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Abstaract — Let p and ¢ be any two positive integers. In this paper the concept of two
relative growth indicators namely relative (p,q)-th type and relative (p,q)-th weak type of entire
functions with respect to entire algebroidal functions have been introduced from the view point
of their integral representations. Here we also investigate the equivalence of the computational
definitions with their respective integral representations.
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1 Introduction

The order and lower order of an entire function f which is generally used in com-
putational purposes are classical in complex analysis. Bernal [1] and [2], introduced
the relative order (respectively relative lower order) between two entire functions
to avoid comparing growth just with exp z. Extending the notion of relative order
(respectively relative lower order) Ruiz et al. [8] introduced the relative (p,q)-th
order (respectively relative lower (p, q)-th order) where p and ¢ are any two positive
integers. Now to compare the growth of entire functions having the same relative
(p, q)-th order or relative lower (p,q)-th order, we would like to introduce the de-
finition of relative (p,q)-th type and relative (p,q)-th weak type of entire functions
with respect to entire algebroidal functions and establish their respective integral
representations. We also investigate the equivalence of the computational definitions
and their corresponding integral representations of the relative growth indicators as
stated above in case of entire algebroidal functions.

* Corresponding Author.
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Let F' and G be two k-valued function defined by the following irreducible equa-
tion

feF* 4 fo FF Y o o FF 2 +fo=0

ngk + gk_le_l + gk_QGk_2 F o +g0=0
where fr, # 0, gx # 0where f; (i =0,1,2,....,k—1)and ¢g; (1 =0,1,2,....,k—1) are
entire functions having no common zeros. If at least one of the f; (i =0,1,2,....,k)

is transcendental then F'is called a k-valued algebroidal function. Further, if f =1
then I is called a k-valued entire algebroidal function and similar for G.

Let us consider the definition of relative (p,q)-th order pg’Q) (fi) ( respectively

relative (p,q)-th lower order /\(Gp’q) (f;)) of an entire functions f; with respect to an
entire algebroidal function G, in the light of index-pair which is as follows:

Definition 1.1. [8] Let G be any entire algebroidal function as defined above with
index-pair (m,p) .Also let f;’s(i =0,1,2,....,k — 1) be entire functions with index-
pair (m,q) where p,q, m are positive integers such that m > max(p,q). Then the
relative (p, ¢)-th order of f; with respect to G is defined as

log! M= M.
P& (f) = limsup—>——C_=) )
r—00 log[‘ﬂr

Analogously, the relative (p, ¢)-th lower order of f; with respect to Gis defined by:

log” M- M,
/\(PaQ) (fz) — liminf 0g G fi (’f‘)
G r—oo ].Og[q] r

In order to refine the above growth scale, now we intend to introduce the defin-
ition of another growth indicator, called relative (p,q) -th type of entire algebroidal
function with respect to another entire algebroidal function in the light of their
index-pair which is as follows:

Definition 1.2. Let f/s (0 < i <k — 1) be entire functions with index-pair (m1, q)
and G be any entire algebroidal function with index-pair (msy, p) where my; = my =m
and p, g, m are all positive integers such that m > max {p, ¢} . The relative (p, q) th
type of entire functions f; with respect to the entire algebroidal function G having

finite positive relative (p, ¢) th order pg’Q) (fi) (0 < ,O(GP’Q) (fi) < oo) is defined as :

_ (p>q)
Ug’Q) (fl) = inf ¢>0: Mfz‘ (7’) < Mg [eXp[p_l] <¢(log[q U T’)”G (F)ﬂ
for all 7 > 79 (¢) > 0

logP= MMy,
= lim sup o8 ¢ My (r)

(P@)py
r—00 (10g[q_1} T’)pG (fi)

The above definition can alternatively defined in the following manner:
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Definition 1.3. Let f/s (0 < i < k — 1) be entire functions having finite positive
relative (p,q) -th order p (fz) (0 < p(p ) (F) < oo> with respect to an entire al-

gebroidal function G defined as earlier where p and ¢ are any two positive integers.
Then the relative (p,q) -th type crg”q) (f;) of entire functions f; with respect to the
entire algebroidal function G is defined as: The integral

oo

/ log?~? M My, (r)

(P )(f) t+1
o [exp <<log[q_1] ) Z )]

converges for t > a(p 4 (f;)and diverges for ¢ < a D (f,).

dr (ro > 0)

Analogously, to determine the relative growth of two entire functions having same
non zero finite relative (p,q) -th lower order with respect to an entire algebroidal
function, one can introduce the definition of relative (p,q) -th weak type of entire
function f; with respect to an entire algebroidal function G of finite positive relative
(p,q) -th lower order )\(Gp’q) (f;) in the following way:

Definition 1.4. Let f/s (i = 0,1,2,....,k — 1) be entire functions having finite
positive relative (p,q) th lower order )\g”q) (f:) (a < )\g”q) (f) < oo) with respect

to an entire algebroidal function G' where p and ¢ are any two positive integers.
Then the relative (p,q) -th weak type of entire functions f; with respect to the entire
algebroidal function G is defined as :

log®~ ! MGt M
(fl) = lim inf p];;( r) :
P gy

The above definition can also be alternatively defined as:

Definition 1.5. Let f/s (i = 0,1,2,....,k — 1) be entire functions having finite
positive relative (p,q) -th lower order )\(Gp’q) (f:) (a < )\g”q) (fi) < oo) where p and
q are any two positive integers. Then the relative (p,q) -th weak type TG ( fi) of

entire functions f; with respect to the entire algebroidal function G is defined as:
The integral

r log?~2 MM, (r)
/ 5 )\(P.);)(f) t+1 dr (TO > 0)
To lexp <(log[q_1] 7’) ¢ )]
converges for t > T, ( fi) and diverges for ¢t < T, ( fi)-

Next we introduce the following two relative growth indicators which will also
enable us for subsequent study.

Deﬁnition 1.6. Let fl’s be entire functions having finite positive relative (p, q) th
order p ( fi) (a < pG ( fi) < oo) with respect to an entire algebroidal function
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G where p and ¢ are any two positive integers. Then the relative (p, q)-th lower type
of entire functions f; with respect to an entire algebroidal function G is defined as :

log?~! Mg ' My, (r)

(P q)
(10g[q_1] ) (f:)

The above definition can alternatively be defined in the following manner:

Eg’q) (f;) = liminf

r—00

Definition 1.7. Let fl’s be entire functions having finite positive relative (p, ¢) — th
order pgq) (fi) (a < pG ( fi) < oo) with respect to an entire algebroidal function

G where p and ¢ are any two positive integers. Then the relative (p,q) -th lower

type J(p 9 (fi) of entire function f; with respect to tan entire algebroidal function G
is deﬁned as: The integral

oo

/ log?~3 Mz M;, (r)

(p,9) t+1
pg " (fi)
o [exp ((log[q_” r) ¢ )]

converges for ¢t > 0 ( fi) and diverges for t < a ( fi)-

dr (ro > 0)

Definition 1.8. Let f;’s be entire functions having finite positive relative (p, q)-th
lower order A\29 (f,) (a < AP0 (1) < oo) and G be an entire algebroidal function .

Then the growth indicator 7'( (f;) of an entire function f;with respect to the entire
algebroidal function G is deﬁned as :

logP~Y MM, (r
—(p q) (fz) — lim sup 0g G (p,i’l)( ) .
r—00 ( [qfl] )AG (fl)
log r

The above definition can also be alternatively defined as:

Definition 1.9. Let f;’s be entire functions having finite positive relative (p,q)
-th lower order A7 (f;) (a < A9 (1) < oo) with respect to the entire algebroidal

function G where p and ¢ are any two positive integers. Then the growth indicator
_(p 9 (fi) of entire function f; with respect to the entire algebroidal function G is
deﬁned as: The integral

[e.o]

/ log?~3 Mz My, (r)

A (9,q) ) t+1
T0 [exp <(10g[q_1] ) ‘ )]

converges for t > 7T, (p.a) (f;) and diverges for t < 7' ( fi).

dr (ro > 0)

Now a question may arise about the equivalence of the definitions of relative
(p,q) -th type and relative (p,q) -th weak type with their integral representations.
In the present paper we would like to establish such equivalence of Definition 1.2
with Definition 1.3 and Definition 1.4 with Definition 1.5 and also investigate some
growth properties related to relative (p,q) -th type and relative (p,q) -th weak type
of entire function with respect to an entire algebroidal function.



Journal of New Theory 24 (2018) 1-19 5)

2 Lemma

In this section we present a lemma which will be needed in the sequel.

00 ) alp—2]
Lemma 2.1. Let the integral [ log? ™ Mg My,(

ro €XP (log[q 1] )

.Hldr (ro > 0) converges where 0 <

A < 00. Then

log”~2 M=t M,

G

Mg My, (r

Proof. Since the integral f plos?”
ro €XP (log[q 1 )

[ log? 2 MG'M
/ i (r>t+1dr <e, ifrg>R() .

/ [exp( o 17Y")

exp (log[q’” 7”0>A +70

/ log??? Mg ' My, (r)

] o ( (1oge ))]

Since log?~? M5 'M;, (r) increases with 7, so

.Hldr (ro > 0) converges, then

Therefore,

dr < e .

exp (log[qfl] To)A +ro

/ log?~3 Mz M, (r)

N\ i dr >
- [exp <(log[q_1] 7‘) >]

log?~2 M= M A
08 G flflTO)tH . {exp((log[q_l] ro) )] .
[exp((log[q_” 7“0) )}

i.e., for all sufficiently large values of r,

exp (log[q_l] TO)A +7ro

/ log”* Mg' My, (r) .

D o))

log?~? Mg My, (ro)
A\t
[exp (<log[q_1] 7"0> )}

- <ceifrg>R(e).

v

so that
log"~? Mg' My, (ro)

[exp ( (108" o) A) ]




Journal of New Theory 24 (2018) 1-19 6

log?"~ Mg' My, (r)

t.e., lim =

o (ot ))}

This proves the lemma. O]

3 Theorems

In this section we state the main results of this paper.

Theorem 3.1. Let f;’s (i = O, 17 2 ..... k — 1) be entire functions having finite pos-
itive relative (p,q) -th order p (fz) (O < p(p’q) (f) < oo) and relative (p,q) -th

type o ( ( fi )with respect to an entire algebroidal function G as defined in the in-
troductory section where p and ¢ are any two positive integers. Then Definition 1.2
and Definition 1.3 are equivalent.

Proof. Let us considerf;’s (i = 0,1, 2 ..... k—1) be entire functions and G' be an en-
tire algebroidal function such that p ( fi) (0 < p ( fi) < > exists for any two
positive integers p and q.

Case I. a (fZ ) =
Definition 1.2 = Definition 1.3.

As Jg)’Q) (fi ) = oo, from Definition 1.2 we have for arbitrary positive C' and for
a sequence of values of r tending to infinity that

(pq
()
log?~! Mzt My, (r) > C - (logq 1 )

o200\ 1°
exp ((log[q_” ) )] : (1)

loglP =2 M ;' My, (r)

i.e., logP? MMy (r) >

o
If possible, let the integral [ = )
"0 exp (logle) T)Pc’ (f:)

v4-—dr (ro > 0) be converge.

Then by Lemma 2.1,

log?~2 MM,
lim sup o8 G i (r)

r—00 (:DQ)(fZ) ¢
exp <log[q 1 )

So for all sufficiently large values of r,

(p ) ¢
)
logP~3 M5 My, (r) < [exp <<log[q 1 > )] . (2)

=0.
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Therefore from (1) and (2) we arrive at a contradiction.
Hence j? log?™*l Mg My, (r)

(P:q) (.
0 exp (10g[q71] r)pG T ()

is the Definition 1.3.

vuordr (rg > 0) diverges whenever C is finite, which

Definition 1.3 = Definition 1.2.

Let C be any positive number. Since ag’q) (f;) = oo, from Definition 1.3, the
loglP—2! MC_;IMfZ. (r)
p&D (1)

divergence of the integral [ = vuo—dr (ro > 0) gives for arbitrary

o exp (log[qfl]r)

positive ¢ and for a sequence of values of r tending to infinity

(p,q)(f ) C—e
p ;
exp <<log[q1] 7“) ¢ >]

(pq)
(fs)
i.e., logP" U MZIMy, (r) > (C —¢) <1og[q_1] r)pc ,

log"~3 M5 My, (r) >

which implies that

logP~" MZTM
lim sup o8 G - f:; (r)
r—00 e (fi)

<10g[q—u T) @

Since C' > 0 is arbitrary, it follows that

>G—¢.

log?™ Mgt My,
lim sup o8 o M (r) = 00

(pya) (.

Thus Definition 1.2 follows.

Case IL. 0 < o9 (f;) < oc.
Definition 1.2 = Definition 1.3.
Subcase (A). 0< o2 (f;) < oc.

Let f;’s(t=0,1,2,....k — 1) be entire functions and G be an entire algebroidal

function such that 0 < ag’m (fi;) < oo exists for any two positive integers p and g.

Then according to the Definition 1.2, for arbitrary positive € and for all sufficiently
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large values of r, we obtain that

(p,q)
pe (fi)
log[p’” Mglez. (r) < (ag’q) (fi) + 5) <10g[q*” 7’) ¢

(p.q) (fz)+5

9 1 P& (f:) e
i.e., logP™2 MMy, (r) < |exp (log[q_ ]r>
(p9)
», oG (fi)te
loglt1T PO\ | ¢
2] 1yt exp | (log
log?™= Mg~ My, (r) _

22\ 1 22\’
exp <log[q 1 > exp (log[q’” )

log”™* Mg ' My, (r)

(p.0) <
D9 (fs)
[exp (<log[q 1] )pc >]
1

t_a.(p»Q) D+ :
[ ( lg—1] (”’(m)] o (fte
exp <log )

s#rdr (ro > 0) converges for t > oP% (f;).

i.e.,

i.€.,

log[p_z] M(;leZ. (r)

Therefore [ =

(Pa) (.
T0O  exp <1Og[q*1]r)pc ()

Again by Definition 1.2, we obtain for a sequence values of r tending to infinity
that

(p,q)
(fe)
o 31500 1) > (o2 5 ) (1)
p(p,q)(f‘) (P Q)(fz)
i.e., logP=2 MMy (r) > [exp <<log[q_1] r) ‘ >] . (3)

So for t < O' (fl) we get from (3) that

log?~* Mg' My, (r) 1

(p ) t— oPD ()¢
(fs) P20 G
[eXp ((10g[q1} ) )] [exp <(log[q_” ) UZ))]

log[p72] Malei (r)

Therefore [ = v#—dr (ro > 0) diverges for t < a(p 2 (fi)-

(p,a) (g
TO  exp <1Og[q—1]r)pG (1)

o0
logP=2 M5 M,
Hence | = £ g My (r)
(P,Q)( )

TO  exp (1Og[qfl]r>”a

s#dr (o > 0) converges for t > o % (f;) and diverges

fort<0 (fz)
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Subcase (B). o2 (f;) =0

When crg & (f;) = 0 for any two positive integers p and ¢ , Definition 1.2 gives
for all sufficiently large values of r that

logh~ ! Mg My, (1)

(p q)
(log[q_” ) (fi)

loglP—2] M7 My, (r)

<e€.

Then as before we obtain that f =

o v#—dr (ro > 0) converges for
T0  exp (10g[q 1] ) (12)

t > 0 and diverges for ¢ < 0.
Thus combining Subcase (A) and Subcase (B), Definition 1.3 follows.

Definition 1.3 = Definition 1.2.

From  Definition 3 and for arbitrary positive ¢e,the integral

[e.9]

log=2 M;' My,
/ 0og G M <r)(p,q) dr (TO > 0)
h (P 4)(f1) Lfel (fi)+€+1
* lexp (log[q_” )
converges. Then by Lemma 2.1, we get that
log?™ Mg M;,
lim sup o8 o My (r) =0.

r—00 [ ( 1l P (f) oV (fi)+e
exp <log )

So we obtain all sufficiently large values of r that

log[piz} Mélei ( )

(p q) c
[ << [q_l] ) (P Q)(fz)>] (fz)+
exp | (log

(P Q)(f)
‘ S 0\ PE ) Z
i.e., logP™ MMy, (r) < e |exp <log[q_ ]r>

(:D Q)(fz)

<€

ise., log" ) Mg Mj, (1) < loge + (o (fi) + <) (log V7)™
log? 1 Mg M
e., limsup °8 f)( r)
T—00 [(I71] P B (fz)
(log >

Since € (> 0) is arbitrary, it follows from above that

: log? ! Mg ' My, (r)
fim sup 20 (1)
<10g[q 1] )

< ag’q) (f))+e

< o2 (f). (4)
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On the other hand, the divergence of the integral
7 log”~2 MZ' M,
/ Og G fz (T) d?ﬁ (7,,0 > O)

O.(Pa‘l) ) — +1
o o PR\ ]
exp (log )

implies that there exists a sequence of values of r tending to infinity such that

log?~2 M1 My, (r) 1
O'(p’q)(fi)7€+l > (p @) 1+4¢
PITRAVC ORY I logla-11 (f)
exp (logq > exp og
(PQ)(f) UgQ)(fl) 2e
i log" I MGMy, (r) > [eXp ((log“ )" )]
(p )
()
fens Tog Y MMy (1) > (o8 (£) — 2) ((log[q” )" )
logP—1 MﬁlM
ie., —= (pj)(i )) (o2 (fi) —2¢) .
(log[qfl] ) '
As e (> 0) is arbitrary, it follows from above that
logP~1 Mt M
lim sup o8 /i ( ) > Ug”Q) (fi) - (5)

(p q)

So from (4) and (5) , we obtain that

log®~ ! Mg M
lim sup °8 1 (r) = ag”q) (fi)-

(p q)
r—00 <1og[qil] ) (fi)

This proves the theorem.

Remark 3.2. The similar results follows if we consider an entire algebroidal function
F and the entire functions g; (i = 0,1, 2, ....... ,k — 1) instead of G and f; respectively
in Definition 1.2 and Definition 1.3 .

Theorem 3.3. Let f/s (i =0,1,2,....... ,k — 1) be entire functions having finite pos-
itive relative (p,q ) -th lower order )\(p’q) (f:) (0 < )\(p,q) (fi) < oo) and relative (p,q)

-th weak type T 74 ( fi) with respect to an algebroidal functions G where p and ¢ are
any two posmve integers. Then Definition 1.4 and Definition 1.5 are equivalent.
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Proof. Let us consider f/s be entire function and G be an entire algebroidal function
such that /\(GP’Q) (f:) (0 < /\(GM) (fi) < oo) exists for any two positive integers p and q.
Case L 777 (f;) = co.
Definition 1.4 = Definition 1.5.

As T((;p ) (fi) = oo, from Definition 1.4 we obtain for arbitrary positive C' and for
all sufficiently large values of r that

. 1\
log?~1 MG My, (1) > C - (log[q_ ]7“)

c
A(F#I) (fz)
exp ((log[q_” 7’) ¢ : (6)

loglP =2 M My, (r
= ¢ Mi()yy —dr (ro > 0) be converge.
A(Gp’q)(fi)

i.e., logP=2 Mz My, (r) >

Now if possible let the integral | =
0 exp (log[q_” r)

Then by Lemma 2.1,

log?~? Mg My, (r)

lim inf =0

C
T—00 )\(P,Q)(fi)
[exp <<log[q_1] r) ¢

So for a sequence of values of r tending to infinity we get that

c
AT (f:)
log?~3 M5 My, (r) < [exp ((log[q_l] r) ¢ . (7)

Therefore from (6) and (7), we arrive at a contradiction.
S [p—2] a7—1
Hence [ = log "™ Mg_My;(r)

(p,a) (g
70  exp (log[q—l] T)’\G (f2)

is Definition 1.5.

v#o—dr (ro > 0) diverges whenever G is finite, which

Definition 1.5 = Definition 1.4.

Let C' be any positive number. Since Tg & (fi) = oo, from Definition 1.5, the
loglr—2l Malei (r)

divergence of the integral [ = wa) (1)
Ag

o exp (log[qfl]r)

vuo—dr (rg > 0) gives for arbitrary
positive ¢ and for all sufficiently large values of r that

)\(P,Q)(fi)
exp ( (log[q_l] 7‘) ¢

. 0N
i.e., logP ™V MMy, (r) > (C —¢) (log[qf ]7"> :

C—¢

log?~3 MMy, (r) >
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which implies that

logP~1! Mg My, (r)
(P,a) (¢,

(1Og[q—1] T) AT

Since C' > 0 is arbitrary, it follows that

>(C—¢.

lim inf

T—00

logP~ " MM,
lim inf 8 G i (r) =00

oo (P9) (.

Thus Definition 1.4 follows.
Case II. 0 < 777 (f;) < .
Definition 1.4 = Definition 1.5.
Subcase (C). 0 <759 (f;) < oo.

Let f;’s(i =0,1,2,....,k — 1) be entire functions and G be an entire algebroidal

function such that 0 < T((;p 2 (fi) < oo exists for any two positive integers p and q.

Then according to Definition 1.4, for a sequence of values of r tending to infinity, we
get that

. () b\
log[p_ ]Mélei (r) < <TGp’q (fi) + 8) (log[q_ }7’>

T(107Q)(f,)+€
YA IORY
i.e., loglP=2 Mg My, (r) < |exp <log[q_1] r)

(P2 Ve
oy e\
exp <logq 7“)
| log 1524y, (r)
i.e., - ; < = ;
A& (fi) AG Y (fi)
[exp <<log[q_1] r) ¢ )] [exp <<log[q_” r) ¢ )]
log*=2 M;' My, 1
ie., og ¢ My, (r) <

)\(p&)(fi) t 0:9) ¢ t— Té‘p’q)(fi)JFE
[exp <<10g[q1] T) ’ [exp <<log[q—1] r) o (m)]

o0 og?=2 M My (r
Therefore [ = g? ~ Mg (i\/{]’;(i)) s#rdr (ro > 0) converges for k > 727 (f;) . O

0  exp (10g[q_l]r))‘o
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Again by Definition 1.4, we obtain for all sufficiently large values of r that

1 ( ) )‘(GP’Q)(fi)
logP~ }Mglei (r) > (TGp’q (f)) — 5) <log[q_1] r)
Tc(;p’q)(fi)—é

AP
(fs)
i.e., logP=2 Mz My, (r) > [exp <<log[q 1 ) ¢ >] . (8)
So for k < 7% (f;), we get from (8) that

log?~3 Mz M;, (r) 1

A(P#Z)(fi) t (,9) . t— Tc(;pyq)(fi)_g
[exp <(10g[q_1] T) ’ lexp <<log[qll r) e (m)]

(o0} _
. logP=2 M5! My, (r)
Therefore f N (p*")l(fz)

0 exp <log[q*1] 7") G

v#rdr (rog > 0) diverges for ¢t < 7, (fz)

log[p_Q] Mélei (r)
)\(prq)( 1)

(

Hence [ =

T0  exp (log[qfl]r>

for t < T(pq (f:).

v4—dr (ro > 0) converges for ¢ > T, ( fi) and diverges

Subcase (D). T, (fl) =

When Tép 4 (f,) = 0 for any two positive integers p and ¢ , Definition 1.4 gives
for a sequence of values of r tending to infinity that

log[p_” M(;lei (r)

AP (g
<10g[q 1] ) ¢ (fi)

loglp—2! Malei (r)
AED (1)

o0
Then as before we obtain that f =
0 exp (log[qfl] r)

v#dr (rg > 0) converges for

t > 0 and diverges for ¢ < 0.
Thus combining Subcase(C) and Subcase(D) , Definition 1.5 follows.

Definition 1.5 = Definition 1.4.

From Definition 1.5 and for arbitrary positive ¢, the integral

o0

/ log?”? Mg ' My, (r)

(pq) +et1
o [ (( a-1) )A‘é””(f»)] e
exp | (log

dr (7”0 > 0)
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converges. Then by Lemma 2.1, we get that
log?™2 Mg' M,
lim inf o8 G My ()

00 72Dy
[ ( fg—1] Ag"*”m))] ot
exp <log 7")

So we get for a sequence of values of r tending to infinity that
log[pr] Mélei ( )

(P q)
(fi)+e
)\(Pﬂ) (fz)
[exp (<log[q_1] r) ¢

/\(p’Q)(f‘) el Q)(fi)+€
i.e., loglP=2 MMy, (r) < e lexp <<log[q 1 > ¢ )]

)xg”‘”(fi)

=0.

<é€

i.e., loglP™ Mg My, (r) <loge + ( P (f;) +5) (1og[q*ﬂr
log?~ 1 Mg My, (r)

(pa) (g
(1ogs™ r)*G )

Since € (> 0) is arbitrary, it follows from above that

log? MMy (r) o

e., liminf

r—00

<7D (f) +

. <0 gy
lim inf Ty < U ®)
(10g[t1—1} 7’)
On the other hand, the divergence of the integral
i log~2 MM,
/ 0g G fi (T)( ) dr (TO > 0)
AZD (1) & Y (fi)—e+1

To [exp ((log[q 1) ) a (i >]
implies for all sufficiently large values of r that

log[p_Q] Mélei (r) 1

>

(p q)
(fi)—e+1 (p.a) (¢
(Pa) ¢ r. A (fi)
[exp <<log[q—1] T) Ag (fz))] [exp <<10g[q 1] > G >]

(p,a9) =2
NI o
i.e., logP Mz My, (r) > [exp <<log[q1] 7") )]

AZD(£)
i.e., logP~ "V Mz My, (r) > ( P (1) — 26) <<log[q” r) ¢
log?” ™! Mg' My, (r) (T(”

(P,9) (.
(log[q*ﬂ 7«>AG (2

1+4¢

i.e.,

" (f) - 2) .
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As e (> 0) is arbitrary, it follows from above that
log"™ ! Mg' My, (r) _

> ) )
)\gq)(fi) =Tc (fl> (10)
<10g[q 1] )

So from (9) and (10), we obtain that

lim inf
T—00

log~ 1 Mg' My, (r)

(P,9) .
(log[q*ﬂ 7«>AG (2

=4 (f) -

lim inf

T7—00

This proves the theorem.

Now we state the following two theorems without their proofs as those can easily
be carried out with help of Lemma 2.1 and in the line of Theorem 3.1 and Theorem
3.3 respectively.

Theorem 3.4. Let f; 's be entire functions having finite positive relative (p, q)-
th order p®? (f;) (0 < pPD (1) < oo) and relative (p,q) -th lower type 707 (f;)
with respect to an entire algebroidal function G where p and ¢ are any two positive
integers. Then Definition 1.6 and Definition 1.7 are equivalent.

Theorem 3.5. Let f;’s be entire functions having finite positive relative (p,q)-
th lower order A2 (f;) <a <A (1) < oo) and the growth indicator 757 (f;)
with respect to an entire algebroidal function G where p and ¢ are any two positive

integers. Then Definition 1.8 and Definition 1.9 are equivalent.

Theorem 3.6. Let f;’s be entire functions and G be an entire algebroidal function

with 0 < )\g’Q) (fi) < (p ? (fi) < oo where p and ¢ are any two positive integers.
Then
N (pa) : log?~! Mg (r)
(i) o (f;) = limsup - RRCTIITES
logle~] M]gl( ) ¢
logP=1 pr=1
(i) 29 (f,) = liminf——2 G@%,
r—00 T 1060 (fi)
_log[q_” Mf_il (r)
log?=1 py=1
(i) 73 (f) = lim inf —— ¢ (;Zm(f.)and
|:10g[q—1] Mﬁl (7’)] el i
, log[p_” Mt (r
(1v) TG (fl) = lim sup ¢ </\(Z’q)(f') .
[log[q*” M]?il (7“)] ¢

P 7”00f Taking My, (r) = R, the theorem follows from the definitions of ag D (£,
5(p @ (fi), p 2 (fi)and F(p’q) (f) respectively.

In the followmg theorem we obtain a relationship among a(p D (f,), E(Cf”) (f)),
¢ (f) and 787 (f,). =
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Theorem 3.7. Let f;’s be entire functions such that f; is of regular relative (p, q)—
growth with respect to an entire algebroidal function G i.e. p ( fi) = A& (p-a) (fi)

(0 < )\é)q (fi) = pgq (fi) < oo) where p and ¢ are any two positive integers, then

the following quantities

(@) oV (f), @) rd?(f;), (i6))aL? (f) and (i) 787 (f;)

are all equivalent.

From Definition 1.5, it follows that the integral

[e.9]

/ loglP—2 Mg My, (r) dr (ro > 0)

)\(D,Q)(fi) t+1
7o lexp <(log[q1] T) ¢

converges for t > T, p (p.a) (fi;)and diverges for t < T, p (P.a) (fi)-
On the other hand Definition 1.3 implies that the integral

[e.e]

/ log? ™ Mg My (r) 4o

p(PH)(f.) t+1
o (™)

converges for ¢ > o »*? (f;) and diverges for t < ¥V (f;).

(i)=(ii).

Now it is obvious that all the quantities in the expression

logh"™* Mg My, (r) log”~* Mg" My, (r)

A(Pv‘l) (fz) t+1 (P#Z)(fl_) t+1
lexp ( <log[q_1] r> “ exp <log[q_1] r) re

are of non negative type. So

/ log[pim Mélei (r) . log[piﬂ Mélei (r) dr (ro > 0) >0

o\ 1 o)1
ro [exp <<log[q_1] 7“) ¢ exp <log[q_1] > ¢
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[e.9]

log?=2 Mg My, (r
/ & (pfl)( ) ordr for ro > 0 .
o lexp | (log
; (200 > (p,q) . 11
ie., 7" (fi) 205 (fi) - (11)

Further f; ’s are of regular relative (p, ) growth with respect to G. Therefore
we get that

, log?~Y MM
(pq (f,) = limsup (pf;( r)
r—00 <log[q_1] ) (fs)
log”™ " Mg "My, ()

log?~1 Mzt M
> liminf—2 (p§)< r) = liminf ( = 1¢ (fi) -
e (f)  reo G ()
[g—1] [g—1] @
<10g > <10g >

Hence from (11) and (12), we obtain that

V(f)= 127 (f) . (13)
(ii):(iii).

Since f; ’s are of regular relative (p, q) growth with respect to G i.e. p ( fi) =
9 (f,) we get that
log"~ M5 M, log"~ M5 M
(pq (f:;) = liminf 6 M. (r) — lim inf—2 1 () zﬁ(Gp’Q) (fi) -
r—00 )\(GI77¢1>(fi) r—00 (P Q)(f_b)
<1Og[q—1] 7’) (log[q_” >

(iii) = (iv).
In view of (13) and the condition p ( fi)= )\(p 2 (fi), it follows that

logP =1 MM
E(Gp’q) (f;) = liminf o8 i (r)

00 (p q)
(log[qfl] ) (fi)

logP=t MMy,
ie, 72 (f,) = lim inf—2 6 M;. (r)
G r—00 )\(qu)(f_)
(log[qfl] r) @

e, 780 (fi) =78 (f)
e, 787 (fi) = od? (f)
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logP~ 1 MM,
ie., g0 (fi) = limsup o8 ¢ M. (1)
“ — P& (1)
<10g[q 1] >

log[p_l Mélei (7’)
MO (fi)

i.e., E(Gp’q) (fi) = limsup
r—00 <10g[q71} r)

i.e., O (fz) = TG (fl) .
(iv)=-(i).

As f; ’s are of regular relative (p,q) growth with respect to G i.e., pg (p.2) (f;) =
? (f:), we obtain that
log”~1 Mg M log?~!) MM
fim sup = ,\(Pfl o) = lim sup = <p§> ) = qu) (fi)-
r—00 <10g[q—1] ) (fz) r—00 (log[q 1] ) (fi)

Thus the theorem follows.

4 Conclusion

The results carried out in this present paper may be viewed from the angle of slowly
changing functions as well as for the functions analytic in the unit disc and ploydisc.
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