, Zpt1,t0) < 1

n—oo

Now, by (GV2) we have that M (2, Znt1,t0) < 1 for alln € N.
Then, by using (i) and (ii), taking = x,—; and y = z,,, we have
1 1
0< M nyn ,t 7M n—1, nvt < -
- ¢( (x Pntl O) (x b 0)) M(J?n_l,l’n,to) M(l‘n,.’lfn+1,t0)

for all n € N, this implies that {M (z,_1,2zn,t0),n € N} is nondecreasing sequence
of positives reals numbers. therefore, there exists ! < 1 such that lim, oo M (2,1, Zn,t0) =
l

We shall show that I = 1, we suppose that I < 1 and using (iii)

tn - M(In,$n+17t0) and Sn = M(xn—laxnvto)

we conclude that :

0 < (M (2n, Tny1,to), M(Tn—1,%n,t0)) <0
which is a contradiction, Hence [ = 1, That is :

lim M(zp—1,2Tn,to) =1

n—oo
The crucial point of the proof is in establishing that the sequence {z,}
is Cauchy in X. Assuming it is not true, Then there exist 0 < ¢ < 1 and two
subsequences {z,, } and {z,, } of {x,,} such that nj is the smallest index for which
ng >myg >k
M (T, Ty to) <1 —€ (1)
and
M(l‘mk,ilink_l,to) >1—¢€ (2)
Using (1) and (2) and triangular inequality we obtain

1—¢> M(xmkaxnkvto) > M(.’Emk,l’nkfl,to) *M(xnkq,wnk,to)
2 (1 — 6)*M(xnk_1,1'nk7t0)
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and by taking limit as k£ — oo

1—e€> lim M(zm,,Zn,,to) > (1 —¢)

n— oo

We deduce that lim,, oo M (T, , Tn,,to) =1 —€
Applying the same reasoning as above, we obtain

1_6 2 M(xmk7xnk7t0) Z M(x'ﬂlkyx’rnk—lv tO)*M(xmk—17 xnk—la tO)*M(xnk—la xnkvto)
and
M (T, -1, Tnyp—1,t0) = M(Zmy—1,Tmy, to) * M (T, Ty to) * M(2p,,, Tny -1, to)
Taking limit as k — oo , we get limy, oo M (Tm,—1,Tn,—1,%0) = 1 — € hence
using (iii) with 7, = M (%, , Tn,,t0) and 6 = M (T, —1,Tn, —1,t0) We obtain
0 < lim sup ¢(M (@, Tny, s to, M (T, —1, Tny—1,t0)) < 0
n— o0
ie.
0<¢(l—e1—€) <0

Obviously, this inequality is not true and {z,} is a cauchy sequence in X .

The completeness of (X, M, ) ensures that the sequence {x,} converges to some
u € X, that is limy,, 0o M(2p,u,t) = 1 Vt > 0 we shall show that the point u is a
fixed point of T' , suppose that Tu # u then M (u,Tu,t) < 1,we have

0 < lim sup ¢(M(Txy, Tu,t), M(xn,u,t))
n—oo

. 1 1

< nhanéo Sup[M(a:n, u,t)  M(Tz,,Tu, t)]
= lim sup| L - ! ]

n—00 M(zp,u,t)  M(xpg1,Tu,t)

1

M (u, Tu,t)
Finally, from the above we have 1 < M (u,Tu,t) hence M (u,Tu,t) = 1 Which is
contradiction, thus v is a fixed point of T'.

=1

O

Example 3.7. Let X =]0,00[, axb=ab Va,b € [0,1] and

min(z,y)

M(z,y,t) = Vit €]0, 00 Y,y > 0

maz(z,y)
(X, M,*) is an complete strong fuzzy metric space .[7]

The mapping T : X — X, T(x) = /x is F Z-contractive mapping with respect to
the function defined by

1

1
d(t,s) = — — - Vt,s €]0,1
(t5) = 7= =  Vha €0,
Indeed, since % — % < % — % Vt, s €]0,1[ with ®(1,1) = 0;

Note that , all the condition of the previous Theorem are satisfied and T has a
unique fixed point x =1 € X.
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