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MULTIPLICATION OPERATION AND POWERS OF

TRAPEZOIDAL FUZZY NUMBERS

E. ELJAOUI, S. MELLIANI, AND L. S. CHADLI

Abstract. In this work, we explore and exhibe some numerical methods to
calculate two types of the product (respectively powers) of trapezoidal fuzzy

numbers. As a particular case, we study the multiplication operation on tri-
angular fuzzy numbers, we report and correct errors in an article dealing with

the same topic.

1. Introduction

The fuzzy numbers theory is used in different domains, in linguistics, statistics,
engineering, physics, biology and experimental sciences. In 1965, Zadeh introduced
the fuzzy sets theory. Then, many works was devoted to the study of arithmetic
operations on fuzzy numbers. Especially, Dubois and Prade [2] defined a fuzzy
number as a subset of the real line [4].
In [1], Bansal studied the arithmetic behavior of trapezoidal fuzzy numbers and
formulated the basic mathematical operations on this type of fuzzy numbers.
Gao et al. [4] used the extension principle to develop nonlinear programming
method, analytical method, computer drawing method and computer simulation
method for solving multiplication operation of two fuzzy numbers.
In [9], Mahanta et al. introduced an alternative method to evaluate the arithmetic
operations on triangular fuzzy numbers.
In this paper, we report and correct some errors in the article [4], and we develop
numerical methods to calculate the inner and canonical products of trapezoidal and
triangular fuzzy numbers.
In section 2, we give some preliminaries on fuzzy numbers and trapezoidal fuzzy
numbers and we correct an error in [4]. In section 3, we apply analytical method,
computer drawing method and computer simulation method for solving multipli-
cation operation of two trapezoidal fuzzy numbers. In section 4, we study the
square and the nth power of trapezoidal fuzzy numbers using inner and canonical
multiplication.

2. Preliminaries

A fuzzy number is a fuzzy set on the real axis, i.e. a mapping u : R −→ [0, 1] which
satisfies the following four conditions:
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(i) u is normal, i.e. ∃x0 ∈ R for which u(x0) = 1,
(ii) u is fuzzy convex, i.e. u(λx+ (1− λ)y) ≥ min(u(x), u(y)) for anyx, y ∈

R and λ ∈ [0, 1],
(iii) u is upper semi-continuous,

(iv) The closure [u]
0

= {x ∈ R|u(x) > 0} of the support suppu = {x ∈ R|u(x) > 0}
of u is compact.

We denote the set of all fuzzy numbers on R by E and called it as the space of
fuzzy numbers. For 0 < α ≤ 1, denote [u]α = {x ∈ R | u(x) ≥ α}.
Then, from (i)-(iv), it follows that the α-level set [u]α is a compact interval [u]α =
[u−(α), u+(α)], for all 0 ≤ α ≤ 1.
It is well known that the following properties are true

[u+ v]α = [u]α + [v]α , [ku]α = k [u]α ,

and

[uv]α = [u]α [v]α ,

for each u, v ∈ E, k ∈ R and α ∈ [0, 1].
The following theorem known as ”Representation Theorem” is very important.

Theorem 2.1. Let [u]α = [u−(α), u+(α)], for u ∈ E and for all 0 ≤ α ≤ 1. Then
the following statements hold:

(i) u−(α) is a bounded non-decreasing left continuous function in (0, 1].
(ii) u+(α) is a bounded non-increasing left continuous function in (0, 1].

(iii) u−(α) and u+(α) are right continuous at α = 0.
(iv) u−(1) ≤ u+(1).

A crisp number k is simply represented by u−(α) = u+(α) = k, for all 0 ≤ α ≤ 1.

A triangular fuzzy number is represented by three reals as follows Ã = (a1, a2, a3)
and its membership function µÃ is given by

µÃ(x) =


0 si x < a1

x−a1
a2−a1 si a1 ≤ x ≤ a2
a3−x
a3−a2 si a2 ≤ x ≤ a3

0 si x > a3

Please notice that the membership function of a triangular fuzzy number is piece-
wise affine.
The α-cut of a triangular fuzzy number Ã = (a1, a2, a3) is given byAα = [a

(α)
L , a

(α)
R ] =

[a1 + (a2 − a1)α, a3 − (a3 − a2)α], with α ∈ [0, 1].

Definition 2.2. A trapezoidal fuzzy number is represented by four real numbers

as follows Ã = (a, b, c, d), with a ≤ b ≤ c ≤ d and its membership function µÃ is
given by

µÃ(x) =


x−a
b−a if a ≤ x ≤ b
1 if b ≤ x ≤ c
d−x
d−c si c ≤ x ≤ d
0 , otherwise

This fuzzy number is said to be positive (respectively negative) if a ≥ 0 (respectively
d ≤ 0).
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A trapezoidal fuzzy number Ã = (a, b, c, d) such that b = c is a triangular fuzzy
number.
Definition 2.3. Operations on trapezoidal fuzzy numbers

Let Ã = (a, b, c, d) and B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers, we define

(i) Ã⊕ B̃ = (a+ e, b+ f, c+ g, d+ h).

(ii) Ã	 B̃ = (a− h, b− g, c− f, d− e).
(iii) −Ã = (−d,−c,−b,−a).

We define two type of multiplication for trapezoidal fuzzy numbers:

• the first type is based on Zadeh’s extension principle, which we will denote
by ×,
• and the second one is defined in a way to results in a trapezoidal fuzzy

number, which we will denote by ⊗.
Definition 2.4. Canonical multiplication

Let Ã = (a, b, c, d) and B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers. Using

Zadeh’s extension principle, we define their canonical product Q̃ = Ã × B̃ by its
α-cuts

Q̃α = Ãα × B̃α.
Definition 2.5. Inner multiplication

Let Ã = (a, b, c, d) and B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers, we define

their inner product Ã⊗ B̃ by

Ã⊗B̃ = (min{ae, ah, de, dh},min{bf, cf, cg, bg},max{bf, cf, cg, bg},max{ae, ah, de, dh}) .

3. Multiplication Operation on Trapezoidal Fuzzy Numbers

The procedure of addition or substraction is simple, but the procedure of multi-
plication or division is difficult and complex.
Now we extend some numerical methods presented in [4] for solving multiplication
operation of two triangular fuzzy numbers, which we apply for the multiplication
of two trapezoidal fuzzy numbers.

3.1. Analytical Method.
3.1.1. Canonical multiplication.

Let Ã = (a, b, c, d), B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers and Q̃ = Ã×B̃.

We have Ãα = [aLα, a
R
α ] = [a + α(b − a), d + α(c − d)] and B̃α = [bLα, b

R
α ] =

[e+ α(f − e), h+ α(g − h)]. Then, Q̃α = [aLα, a
R
α ]× [bLα, b

R
α ] = [qLα , q

R
α ], where qLα =

min{aLαbLα, aLαbRα , aRα bLα, aRα bRα} and qRα = max{aLαbLα, aLαbRα , aRα bLα, aRα bRα}. We sup-

pose that the trapezoidal fuzzy numbers Ã and B̃ are positive, then aLα, a
R
α , b

L
α, b

R
α

are positive. Therefore

qLα = aLαb
L
α

= (a+ α(b− a)) (e+ α(f − e))
qLα = (b− a)(f − e)α2 + (af + be− 2ae)α+ ae

substituting qLα = z, we get

α =
−(af + be− 2ae) +

√
(af − be)2 + 4(b− a)(f − e)z

2(b− a)(f − e)
, (Omit α < 0).
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Similarly, we have

qRα = aRα b
R
α

= (d+ α(c− d)) (h+ α(g − h))

qRα = (c− d)(g − h)α2 + (dg + ch− 2dh)α+ dh

substituting qRα = z, we get

α =
−(dg + ch− 2dh)−

√
(dg − ch)2 + 4(c− d)(g − h)z

2(c− d)(g − h)
, (Omitα > 1).

Therefore, the membership function of Q̃ = Ã× B̃ is

µQ̃(z) =


−(af+be−2ae)+

√
(af−be)2+4(b−a)(f−e)z

2(b−a)(f−e) , ae ≤ z ≤ bf
1 , bf ≤ z ≤ cg

−(dg+ch−2dh)−
√

(dg−ch)2+4(c−d)(g−h)z
2(c−d)(g−h) , cg ≤ z ≤ dh

0 , otherwise

Note that the core [bf, cg] of Q̃ is obtained by using interval methods.
So, we can formulate the following result.

Proposition 1. Let Ã = (a, b, c, d), B̃ = (e, f, g, h) be two positive trapezoidal

fuzzy numbers, then the membership function of their canonical product Q̃ = Ã×B̃
is given by

µQ̃(z) =


−(af+be−2ae)+

√
(af−be)2+4(b−a)(f−e)z

2(b−a)(f−e) , ae ≤ z ≤ bf
1 , bf ≤ z ≤ cg

−(dg+ch−2dh)−
√

(dg−ch)2+4(c−d)(g−h)z
2(c−d)(g−h) , cg ≤ z ≤ dh

0 , otherwise
Example 3.1.

Let Ã = (1, 4, 6, 8), B̃ = (2, 3, 7, 9) and Q̃ = Ã× B̃, then by the analytic method we
get

µQ̃(z) =


−7+

√
25+12z
6 , 2 ≤ z ≤ 12
1 , 12 ≤ z ≤ 42

17−
√
1+4z
4 , 42 ≤ z ≤ 72
0 , otherwise

3.1.2. Inner multiplication.

Let Ã = (a, b, c, d), B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers and Q̃ =

Ã⊗B̃. We set u = min{ae, ah, de, dh}, v = min{bf, cf, cg, bg}, w = max{bf, cf, cg, bg}
and t = max{ae, ah, de, dh}. Then, the membership function of Q̃ is the following
piecewise affine mapping

µQ̃(z) =


z−u
v−u , u ≤ z ≤ v
1 , v ≤ z ≤ w
t−z
t−w , w ≤ z ≤ t
0 , otherwise
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In particular, if a ≥ 0 and e ≥ 0, then u = ae, v = bf, w = cg, t = dh. Therefore

µQ̃(z) =


z−ae
bf−ae , ae ≤ z ≤ bf

1 , bf ≤ z ≤ cg
dh−z
dh−cg , cg ≤ z ≤ dh

0 , otherwise
Example 3.2. Inner product

Let Ã = (1, 4, 6, 8), B̃ = (2, 3, 7, 9) and Q̃ = Ã⊗ B̃, then Q̃ = (2, 12, 42, 72) and

µQ̃(z) =


z−2
10 , 2 ≤ z ≤ 12
1 , 12 ≤ z ≤ 42

72−z
30 , 42 ≤ z ≤ 72
0 , otherwise

Remark 3.3. Product of two triangular fuzzy numbers

Let Ã = (a, b, d), B̃ = (e, f, h) be two triangular fuzzy numbers, which can be

regarded as particular trapezoidal fuzzy numbers Ã = (a, b, c, d) and B̃ = (e, f, g, h)

, with b = c and f = g. Let Q̃ = Ã⊗B̃. We set u = min{ae, ah, de, dh}, v = bf = w
and t = max{ae, ah, de, dh}.
Then, the membership function of Q̃ is the following piecewise affine mapping

µQ̃(z) =


z−u
v−u , u ≤ z ≤ v
t−z
t−v , v ≤ z ≤ t
0 , otherwise

In particular, if a ≥ 0 and e ≥ 0, then u = ae, v = bf = w, t = dh. Therefore

µQ̃(z) =


z−ae
bf−ae , ae ≤ z ≤ bf
dh−z
dh−bf , bf ≤ z ≤ dh

0 , otherwise
Example 3.4. Product of triangular fuzzy numbers

Let Ã = (2, 3, 5), B̃ = (3, 5, 6) be two triangular fuzzy numbers (see [4]), regarded

as trapezoidal fuzzy numbers i.e Ã = (2, 3, 3, 5), B̃ = (3, 5, 5, 6) and Q̃ = Ã × B̃,
then by the analytic method above we get the same result as in [4]:

µQ̃(z) =


−7+

√
1+8z

4 , 6 ≤ z ≤ 15
17−
√
49+8z
4 , 15 ≤ z ≤ 30
0 , otherwise

Please notice that contrarily of the membership function of a triangular fuzzy
number, this mapping is not piecewise affine. So, the canonical product of two
triangular fuzzy numbers is not a triangular fuzzy number. And the canonical (or
usual) multiplication does not preserve the shape of the operands (see [3]).

In the other hand, the membership function of the inner product Q̃ = 3̃⊗ 5̃ is given
by the following

µQ̃(z) =


z−6
9 6 ≤ z ≤ 15

30−z
15 15 ≤ z ≤ 30
0 otherwise

,

which is piecewise affine. So the inner product of two triangular fuzzy numbers is
a triangular fuzzy number. And the inner multiplication preserves the shape of the
operands (see [3]).
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Figure 1. Membership function of canonical product 3̃ × 5̃ by
analytical method

Now let us recall the invalid results in [4]:

Let M̃ = (a1, b1, c1), Ñ = (a2, b2, c2) be two triangular fuzzy numbers and Q̃ = M̃×
Ñ . We have M̃α = [mL

α,m
R
α ] = [a1+α(b1−a1), c1+α(b1−c1)] and Ñα = [nLα, n

R
α ] =

[a2 +α(b2−a2), c2 +α(b2− c2)]. Then, Q̃α = [mL
α,m

R
α ]× [nLα, n

R
α ] = [qLα , q

R
α ], where

qLα = min{mL
αn

L
α,m

L
αn

R
α ,m

R
αn

L
α,m

R
αn

R
α} and qRα = max{mL

αn
L
α,m

L
αn

R
α ,m

R
αn

L
α,m

R
αn

R
α}.

The error appear clearly when the authors in [4], suppose that c1 ≥ b1 ≥ a1 and
c2 ≥ b2 ≥ a2, and conclude that qLα = aLαb

L
α and qRα = aRα b

R
α .

Their assertion is not correct, as can be shown by the following counterexample:

Example 3.5. Let M̃ = (−6,−4,−3), Ñ = (−2,−1, 2), then

mL
α = 2α− 6 < 0,mR

α = −α− 3 < 0, nLα = α− 2 < 0, nRα = −3α+ 2,

with nRα > 0 for all α ∈ [0, 32 ]. Then, for all α ∈ [0, 32 ] we have

mL
αn

L
α > 0,mL

αn
R
α < 0,mR

αn
L
α > 0,mR

αn
R
α < 0.

So, for all α ∈ [0, 32 ] we have

qLα = min{mL
αn

L
α,m

L
αn

R
α ,m

R
αn

L
α,m

R
αn

R
α}

= min{mL
αn

R
α ,m

R
αn

R
α}

= mL
αn

R
α 6= mL

αn
L
α,

and

qRα = max{mL
αn

L
α,m

L
αn

R
α ,m

R
αn

L
α,m

R
αn

R
α}

= max{mL
αn

L
α,m

L
αn

R
α ,m

R
αn

L
α} 6= mR

αn
R
α ,

Precisely, for α = 0, we obtain

qL0 = min{12,−12, 6,−6} = −12; qR0 = max{12,−12, 6,−6} = 12;mL
0 n

L
0 = 12;mR

0 n
R
0 = −6.

Then it is obvious that qL0 6= mL
0 n

L
0 and qR0 6= mR

0 n
R
0 .
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The authors must suppose that the triangular fuzzy numbers M̃ and Ñ are
positive that is c1 ≥ b1 ≥ a1 ≥ 0 and c2 ≥ b2 ≥ a2 ≥ 0. In this case mL

α ≥ 0,mR
α ≥

0, nLα ≥ 0, nRα ≥ 0, then

qRα = mR
αn

R
α and qLα = mL

αn
L
α.

3.2. Computer Drawing Method. The aim of this method is to calculate the

product of two trapezoidal (respectively triangular) fuzzy numbers Ã, B̃, it is based
on the calculus of α-cuts.
Here we develop and generalize the method used in [4] for solving multiplication of
two triangular fuzzy numbers.
3.2.1. Canonical multiplication.

Let Ã = (a, b, c, d), B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers and Q̃ = Ã⊗B̃.

The method based on using the formula Q̃α = Ãα × B̃α, is as follows:

Step 1: Set α = 0.01;

Step 2: If α > 1, stop. The grey sector is the membership function of Q̃. Otherwise,
go to step 3;

Step 3: Calculate α-cuts [aLα, a
R
α ] and [bLα, b

R
α ] of Ã and B̃ respectively;

Step 4: Calculate qLα = min{aLαbLα, aLαbRα , aRα bLα, aRα bRα} and qRα = max{aLαbLα, aLαbRα , aRα bLα, aRα bRα};
Step 5: Set Q̃ rows axis and set membership function of Q̃ column axis, then create

a line from (qLα , α) to (qRα , α);
Step 6: α← α+ 0.01, then go to step 2.
Example 3.6.

Let Ã = (1, 2, 5, 6), B̃ = (3, 5, 6, 8) , then the membership function of Q̃ = Ã× B̃ is
given in figure 2.
3.2.2. Inner multiplication.

Let Ã = (a, b, c, d), B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers and Q̃ = Ã⊗B̃.
The method based on the calculus above is as follows:

Step 1: Set α = 0.01;

Step 2: If α > 1, stop. The grey sector is the membership function of Q̃. Otherwise,
go to step 3;

Step 3: Calculate u = min{ae, ah, de, dh}, v = min{bf, cf, cg, bg}, w = max{bf, cf, cg, bg}
and t = max{ae, ah, de, dh};

Step 4: Calculate qLα = u+ α(v − u) and qRα = t+ α(w − t);
Step 5: Set Q̃ rows axis and set membership function of Q̃ column axis, then create

a line from (qLα , α) to (qRα , α);
Step 6: α← α+ 0.01, then go to step 2.
Example 3.7.

Let Ã = (1, 2, 5, 6), B̃ = (3, 5, 6, 8) and Q̃ = Ã⊗ B̃, then Q̃ = (3, 10, 25, 48) and

µQ̃(z) =


z−3
7 , 3 ≤ z ≤ 10
1 , 10 ≤ z ≤ 25

48−z
23 , 25 ≤ z ≤ 48
0 , otherwise

Remark 3.8. To get the correct method in the case of triangular fuzzy numbers, it
is sufficient to take b = c and f = g.

Letting M̃ = (a1, b1, c1), Ñ = (a2, b2, c2) be two triangular fuzzy numbers (we
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Figure 2. Canonical and inner product Ã×B̃, Ã⊗B̃ by computer
drawing method

adopt the same notations in [4]). The computer drawing algorithm to calculate

Q̃ = M̃ ⊗ Ñ is as follows:

Step 1: Set α = 0.01;

Step 2: If α > 1, stop. The grey sector is the membership function of Q̃. Otherwise,
go to step 3;

Step 3: Calculate u = min{a1b1, a1b3, a3b1, a3b3}, v = a2b2 and w = max{a1b1, a1b3, a3b1, a3b3};
Step 4: Calculate qLα = u+ α(v − u) and qRα = w + α(v − w);

Step 5: Set Q̃ rows axis and set membership function of Q̃ column axis, then create
a line from (qLα , α) to (qRα , α);

Step 6: α← α+ 0.01, then go to step 2.
Example 3.9.

Let −̃1 = (−3,−1, 2) = (−3,−1,−1, 2), 1̃ = (−2, 1, 4) = (−2, 1, 1, 4) and Q̃ =

−̃1⊗ 1̃, then Q̃ = (−12,−1, 0, 8) and

µQ̃(z) =


17−
√
1−24z
12 ,−12 ≤ z ≤ −1

2+
√
−z

3 ,−1 ≤ z ≤ 0
3−
√
1+z
3 , 0 ≤ z ≤ 8
0 , otherwise

Figure 3. Canonical and inner products −̃1× 1̃, −̃1⊗ 1̃ by com-
puter drawing method

This figure is most precise and smooth than the following figure obtained by the
same method in [4]:

Here we draw booth of the membership functions for canonical and inner product
in the same figure, obtained by computer drawing method:
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Figure 4. Membership functions of −̃1×1̃ and −̃1⊗1̃ by computer
drawing method

3.3. Computer Simulation Method. The computer simulation method needn’t
calculate α-cuts interval, it is as follows:

Step 1: Set i = 1 and simulation times N ;

Step 2: If i > N , stop. The grey sector is the membership function of Q̃.Otherwise,
go to step 3;

Step 3: generate two random numbers xi on the interval [a, d] and yi on the interval
[e, h]. Calculate zi = xiyi and νi = min{µÃ(xi), µB̃(yi)}

Step 4: Create a line from (zi, 0) to (zi, νi), then go to step 2.
Example 3.10.

Let Ã = (1, 2, 5, 6), B̃ = (3, 5, 6, 8) and Q̃ = Ã× B̃, then Q̃ = (3, 10, 25, 48) and

µQ̃(z) =


−5+

√
1+8z

4 , 3 ≤ z ≤ 10
1 , 10 ≤ z ≤ 30

10−
√
4+2z
2 , 30 ≤ z ≤ 48
0 , otherwise

Example 3.11.

Let −̃1 = (−3,−1, 2) = (−3,−1,−1, 2), 1̃ = (−2, 1, 4) = (−2, 1, 1, 4) and Q̃ =

−̃1⊗ 1̃, then Q̃ = (−12,−1, 0, 8) and

µQ̃(z) =


17−
√
1−24z
12 ,−12 ≤ z ≤ −1

2+
√
−z

3 ,−1 ≤ z ≤ 0
3−
√
1+z
3 , 0 ≤ z ≤ 8
0 , otherwise

Example 3.12.

Let 3̃ = (2, 3, 5) = (2, 3, 3, 5), 5̃ = (3, 5, 6) = (3, 5, 5, 6) and Q̃ = −̃1 ⊗ 1̃, then

Q̃ = (3, 15, 15, 30) and

µQ̃(z) =


z−3
12 , 3 ≤ z ≤ 15

30−z
15 , 15 ≤ z ≤ 30
0 , otherwise
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Figure 5. Membership function of Q̃ = (1, 2, 5, 6)× (3, 5, 6, 8) by
the computer simulation method

Figure 6. Membership function of −̃1× 1̃ and 3̃× 5̃ by the com-
puter simulation method

4. Square and nth power of a trapezoidal fuzzy number

Let Ã = (a, b, c, d) be a trapezoidal fuzzy number, we denote respectively Ã2 =

Ã⊗ Ã and Ã(2) = Ã⊗ Ã its canonical and inner square.

Proposition 2. The membership function of the canonical square Ã2 of a positive

trapezoidal fuzzy number Ã = (a, b, c, d) is given by

µÃ2(z) =


−a+

√
z

b−a , a2 ≤ z ≤ b2
1 , b2 ≤ z ≤ c2

d−
√
z

d−c , c2 ≤ z ≤ d2
0 , otherwise

Proof. It results immediately from the proposition 1. �

Corollary 4.1. The membership function of the canonical square Ã2 of a positive

triangular fuzzy number Ã = (a, b, c) is given by

µÃ2(z) =


−a+

√
z

b−a , a2 ≤ z ≤ b2
c−
√
z

c−b , b2 ≤ z ≤ c2
0 , otherwise
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Proof. It results obviously from the proposition 2. �

Proposition 3. The membership function of the inner square Ã(2) of a positive

trapezoidal fuzzy number Ã = (a, b, c, d) is given by

µÃ(2)(z) =


z−a2
b2−a2 , a2 ≤ z ≤ b2

1 , b2 ≤ z ≤ c2
d2−z
d2−c2 , c2 ≤ z ≤ d2

0 , otherwise

It results immediately from the results in paragraph ??.

Corollary 4.2. The membership function of the inner square Ã(2) of a positive

triangular fuzzy number Ã = (a, b, c) is given by

µÃ(2)(z) =


z−a2
b2−a2 , a2 ≤ z ≤ b2
c2−z
c2−b2 , b2 ≤ z ≤ c2

0 , otherwise

Proof. It results obviously from the proposition 3. �
Example 4.3.

Let Ã = (2, 3, 5, 6) , then its inner square Ã(2) = (4, 9, 25, 36) and the membership
function of its canonical square is given by

µÃ2(z) =


√
z − 2 , 4 ≤ z ≤ 9
1 , 9 ≤ z ≤ 25

6−
√
z , 25 ≤ z ≤ 36

0 , otherwise
Example 4.4.

Let Ã = (2, 3, 5) , then its inner square Ã(2) = (4, 9, 25) and the membership
function of its canonical square is given by

µÃ2(z) =


√
z − 2 , 4 ≤ z ≤ 9
5−
√
z

2 , 9 ≤ z ≤ 25
0 , otherwise

Figure 7. Canonical squares of (1,2,3,5) and 3̃ = (2, 3, 5) by the
computer simulation method

Let Ã = (a, b, c, d) be a trapezoidal fuzzy number and n ≥ be a positive integer.

By recurrence, we define respectively Ãn = Ãn−1 ⊗ Ã and Ã(n) = Ã(n−1) ⊗ Ã its
canonical and inner nth power.
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Example 4.5.

Let Ã = (2, 3, 5, 6) , then its inner nth power is the trapezoidal fuzzy number Ã(n) =
(2n, 3n, 5n, 6n). Using the analytical method, we get the membership function of
its canonical nth power:

µÃ2(z) =


n
√
z − 2 , 2n ≤ z ≤ 3n

1 , 3n ≤ z ≤ 5n

6− n
√
z , 5n ≤ z ≤ 6n

0 , otherwise

5. Conclusion

We have presented three numerical methods for solving inner and canonical
multiplication on trapezoidal fuzzy numbers. As it is remarked in [4], the analytical
method is more precise and the computer drawing method is simple, but there
are both based on calculus of α-cuts interval, which seems difficult and hard in
certain cases. The computer simulation method is the most simple, but it gives
a membership function rough and not very smooth. For future research, one can
apply these methods to solve nonlinear fuzzy differential equations, which involves
the powers of trapezoidal or triangular fuzzy numbers.
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