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MULTIPLICATION OPERATION AND POWERS OF
TRAPEZOIDAL FUZZY NUMBERS

E. ELJAOUI, S. MELLIANI, AND L. S. CHADLI

ABSTRACT. In this work, we explore and exhibe some numerical methods to
calculate two types of the product (respectively powers) of trapezoidal fuzzy
numbers. As a particular case, we study the multiplication operation on tri-
angular fuzzy numbers, we report and correct errors in an article dealing with
the same topic.

1. INTRODUCTION

The fuzzy numbers theory is used in different domains, in linguistics, statistics,
engineering, physics, biology and experimental sciences. In 1965, Zadeh introduced
the fuzzy sets theory. Then, many works was devoted to the study of arithmetic
operations on fuzzy numbers. Especially, Dubois and Prade [2] defined a fuzzy
number as a subset of the real line [4].

In [1], Bansal studied the arithmetic behavior of trapezoidal fuzzy numbers and
formulated the basic mathematical operations on this type of fuzzy numbers.

Gao et al. [4] used the extension principle to develop nonlinear programming
method, analytical method, computer drawing method and computer simulation
method for solving multiplication operation of two fuzzy numbers.

In [9], Mahanta et al. introduced an alternative method to evaluate the arithmetic
operations on triangular fuzzy numbers.

In this paper, we report and correct some errors in the article [4], and we develop
numerical methods to calculate the inner and canonical products of trapezoidal and
triangular fuzzy numbers.

In section 2, we give some preliminaries on fuzzy numbers and trapezoidal fuzzy
numbers and we correct an error in [4]. In section 3, we apply analytical method,
computer drawing method and computer simulation method for solving multipli-
cation operation of two trapezoidal fuzzy numbers. In section 4, we study the
square and the nth power of trapezoidal fuzzy numbers using inner and canonical
multiplication.

2. PRELIMINARIES

A fuzzy number is a fuzzy set on the real axis, i.e. a mapping v : R — [0, 1] which
satisfies the following four conditions:
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(i) w is normal, i.e. Jxg € R for which u(xg) =1,
(ii) w is fuzzy convex, i.e. u(Ax + (1 — N)y) > min(u(x),u(y)) for anyz, y €
R and X € [0, 1],
(iii) w is upper semi-continuous,
(iv) The closure [u)® = {z € Rlu(z) > 0} of the support suppu = {z € R|u(z) > 0}
of u is compact.

We denote the set of all fuzzy numbers on R by E and called it as the space of
fuzzy numbers. For 0 < a <1, denote [u], = {z € R | u(z) > a}.

Then, from (i)-(iv), it follows that the a-level set [u],, is a compact interval [u],, =
[u™ (o), u™ ()], for all 0 < a < 1.

It is well known that the following properties are true

[u+v], =ul, +[v],, [kul,="ku,,
and
[uv],, = [ul, [v],

for each u,v € B,k € R and « € [0, 1].
The following theorem known as ”Representation Theorem” is very important.

Theorem 2.1. Let [u], = [u™ (a),u™(«)], for u € E and for all0 < o < 1. Then
the following statements hold:

(i) u™ () is a bounded non-decreasing left continuous function in (0, 1].
(ii) u™ () is a bounded non-increasing left continuous function in (0,1].
(iii) v~ () and ut(a) are right continuous at o = 0.

(iv) u=(1) <u*(1).

A crisp number k is simply represented by u™ (o) = uT(a) =k, forall 0 < a < 1.

A triangular fuzzy number is represented by three reals as follows A = (a1, a9, a3)
and its membership function p ; is given by

0 St T < ay
Xy ) <zx<
pila)={ aoe 70 M =To®
A a5~ T g g9 <z < as
az—az

St T > as

Please notice that the membership function of a triangular fuzzy number is piece-
wise affine. _

The a-cut of a triangular fuzzy number A = (a1, ag, a3) is given by A, = [a(LO‘), ag,g)] =
[a1 + (a2 — a1)a, a3 — (a3 — az2)a], with « € [0, 1].

Definition 2.2. A trapezoidal fuzzy number is represented by four real numbers
as follows A = (a,b,c,d), with a < b < ¢ < d and its membership function 7 is
given by

I*g if a<z<b
1 if b<z<c
M;(@")— d—x si CSde

0 , otherwise

This fuzzy number is said to be positive (respectively negative) if a > 0 (respectively
d <0).
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A trapezoidal fuzzy number A = (a,b, ¢, d) such that b = ¢ is a triangular fuzzy
number.
Definition 2.3. Operations on trapezoidal fuzzy numbers
Let A = (a,b,c,d) and B= (e, f,g,h) be two trapezoidal fuzzy numbers, we define

)
(i) A®B=(a+eb+fctgd+h).
(il) AeB=(a—h,b—g,c— f,d—e).
(iii) —A = (=d, —c, —b, —a).

We define two type of multiplication for trapezoidal fuzzy numbers:

e the first type is based on Zadeh’s extension principle, which we will denote
by X,
e and the second one is defined in a way to results in a trapezoidal fuzzy
number, which we will denote by ®.
Definition 2.4. Canonical multiplication
Let A = (a,b,c,d) and B = (e, f,g,h) be two trapezoidal fuzzy numbers. Using
Zadeh’s extension principle, we define their canonical product @ = AxB by its
a-cuts
Qo = A,y X B,,.
Definition 2.5. Inner multiplication
Let A= (a,b,c,d) and B=(ef,g, h) be two trapezoidal fuzzy numbers, we define
their inner product A®B by

A®B = (min{ae, ah,de,dh}, min{bf, cf,cq,bg}, max{bf, cf,cg,bg}, max{ae, ah,de,dh}).

3. MULTIPLICATION OPERATION ON TRAPEZOIDAL Fuzzy NUMBERS

The procedure of addition or substraction is simple, but the procedure of multi-
plication or division is difficult and complex.
Now we extend some numerical methods presented in [4] for solving multiplication
operation of two triangular fuzzy numbers, which we apply for the multiplication
of two trapezoidal fuzzy numbers.

3.1. Analytical Method.

3.1.1. Canonical multiplication.

Let A = (a,b,c,d), B= (e, f, g, h) be two trapezoidal fuzzy numbers and C~2 = AxB.
We have A, = [a%,a®] = [a 4+ a(b — a),d + a(c — d)] and B, = [bL,bE] =
le+alf —e),h+alg — h)). Then, Qq = [ak,a] x [b%, b] = [gF, ¢, where gL =
min{aZbl aLbl altbl aBbE} and ¢ff = max{albLl, albZ afbL albE}. We sup-
pose that the trapezoidal fuzzy numbers A and B are positive, then aZ, af?, L, bE
are positive. Therefore

o) Par o Yo

ay = aibl
= (at+alb—a))(e+al(f—e)
v = (b—a)f —e)a®+ (af + be — 2ae)a + ae

substituting ¢% = 2, we get

_ —(af +be —2ae) +\/(af —be)2 +4(b—a)(f —€)z it o
a= 30— a)(f — ) , (Omita <0).
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Similarly, we have

g = alvf
= (d+alc—d)(h+alg—nh))
¢ = (c—d)(g—h)a®+ (dg + ch — 2dh)o + dh

substituting ¢% = 2, we get

_ —(dg + ch —2dh) — \/(dg — ch)> + 4(c — d)(g — h)= it el
a= 30— d)g =) , (Omita >1).

Therefore, the membership function of @ =Ax B is

—(af+be—2ae)+\/((Lf—be)2+4(b—a)(f—e)z

2-a) (7o) yac <z < bf

1 (2) = 1 bf<z<cg
Q\*) — —(dg+ch—2dh)—+/(dg—ch)2+4(c—d)(g—h)z

2(c—d)(g—h) yeg <z < dh

, otherwise

Note that the core [bf, cg] of Q is obtained by using interval methods.
So, we can formulate the following result.

Proposition 1. Let A= (a,b,ec, d),ﬁ = (e, f,g,h) be two positive trapezoidal
fuzzy numbers, then the membership function of their canonical product Q@ = Ax B
is given by

7(af+bef2ae)+\/(affbe)2+4(b7a)(ffe)z

206-a)(f—0) sae <z < bf

1 (2) = 1 bf<z<cg
Q - —(dg+ch—2dh)—+/(dg—ch)2+4(c—d)(g—h)z

2(\c/7d)(gfh) , Cq <z< dh

0 , otherwise

Example 3.1. B L
Let A=(1,4,6,8),B=1(2,3,7,9) and Q) = A x B, then by the analytic method we
get

—T+/25F12
% ,2<2<12

e (2) = 1 ,12 <2 <42
Q 17=vi+4z \/41+4Z 42 < 2 <72
0 , otherwise

3.1.2. Inner multiplication.

Let A = (a,b,c, d),é = (e, f,g,h) be two trapezoidal fuzzy numbers and QNQ =
A®B. Weset u = min{ae, ah,de,dh},v = min{bf, cf, cg,bg}, w = max{bf,cf, cg, bg}
and t = max{ae, ah,de,dh}. Then, the membership function of é is the following
piecewise affine mapping

— < z<wo
1 0 <z<w
—= ,w<z2<t
0 , otherwise

<
IS

N@(Z) = t

-
|
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In particular, if a > 0 and e > 0, then u = ae,v = bf, w = cg,t = dh. Therefore
z=ac ge <z <bf

bf—ae
1 Of <z<cg
=(z) = _
1g(2) j}?_czg ,cg < 2z < dh
0 , otherwise

Example 3.2. Inner product
Let A= (1,4,6,8),B=(2,3,7,9) and Q = A® B, then Q = (2,12,42,72) and

=2 9<2<12

1 ,12 < 2 <42
0 , otherwise
Remark 3.3. Product of two triangular fuzzy numbers
Let A = (a,b, d), B B = (e, f,h) be two triangular fuzzy numbers, which can be

regarded as particular trapezmdal fuzzy numbers A = (a,b,c,d) and B= (e, f,g,h)
,withb=cand f = g. Let Q = A® B. We set u = min{ae, ah, de,dh},v = bf = w
and t = max{ae, ah,de,dh}.

Then, the membership function of @ is the following piecewise affine mapping
= y<z<w
— oV <z<t
0 ,otherwise
In particular, if a > 0 and e > 0, then u = ae,v = bf = w,t = dh. Therefore
z=ac ge <z <bf

~c
I
RIS

ng(z) =

-

b hfae
/L@(Z) = dh:b;} bf <z<dh
0 , otherwise

Example 3.4. Product of triangular fuzzy numbers

Let A = (2,3,5), B = (3,5,6) be two triangular fuzzy numbers (see [4]), regarded
as trapezoidal fuzzy numbers i.e A = (2,3,3,5), B = (3,5,5,6) and Q = A x B,
then by the analytic method above we get the same result as in [4]:

—T+V1+82 ,6<z<15

4
pg(z) = =98 15 < 5 < 30
0 , otherwise

Please notice that contrarily of the membership function of a triangular fuzzy
number, this mapping is not piecewise affine. So, the canonical product of two
triangular fuzzy numbers is not a triangular fuzzy number. And the canonical (or
usual) multiplication does not preserve the shape of the operands | (ﬁee [3])

In the other hand, the membership function of the inner product Q =3®5is given
by the following

=6 6<2<15

pglz) =9 ¥ 15<2<30

0 otherwise

which is piecewise affine. So the inner product of two triangular fuzzy numbers is
a triangular fuzzy number. And the inner multiplication preserves the shape of the
operands (see [3]).
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FIGURE 1. Membership function of canonical product 3 x 5 by
analytical method

Now let us recall the invalid results in [4]:
Let M = (a1,b1,c1), N = (az, ba, c2) be two triangular fuzzy numbers and é - Mx
N. We have M, = [mE mE] = [a1+a(b—a1),c1 +a(by —c1)] and N, = [nk, nk] =
[as + a(bs —ag), ca + a(bs — c2)]. Then, é(, = [mE mEB] x [nL nB] = [¢L, ¢, where

L __ : L, L L, R R, L R, R R __ L, L L, R R, L R, R
Ao = mln{manaamanaamanaalrnana} and do = max{manaanlanavmanavmana .

The error appear clearly when the authors in [4], suppose that ¢; > b; > ay and

c2 > by > ag, and conclude that ¢& = akbL and ¢f = aftbl.

Their assertion is not correct, as can be shown by the following counterexample:

Example 3.5. Let M = (—6,—4, —3), N = (—2,—1,2), then
mEk=20-6<0,mf=-a-3<0,nt=a-2<0,nf=-3a+2,
with nf > 0 for all a € [0, 2]. Then, for all a € [0, 2] we have
mgné > O,ménf < O,mfné > O,mfng < 0.

So, for all a € [0, 2] we have

qo = min{mgng, mng, mgng, mang}
= min{minf mink
— bt % mén,
and
g = max{mgng, mgng, mng, ming
= max{mgng, meng, meng} # mgng,

Precisely, for a = 0, we obtain
gt = min{12,-12,6, -6} = —12; ¢f' = max{12, -12,6, -6} = 12;minf = 12; mfnl

Then it is obvious that ¢l # minl and ¢ft # m&nft.



210 E. ELJAOUI, S. MELLIANI, AND L. S. CHADLI

The authors must suppose that the triangular fuzzy numbers M and N are
positive that is ¢y > by > a7 > 0 and ¢co > by > ag > 0. In this case mg > O,mfj >
0,nk > 0,nft >0, then

3.2. Computer Drawing Method. The aim of this method is to calculate the
product of two trapezoidal (respectively triangular) fuzzy numbers A, B, it is based
on the calculus of a-cuts.

Here we develop and generalize the method used in [4] for solving multiplication of
two triangular fuzzy numbers.

3.2.1. Canonical Tpultiplication

Let A = (a,b,c,d), B = (e, f,g,h) be two trapezoidal fuzzy numbers and Q A®B.
The method based on using the formula Qo, = A X BO,7 is as follows:

Step 1: Set o = 0.01; B
Step 2: If @ > 1, stop. The grey sector is the membership function of ). Otherwise,
go to step 3;
Step 3: Calculate a cuts [aZ,a®] and [bL,bE] of A and B respectively;
Step 4: Calculate g% = min{aZbL, aLb% aftbl afbf} and ¢ff = max{aZbL, albZ ofbL alfbf};
Step 5: Set @ rows axis and set membership function of @ column axis, then create
a line from (g%, a) to (¢, );
Step 6: a < a + 0.01, then go to step 2.
Example 3.6.
Let A= (1,2,5,6), B = (3,5,6,8) , then the membership function of Q = A x B is
given in figure 2.
3.2.2. Inner multiplication. L
Let A = (a,b,¢,d), B = (e, f, g, h) be two trapezoidal fuzzy numbers and Q = ARQB.
The method based on the calculus above is as follows:
Step 1: Set o = 0.01; B
Step 2: If @ > 1, stop. The grey sector is the membership function of (). Otherwise,
go to step 3;
Step 3: Calculate u = min{ae, ah, de, dh},v = min{bf, cf, cg,bg}, w = max{bf,cf, cg, bg}
and t = max{ae ah,de,dh};
Step 4: Calculate ¢& = u + a(v — u) and ¢ff =t + a(w —t);
Step 5: Set Q rows axis and set membership function of Q column axis, then create
a line from (g%, ) to (¢, );
Step 6: « < a + 0.01, then go to step 2.
Example 3.7.
Let A =(1,2,5,6), B =(3,5,6,8) and Q = A® B, then Q = (3,10, 25,48) and

23 3<2<10
1 ,10<2<25

HoR) =\ a8 o5 gy
0 , otherwise

Remark 3.8. To get the correct method in the case of triangular fuzzy numbers, it
is sufficient to take b = c and f = g.
Letting M = (a1,b1,c1), N = (a2,ba,c2) be two triangular fuzzy numbers (we
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3

AxDB

FIGURE 2. Canonical and inner product AxB , A®B by computer
drawing method

adopt the same notations in [4]). The computer drawing algorithm to calculate

@ = M ® N is as follows:

Step 1: Set a = 0.01; B

Step 2: If @ > 1, stop. The grey sector is the membership function of (). Otherwise,
go to step 3;

Step 3: Calculate u = min{a1 by, a1bs, agbi, asbs}, v = asby and w = max{a1b1,a1bs, asbi, asbs};

Step 4: Calculate ¢& = u + a(v — u) and ¢ff = w + a(v — w);

Step 5: Set @ rows axis and set membership function of @ column axis, then create
a line from (g%, ) to (¢, );

Step 6: a < a + 0.01, then go to step 2.

Example 3.9.

Let —1 = (=3,-1,2) = (=3,-1,-1,2),1 = (=2,1,4) = (-2,1,1,4) and Q =

)

“1®1, then Q = (—12,-1,0,8) and

Tovi=2dz _12<2< -1
12 ) =~ =

24V -z —-1<2<0

g () = e ’
3=vl+z \/3+Z ,0<2<8
0 , otherwise

Tkl JeT

FicUure 3. Canonical and inner products “1x 1, 11 by com-
puter drawing method

This figure is most precise and smooth than the following figure obtained by the
same method in [4]:

Here we draw booth of the membership functions for canonical and inner product
in the same figure, obtained by computer drawing method:
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FIGURE 4. Membership functions of “1xTand —1®1 by computer

drawing method

3.3. Computer Simulation Method. The computer simulation method needn’t

calculate a-cuts interval, it is as follows:
Step 1:
Step 2:

Set i = 1 and simulation times N;

go to step 3;

Step 3: generate two random numbers x; on

If i > N, stop. The grey sector is the membership function of Q.Otherwise,

the interval [a, d] and y; on the interval

le, h]. Calculate z; = 2;9; and v; = min{pu 3 (2:), ng(vi)}

Step 4: Create a line from (z;,0) to (z;,v;),

Example 3.10.

Let A =(1,2,5,6), B =(3,5,6,8) and Q =
—5%4{@

1
10—v4+22
2

0

g (z) =

Example 3.11.

Let -1 = (=3,-1,2) = (-3,—1,

“1®1, then Q = (—12,-1,0,8) and

17—/1—24z
2=z
3—2@

0

—-1,2

9

),1

pg (%

Example 3.12.
Let 3 = (2,3,5) = (2,3,3,5),5
Q = (3,15,15,30) and

= (3,5,6)

z—3

3(}2Z
15

0

g (2)

then go to step 2.

A x B, then Q = (3,10, 25,48) and
,3<2<10
.10 <2< 30

,30 < 2 <48
, otherwise

-2,1,1,4

:(_271a4):( ,,,)and@:

,—12<2< -1
,—1<2<0

,02<8
, otherwise

= (3,5,5,6) and Q = —1 ® 1, then

,3<2<15
15 < 2 <30
, otherwise
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15 20

(1,2,5,6) x (3.5,6,8)

FIGURE 5. Membership function of @ =(1,2,5,6) x (3,5,6,8) by
the computer simulation method

Sd

FIGURE 6. Membership function of “1xTand3x5 by the com-
puter simulation method

4. SQUARE AND NTH POWER OF A TRAPEZOIDAL FUZZY NUMBER

Let A = (a,b,c,d) be a trapezoidal fuzzy number, we denote respectively A? =
A® Aand A® = A® A its canonical and inner square.

Proposition 2. The membership function of the canonical square A2 of a positive
trapezoidal fuzzy number A = (a,b, ¢, d) is given by

—a+
—atvz 7a2§2§62

b—a
(2) 1 b2 < 2 < P
~(z) =
Haz dd__‘f ,2 <2< d?
0 ,otherwise
Proof. Tt results immediately from the proposition 1. (I

Corollary 4.1. The membership function of the canonical square A2 of a positive
triangular fuzzy number A = (a, b, ¢) is given by

—‘;Aﬁ ,a2§2§b2
—a

paa(z) =9 S R <<

0 ,otherwise
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Proof. 1t results obviously from the proposition 2. O

Proposition 3. The membership function of the inner square A® of a positive
trapezoidal fuzzy number A = (a,b,¢,d) is given by

2
ot @ <2<

fxen (2) 1 b2 <z <P

_ — )

AP Loz 2L
0 , otherwise

It results immediately from the results in paragraph 77.

Corollary 4.2. The membership function of the inner square A® of a positive
triangular fuzzy number A = (a, b, ¢) is given by

2
e <2<

pim(2) =1 $5% B <z<e
0 , otherwise
Proof. Tt results obviously from the proposition 3. (]

Example 4.3. B
Let A =(2,3,5,6) , then its inner square A = (4,9,25,36) and the membership
function of its canonical square is given by

VZ—2 4<z2<9

(2) = 1 ,9<2<25
B = 66—z ,25<2<36
0 , otherwise

Example 4.4. B
Let A = (2,3,5) , then its inner square A = (4,9,25) and the membership
function of its canonical square is given by

Vz—2 ,4<2<9
pp(z)=9 25£E 9<2<925
0 , otherwise

(1,2.3,5) 32 =(2,3,5?

FIGURE 7. Canonical squares of (1,2,3,5) and 3 = (2,3,5) by the
computer simulation method

Let A= (a,b,c,d) be a trapezoidal fuzzy number and n > be a positive integer.
By recurrence, we define respectively A" = A" ' @ A and A™ = A1) @ A its
canonical and inner nth power.
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Example 4.5.

Let A = (2,3,5,6) , then its inner nth power is the trapezoidal fuzzy number A =
(2™,3™,5™,6™). Using the analytical method, we get the membership function of
its canonical nth power:

Vz—2 2" <2< 3"

1 , 3" <z < 5"

M,Z?(Z): 6_{1/2 75n§2§6n
0 ,otherwise

5. CONCLUSION

We have presented three numerical methods for solving inner and canonical
multiplication on trapezoidal fuzzy numbers. As it is remarked in [4], the analytical
method is more precise and the computer drawing method is simple, but there
are both based on calculus of a-cuts interval, which seems difficult and hard in
certain cases. The computer simulation method is the most simple, but it gives
a membership function rough and not very smooth. For future research, one can
apply these methods to solve nonlinear fuzzy differential equations, which involves
the powers of trapezoidal or triangular fuzzy numbers.
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