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Abstract

This article is concerned with estimations for longitudinal partial linear
models with covariate that is measured with error. We propose a gen-
eralized empirical likelihood method by combining correction attenua-
tion and quadratic inference functions. The method takes into account
the within-subject correlation without involving direct estimation of
nuisance parameters in the correlation matrix. We define a general-
ized empirical likelihood-based statistic for the regression coeflicients
and residual adjusted empirical likelihood for the baseline function.
The empirical log-likelihood ratios are proven to be asymptotically chi-
squared, and the corresponding confidence regions are then constructed.
Compared with methods based on normal approximations, the gener-
alized empirical likelihood does not require consistent estimators for
the asymptotic variance and bias. Furthermore, a simulation study is
conducted to evaluate the performance of the proposed method.
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1. Introduction

Longitudinal data analysis has attracted considerable research interest and a large num-
ber of inference methods have been proposed in the literature. Consider data from n
subjects with n; observations in the ith subject (i = 1,...,n) for a total of N = """ | n;.
Let Yi; and Xj;j,Ti; respectively be the response variable and the covariates of the jth
observation (j = 1,...,n;) in the ith ;where X;; is a p X 1 vector and Tj;; is a scalar or
time. Zeger and Diggle [28] proposed a semiparametric regression model of the form

(1.1) Yy =X+ 9(Ty) +eij, i=1,...,n,5=1,...,n;

where [ is a p x 1 vector of unknown regression coefficients associated with covariate X,
g(t) is an unknown smooth function, £;; is random error with F(e;;|X;;,T3;) = 0 and
o2(t) = E(e};|T;; = t). We assume, without loss of generality, that T;; are all scaled into
closed interval [0, 1]. We assume further that the observations from different subjects are
independent.

Model (1.1) is especially useful for longitudinal data analysis as the level of response often
depends on time in a nonlinear pattern. Many authors have studied models in the form of
(1.1), see for example, He et al. [8], You et al. [27] and Xue and Zhu [24], among others.
Zeger and Diggle [28] used a semiparametric mixed model to analyse the CD4 cell num-
bers in HIV seroconverters where g(t) is estimated by a kernel smoother. A major aspect
of longitudinal data is the within-subject correlation among the repeated measurements.
Ignoring this within-subject correlation causes a loss of efficiency in general problems.
Using a working correlation matrix with a small set of nuisance parameters o, the gen-
eralized estimating equations (GEE) estimator of the regression coefficients proposed by
Liang and Zeger [13] are consistent even when the working correlation structure is mis-
specified. However, Crowder [4] established that there are difficulties with estimating the
nuisance parameters « and that in some simple cases, consistent estimators of o do not
always exist. To avoid the drawback, Qu et al. [18] introduced a method of quadratic
inference functions (QIF). It avoids estimating the nuisance correlation structure param-
eters by assuming that the inverse of working correlation matrix can be approximated
by a linear combination of several known basis matrices. The QIF can efficiently take
the within-cluster correlation into account and is more efficient than the GEE approach
when the working correlation is misspecified. Bai et al. [2] extended the QIF method
to the semiparametric partial linear model. Dziak et al. [6] gave an overview on QIF
approaches for longitudinal data. Owen [15] introduced a nonparametric method of in-
ference - an empirical likelihood (EL) mathod. The EL uses only the data to determine
the shape and orientation of a confidence region and does not use the estimator of the
asymptotic covariance. Hence, EL is indeed appealing for the construction of confidence
region.

Owen [17] provided a comprehensive account of empirical likelihood and its properties.
For longitudinal data, You et al. [27] constructed a block empirical likelihood method for
partially linear regression models with longitudinal data. Xue and Zhu [24] considered
the same model, and they provided the EL inference for the baseline function as well as
the regression coeflicients.

In many practical situations, there often exist covariate measurement errors. Some re-
cently related works include Cui and Chen [5], Liang et al. [11], Liu [14], and Zhao and
Xue [29], among others. Zhao and Xue [29] investigated empirical likelihood inferences
for semiparametric varying-coefficient partially linear EV models. Liu [14] considered the
asymptotic normality for the partially linear EV models with longitudinal data. Yang
et al. [26] investigated the empirical likelihood of varying coefficient errors-in-variables
models with longitudinal. A common feature of these articles is that the data dependence
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within each subject is not taken into consideration. To consider the within correlation,
Tian et al. [22] proposed a generalized empirical likelihood (GEL) method by combining
quadratic inference functions for generalized linear model with longitudinal data. Tian et
al. [21] discussed the variable selection for the partial linear EV model with longitudinal
data when some covariates are measured with errors.

‘We propose a modified generalized empirical log-likelihood ratio function for the regres-
sion coefficients and a residual-adjusted empirical likelihood for the baseline function, the
empirical log-likelihood ratios are proven to be asymptotically chi-squared. The follow-
ing three desired features are worth mentioning. First, the method directly incorporates
within-subject correlation into model building, but does not require estimation of the
nuisance parameters associated with the correlation. Second, the modified generalized
empirical log-likelihood ratio function eliminate the effects of measurement errors on pa-
rameter estimation. Third, by using the residual adjusted EL ratio, undersmoothing for
estimating the baseline function is avoided.

The outline of this paper is organized as follows. In Section 2, we define a generalized
empirical log-likelihood ratio for regression coefficients and investigate its asymptotic
properties. In Section 3, we discuss the empirical likelihood inference for nonparametric
function. In Section 4, we conduct a simulation study to compare the finite sample
properties of these suggested estimators. We also apply our method to analyze an AIDS
clinical trial dataset in Section 5. The proofs of theorems appear in the Appendix.

2. Empirical likelihood for the regression coefficients

2.1. Known measurement error covariance matrix. For model (1.1), the covari-
ates X;; are not always observable without error. If X;; are measured with error, instead
of observing X;;, we observe

(21) Wij = Xij + Uz]

where U;;,¢ = 1,...,n,5 = 1,...,n;, are measurement errors. As in Liang et al.
[11], we assume that U;; are independent and identically distributed, independent of
{Yij, Xij, Tij, €5 ;. Although this assumption is not the weakest possible condition, it is
imposed to facilitate the technical proofs, and it can be satisfied in many applications.
We suppose that E(U;;) =0, cov(Ui;) = .

From the model (1.1), we have E(Y;;|Ti;) = E(X5|Ti;)B + g(Ti;). For the sake of de-
scriptive convenience, we denote Y; = (Yi1, Yio, .. ., Ymi)T, and X;,U;, T;, W, in a similar
fashion. g(Ti) = (9(Tn) - ., 9(Tin,))", mx (t) = E(Xy5|Ty; = ), my (t) = E(Yy|Tyj = 1),
mw(t) = EWy|T; = t), Yi = o(Ty)(Yi — my(Th)), Xi = ¢(Ti;)(X: — mx(T3)),
Wi = o(Ti;) (Wi —mw (T3)), where ¢(-) is a bounded nonnegative weight function with a
compact support [a,b] € [0,1]. Motivated by Liang et al. [11], we construct the modified
generalized auxiliary random vectors

(22)  Zi(B) = WV, N (Y — WiB) + BE(UT VUL B,

where V; is an arbitrarily specified working covariance matrix with nuisance parameters a.

Following Liang and Zeger [13], the matrix V; is often modeled as A3/2}2(04)AV2

.7, where
A; = diag{var(Yi1),..., var(Yin,)}, R(«) is some working correlation which involves a
small number of nuisance parameters a. By Qu et al. [18], we model the inverse of the

working correlation R™*(a) by the class of matrices

(2.3) ZakMk,
k=1
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where Mi,..., M are known matrices and ai,...,as are unknown constants. This is
a sufficiently rich class that accommodates, or at least approximates, the correlation
structures most commonly used. Substituting (2.3) to (2.2) and using the idea of QIF,
we need not to find the estimators of parameters a = (a1, az,...,as) by optimizing some
function of the information matrix. Instead, we define the “extend" generalized auxiliary
random vectors

WA My ATV (Y, — WaB) + DY
(24)  Zi(B) = : ;
WA PMOATYA (Y - WiB) + DB

where D = B(UT A;7'* M, A;Y?Uy),k = 1,...,s. Note that E(Z;(8)) = 0 if 3 is the
true parameter. Therefore, using such information, we can define a generalized empirical
log-likelihood ratio function I(3). If g is the true parameter, I[(8) can be shown to be
asymptotically distributed as a chi-square with ps degrees of freedom.

However, the formula above cannot be applied directly, because my (T;), mw (T;) are
unknown. Using kernel estimate method, the estimators of my (T;) and mw (T;) are,
respectively, defined by

(2.5)  w(t) = Z ijwij(t)wij,my(t) = Ziwu(tm
where
(2.6) wij(t) :Kh(Tij —t) iZlKh(Tkl —t)

h is a bandwidth, K(-) is a kernel function and K, (-) = K(-/h). Therefore, an estimator
of Zi(B),

WEATYP My ATV (Y — WaB) + DUV
27 Zi(B) = : :
WA 2 M ATV (Y, — WiB) + DB

where Vi = o(T3)(Yi — iy (T3)), and Wi = o(T3)(Wi — thw (T3)). Then a modified
generalized empirical log-likelihood ratio function for § is defined as

pi>0,Y> pi=1,% piZi(B) = 0} :
i=1 i=1

For any given 3, a unique value for [(3) exists, we assume that 0 is inside the convex hull
of the points (Z1(8), ..., Zn(B)) (Owen, [15]). By the Lagrange multiplier method, {(8)
can be represented as

(2.8)  I(B) = -2 max {Zlog(npi)

P15---sPn

(2:9) 1) =2 logl1 + ATZ(®)),

i=1

where A = \(f) is a ps x 1 vector that solves
(210 1320 _,
n = 14+ ATZ;(B)

The following Theorem 2.1 gives that Z(ﬁ) is asymptotically distributed as a chi-square
with ps degrees of freedom.
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2.1. Theorem. Suppose that the reqularity conditions C1— C6 in the Appendiz hold. If
B is the true parameter, then

(8) = X2,

where —=» represents the convergence in distribution, and Xis means the chi-square dis-
tribution with ps degrees of freedom.

Let xf,s(l — a) be the 1 — « quantile of Xf,s for any 0 < o < 1. By using Theorem 2.1,
we obtain an approximate 1 — « confidence region for 3, defined by

Ca(B) = (Bl 1(8) < X7 (1 — )}
We may maximize {—[(8)} to obtain an estimator of the parameter 3, say 3, called as

the generalized maximum empirical likelihood estimator (GMELE). Denote

n

(2.11) ' = lim 12}:

n—oo M 4

XiTA;l/QMlA;l/QXi

i=1 X?A;”QMSA;”Q&
Y110 Y1
(2.12) == ,
231"’233
where for k,m=1,...,s,
_.ln _ W, 4—1/2 —1/2,q, )
e = Jim_ 3 S BIKs— mx (T) A AT (Wi~ U3

[(Xi — mx (T) WA 2 M, A2 (Wi — UB)T

+ B(U AT P M AT P e (U AP Mo AT P W)

+ B(-U; A2 M AT Y2U 8+ DY B)

(—U A7V 2 M, ATPU B + DI B)T
where U; = diag{t(Ti1),- -+ ,¥(Tin,;)}. If the matrix ¥ and I'TY7'T are invertible, then
we can obtain the asymptotic normality for 8 in the following Theorem.

2.2. Theorem. Suppose that the regularity conditions C1 — C6 in the Appendiz hold.
Then when n — oo, we have

V(B — B) = N(0,35),
where ¥ = TS 7T) 1.

To apply Theorem 2.2 to construct the confidence region of 3, we give the consistent
estimator of X5, say X5 = [[TX7'T]~!, where

WTAY My A7V 2W, — DY

(2.13) I'= %Z

=1

WE A2 M AW, — DY
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Therefore, by Theorem 2.2, we have
(2.15)  ;*Vn(B - B) -5 N(0, 1),

where I, is an identity matrix of order p. Using Theorem 10.2d in Arnold [1] to obtain

(2.16) (B—B)"nS5' (B B) = xa

Therefore, the confidence region of 3 can be constructed by using (2.15) or (2.16).

2.2. Estimated measurement error covariance matrix. Generally, the covariance
matrix ¥, is unkown and must be estimated. We further assume longitudinal data is
a balance data, that is n;, = m. For unbalanced data, we can use the multiple groups
analysis (Shao et al. [20]). The usual method of doing so (Carroll et al. [3], Ch3) is by

partial replication, so that we observe Wi(r> =X, + Ui(r), r =1,...,m;. For notation
convenience, we consider here only the case that m; = 2. Let W; is the sample mean

of the replicates, and U; in a similar fashion. Then a consistent, unbiased moments
estimator for ng) is

n 2

217) D = SN - W) T AT M AT AW — W),
i=1r=1

The estimator of Z;(8) changes only slightly to accommodate the replicates, becoming
WTATV2 M ATV (Y — W) + DY /2

(2.18)  Z(8) = : ,
WTATY2MATY2 (Y — WB) + D 8/2

where W = 1/)_(Ti)(Wi — 1y (T3)) and gy (T;) is the kernel estimate of 7w (T;) based
on the data (W;,T;). The empirical likelihood ratio function for 8 may be defined as

P15---sPn

(2.19) I*(8) = -2 max {Zlog(npi)

pi>0,)> pi=1,% piZ(B) = 0} :
=1 i=1

We may maximize {—[*(8)} to obtain maximum empirical likelihood estimator 3* of 3.
Similarly, we have the following theorem.

2.3. Theorem. Under the general conditions of Theorem 2.1, and [ is the true param-
eter, then

I (B) = X

2.4. Theorem. Under the general conditions of Theorem 2.2, the estimator B* 18 Con-
sistent and asymptotically normal with covariance matriz [FTE*_IF]_l,

Y110 Vs
Z*sl U E»«ss
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where for kkm=1,...,s,

Supm = lim_ % S H{ENX: — mx (1) AV My ATV (65 — Ui )]
i=1
[(Xs = mx (T)) AT M AT (60 = U)] "
(2.20) + B(UF ATV 2 M AT e ) (OF A7V M, A7 2e)T
+E(—U¢A;l/2MkA;1/QUi/B+ %ng)ﬁ)
(~UAT M AT 205 + 3D B)T.

With the replication data, the standard error estimators of B* can also be derived (Liang,
[12]). We omit details here.

3. Inference based on empirical likelihood for the nonparametric
function

We assume from now on that ¢o is an interior point of [0,1]. Also, we suppose that the
time points 75,4 = 1,...,n,5 = 1,...,n,, are independent and have identical distribution
with common density function f(¢). Introduce the following auxiliary random vectors

ni

(3.1)  Mu(g(to)) = Z[Yi' — W58 — g(to)| Kn(Ti; — to).

j=1

An estimated empirical log-likelihood ratio function for ¢g(¢o) can be define by

pi > 0, sz‘ = 1,2%@'(9@0)) = 0} .
=1 i=1

We can also maximize {—I(g(to))} to obtain the maximum empirical likelihood estimator
of g(to), says G(to). It can be proved that

P15--sPn

(3.2)  I(g(to)) = =2 max {Zlog(npi)

(3.3) g(to) = ZZ[UJijD/ij — W;‘JFB] + 01,((]\[;1)—1/2)7

i=1 j=1
where w;; is defined in (2.6). If we define that

1

(34)  b(to) = hy"*[g (to) £ (to) + (1/2)g" (to) F(to)] | v’ K (u)du,

—1

85) () =uslto) o) [ 11 K2 (u)du,

where o7 ,, 5(to) = E[(ei; — Ul;8)?|Ti; = to] and ho is the constant satisfying Condition
C1 in the Appendix. The following theorem gives the asymptotical property of §(to).

3.1. Theorem. Suppose that the regularity conditions C1 — C6 in the Appendiz hold,
Then

VNB[§(to) ~ g(to)] — b(to)(f(t0)) ™" == N(0, 0% (t0)),
where 0% (to) = v (to)(f(to)) ™2, b(to) and v2(to) are defined in (3.4)and (3.5).
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Similar to Xue and Zhu [24], we can show that if we substitute Condition C'1 in Theorem
3.1, with Nh2/10gN — oo and Nh® — 0, that is, if undersmoothing is adopted, then
the biased term b(to) vanished asymptotically. Denote that

(3.6)  f(to) NhZZKh T:; — to),

=1 j=1

(1) 0(t) = 7 DA 0(0)

Then, a consistent estimator of 6%(to) can be given by 62(to) = 92(to)/(f(t0))?.
If we define that

n

(3.8)  b(to) ZZ[Q i) — §(to)| Kn (T35 — to).

7,1]1

from the Lemma 6.7 in Appendix, l;(to) is a consistent estimator b(¢o). Then, an approx-
imate 1 — « confidence interval for g(to) can be given by

g(to) = (NR) ™ 2b(t0) (f(20)) ™" & 2a/2(NR) ™25 (t0),
where z, /2 is the 1 — /2 quantile of the standard normal distribution.
Theorem 3.1 together Lemma 6.6 in the Appendix, implies that Z(g(to)) is asymptotically
non-central chi-squared if optimal bandwidth is used, and this increases the difficulty of
the study. In a manner similar to Xue and Zhu [24], we can adjust the weighted residuals
7i{g(to)} and then obtain an adjusted empirical likelihood ratio without undersmoothing.
Introduce the auxiliary random vectors

Wi {g(to)} = mi{g(to)} = > _[9(Tis) — §(to)| Kn(Tis — to).
j=1
A residual-adjusted generalized empirical likelihood ratio can be defined as
I"(g(to)) = —2max { > log(npi)|pi = 0, “pi =1, pifi (g(to)) = 0} :
i=1 i=1 i=1

Then, the asymptotic result of I*(g(t)) is stated in the following theorem.

3.2. Theorem. Suppose that the regularity conditions C1 — C6 in the Appendiz hold, if
g(to) is the true value of the baseline function, we have

I (g(to) == x1.
Applying Theorem 3.2, the approximate 1 — o confidence interval for g(t) is defined as

La(g(to)) = { g(t) | I"(9(t0)) < xF(1 — )}

4. Simulation studies

We simulated data from the semiparametric regression model
Y;;j = Xlij,Bl +X2i]’ﬂ2 +Sin(ﬂ'Ti]’/2 +7l'/2) + €45, 1= 1,. .. ,n;j = 1, .. .,57

where /31 = /32 = 17 n = 1007 XU]' ~ N(l, 1), Xgi]' ~ N(2, 1), Tij ~ Uv(—l7 1)7 and error
vector £; = (€i1,...,&i5)" ~ N(0,0%corr(e;, p)), where 6 = 0.6, p = 0.5 and corr(e;, p)
is a known correlation matrix with parameter p used to determine the strength of with-
subject dependence. Here we consider ¢;; has the compound symmetry (CS) correlation.
Considering the measurement error models Wis; = X145 +Urij, Wai; = Xai5 +Usij, where
Uiij ~ N(0,0.04), Uz ~ N(0,0.04).
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For each simulated dataset, we computed the empirical likelihood ratio and the estimators
of 8 and g(t). The kernel function was taken to be K(u) = 0.75(1 — u®)1 and the cross-
validation bandwidth hcy was obtained by minimizing

n o n;

CV(h) = % Z Z{Yij — X;I;B[i] —dn (ti;)}?,

i=1 j=1

where §p;(-) and B[i] are estimators of ¢g(-) and S which are computed with all of the
measurements but not the ith subject. We experimented with bandwidths around the
selected values, and the results did not change significantly. To estimate the variance of
U;;, we generated duplicate samples of W;;.

FIGURE 1

Figure 1: The averages of 95% confidence regions for (31, B2).
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For the confidence region of 3, two methods were compared: the generalized empirical
likelihood (GEL) and the normal approximation (NA) in terms of coverage accuracy
and area of the confidence region with 1000 simulation runs. The simulation results are
presented in Figure 1. Figure 1 shows that the GEL gives smaller confidence region than
the NA method. The coverage probability for the GEL is 0.943, while that for the NA
is 0.939. This also shows the GEL has higher accuracy than the NA for the confidence
region.

FIGURE 2



Figure 2:The 95% confidence intervals and coverage probabilities for g(t). The left panel
shows the pointwise confidence intervals and the true curve (solid curve) for g(¢). The rig-
ht panel is for coverage probabilities.
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Figure 2 depicts the performance of the residual-adjusted GEL and the NA in terms of
95% pointwise confidence intervals. From Figure 2, the residual-adjusted GEL clearly
performs better than the NA because the associated confidence intervals have uinformly
higher coverage accuracies and shorter average lengths.

5. A real example

We now illustrate the proposed procedures in this paper through analysis of a data set
from the Multi-Center AIDS Cohort study. The data set contains the human immunod-
eficiency virus (HIV) status of 283 homosexual men who were infected with HIV during
a follow-up period between 1984 and 1991. The original design was to collect the mea-
surements for all individuals semiannually. More details of the study design and medical
implications can be found in Kaslow et al. [10]. Some authors have analyzed the same
dataset using varying coefficient and semiparametric models; see for example Wu et al.
[23], Huang et al. [9] and Fan and Li [7]. Their analysis aimed to describe the trend
of the mean CD4 percentage depletion over time and to evaluate the effects of cigarette
smoking, pre-HIV infection CD4 percentage and age at HIV infection on the mean CD4
percentage after the infection. The results of the hypothesis testing of Huang et al. [9]
indicate that, at significance level 0.05, only the baseline function varies over time and
preCD4 has a constant effect over time; neither smoking nor age has a significant impact
on mean CD4 percentage. This motivates us to use model (1.1) for this dataset.

We considered two covariates: Xi;;, the individual’s smoking status, which is taken to
be 1 if the individual ever smoked cigarettes or 0 if never smoked cigarettes after HIV
infection; and X»;;, the centered variable for pre-infection CD4 percentage. For the pur-
pose of demonstration and simplicity, the possible effects of other available covariates are
omitted. The response variable Y (¢;;) is the individual’s CD4 percentage measured, and
both Xi;; and X»;; are independent. We assume that observation times are independent
of covariates because they are not significantly related to the two covariates. The Xo;;
are measured with error (Liang et al. [11]), We consider the following semiparametric
regression model:

Y (ti;) = B1X1ij + B2Xoij + g(ti) + e(tij), Waij = Xaij + Uaij,
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where Ws;; are the observed CD4 cell counts, and g(¢;;), the baseline CD4 percentage,
represents the mean CD4 percentage t years after infection for a non-smoker with average
pre-infection CD4 percentage, and ;1 and 2 describe the effects for cigarette smoking
and pre-infection CD4 percentage, respectively, on the post-infection CD4 percentage.

We assumed that the measurement errors Uy;; are independent and normally distributed
with mean zero and variance ¢2,. as in Yang et al.[25], we conduct a sensitivity analysis

by taking 02, = 0, which naively ignores measurement error, o2, = 0.068 and o2, =
0.154.

FIGURE 3

Figure 3:AIDS study: Estimates of (81, 82) and the averages of 95% confidence rigions
based on the normal approximation (NA) and residual-adjusted generalized empirical li-
kelihood (GEL). The left panel for 02,, = 0, the middle panel for o2, = 0.068 and the r-
ight panel for o2, = 0.135.
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We computed the generalized empirical likelihood ratios for (81, 82) under first-order
autoregressive correlation matrix, and the estimators for g(¢) by using the Epanechnikov
kernel and the cross-validated bandwidth h., = 0.38. The 95% confidence regions for
(81, B2) reported in Figure 3, and it shows that the generalized empirical likelihood again
works better than the normal approximation. For ¢2, = 0, 02, = 0.068 and o2, = 0.135
, the estimated values of [y are 0.3063,0.3248,0.3456, respectively. As expected, we
find a somewhat stronger positive association between the pre-infection CD4 percentage
and the percentage of CD4 cells when the possibility of measurement error is taken into
account.

FIGURE 4
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Figure 4:AIDS study: The solid curve represents the estimated curve of the baseline fun-
ction and the dotted line indicate the 95% pointwise confidence intervals for baseline func-
tion, based on the residual-adjusted empirical likelihood.
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The curve of the estimated baseline function and the corresponding 95% pointwise con-
fidence intervals for the case of 02, = 0 is shown in Figure 4. The results for the other
cases of 02, = 0.143 and o2, = 0.194 are similar and are therefore not shown. From
Figure 4, we find that the mean baseline CD4 percentage for the population decreases
rather quickly at the beginning of HIV infection, but the rate of decrease appears to be
slowing down four years after the infection. The findings basically agree with that which
was discovered by the local linear fitting method of Fan and Li [7] and Xue and Zhu [24].
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6. Appendix.

For convenience and simplicity, let ¢ denote a positive constant that may be different at
each appearance throughout this paper. Before we state one of the main results, we note
the following regularity conditions.

C1. The bandwidth satisfies h = hoNfl/5 for some constant hg > 0.

C2. The kernel K(-) is a symmetric probability density function, and is twice con-
tinuously differentiable on its support set [—1,1].

C3. supzyogtglE(E%ﬂXijr =uz,Ti; =1t) < oo, supogtglE(U{lﬂTij =t) < o0, B(X},) <
cofori=1,...,n,5=1,...,n;,and r =1,...,p, where X;;, is the rth compo-
nent of Xj;.

C4. The density function of T3;, f(t) is bounded away from zero and infinity uni-
formly over [0, 1], and is twice continuously differentiable on (0, 1).
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C5. g(t) and mx (t) are twice continuously differentiable on (0,1) forallr =1,...,p,
where mx (t) is the rth component of mx (t).
C6. The variance function o2 ,(t) is continuous at to.

Remark. C1 — C6 are the common conditions used in the literature. C1 ensures that
undersmoothing § is not needed so that we can use data-driven approach to select the
bandwidth. In C2, the compaction by using kernels with small tails; for example, the
standard Gaussian kernel. C3 is a necessary moment condition. Smooth conditions C'4
and C5 are standard conditions for nonparametric. C6 is a regularity condition.

The proofs of Theorems 2.1 and 2.2 rely on the following some lemmas.

6.1. Lemma. Suppose that conditions C1-C6 hold. Then, for any constants a and b
with 0 < a < b < 1, we have
sup E[||lmw (Ti;) — iow (Ti)|I*|Tij = t] = O(n™"h™" + h*)

a<t<

sup E[||g(Ti;) — g«(Tij)|*| Ty = t] = O(n™'h™" + 1),

a<t<b

(6.1)

where §.(t) = My (t) — mi, (t)6.
The proof of Lemma 6.1 is similar to that of Xue and Zhu [24] and we omit the details.

6.2. Lemma. Suppose that the regularity conditions C1-C6 hold. If B is the true param-
eter, then

1 n R P
62 = Z:; Zi(B) = N(0,%),
where ¥ is defined by (2.12).

Proof. Consider the kth (k=1,...,s) block of —\/E g Zi(B):
n
i=1

—} S WAV M ATV - W) + DM B
n
i=1

= % > {XiTAil/QMkAil/Q(\I/isi —UB) + UL AT P M ATV 2 Wse,
n =1
—Ul-A;”QMkA;”QUimDE’%}
1 < ST 4—1/2 —1/2 s
+Z{X@- A7 MRATWG[g(Th) — §+(Th)]
\/ﬁ =1

n

[mw (T}) — mw(Ti)]T\piA;l/QMkA;l/quiei}

fraw (T2) — s (1)) WA M ATV2U, }

e Z {UiTAil/szAil/Q\Ifi[g(Ti) —gs (Ti)]}

[mw (T3) — rw (T)] " W AT 2 My AT V25 (g(T) — g mm}



= Nh+J+I3+Ja+JI5+ Js.
We first deal with J;. Denote J; = % ZQ;@, it is easy to obtain E(;; = 0 and
n
i=1
Cov(Ciw) =B(XT AT My ATV (Wiei — UB)) B
_'_E(UiTAi—uszAi—l/z‘I}iEi)@z
+ B(-UAT M AT?UB + DY B)®2 4 0,(1)
=Yk + 0p(1).
Next, we need to prove J, N 0, v=2,3,4,56. We first deal with J>. Let C’Z: denote
the (4, v)th element of Ai_l/QMkAi_l/Q. Similar to the proof of (6.1), we can get that

(6.3) sup E |:(9(Tij) - Zn: iwkl(ﬂj)g(TkZ))Q

a<t<b h—11—1

Ty = t} =0 'h+h"),

Let Ja and X, denote the kth (k = 1,...,p) component of J> and X;;. From (6.3)
and Conditions C'1 — C4 we have

n Nk n ng N4 2
E(J3x) < 2n71E|:ZZ(ZZZ¢(Tij)wkl(Tij)Xij,kCg£>5kl:| +2n"!

k=11=1 i=1 j=1v=1

E {zn: i i O(Tiy) Xij kel (Q(Tij) - Xn: iw’”(Tij)g(Tkl)ﬂ 2

i=1 j=1v=1 k=1 l=1
< ¢(nh)"' + R — 0.
Hence, we have Jo — 0. Then, we consider Js.
J3 = i {[mw(T,) — mw(Ti)]T@Z‘A;l/2MkA;1/2‘I/¢€¢}
Vi &

From Lemma 6.1 and C5 we have

no n; ng

E(BY) < en? ZZZE{z/)(Tij)(cz:)QE(umw(Tiv> - mwmj)nﬂnj)}

i=1 j=1v=1

A

IA

c[(nh)™' +h* — 0.

Similarly, we can get J4 N 0,Js 7, 0. From Lemma 6.1 and Cauchy-Schwarz inequal-
ity, we have

ng Mg

E(||Jel]) < % Z ZZ E{lﬁ(Tij)CfZ[E(le(Tij — 1in (Ti)) 12| T25)])
(Ellg(Ti5) — Q*(Tz’j)IQITz‘j)}I/Q}
< evn[(nh)t + 0 — 0.

This implies Js 5 0. So we have

% AOE % > G tol),
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where ¢; = (¢4, ..., ¢E)T. Obviously, E(¢) = 0 and

Lo DUTREEDP
a2 Cov@) = |
=1 2sl e Zss
The proof of Lemma 6.2 is completed. O

6.3. Lemma. Suppose that Conditions C1-C6 holds. If (8 is the true parameter, then

8=15aEaE" L
=1

Proof. We also use the notations in the proof of Lemma 6.2, and denote Z; () is the
kth (k=1,...,s) block of Z;(8). A simple calculation yields

Zin(B) = Cik + Lk + Loty Zion (B) = Cim + Tim + Tom,

where
L = (X + U A7 P MAT P 0ilg(T) = 5u(T2)),
Li = [mw(T) —mw(T)| A2 M A
[(iei — UsB) + Wi(9(T:) — §«(T))],
L = (X +U)TATV P M ATV P4 [g(Th) — 94(T3)],
L = [mw (D) — iw (T0)] "W, A; V2 M, AT

[(Wiei — UiB) + Wi(g(T3) — §+(T3))].
Then, consider the (k,m)th block of £, k,m =1,...,s,

n R R 1 n 1 n 1 n
ZZi,k(ﬁ)Zi,m(ﬂ)T = ZC’LkCzj;n + EZIIkI’le'i‘ EZI%IT’"
i=1 i=1 i=1 i=1

Y
lEn[[T +l§n[[T +l§n ConIh
n 2 1kdom n — 2k1L2m n = ikd1m

1¢ 1¢ 1 ¢
+- Z_} GitTom + Z}Ilkqﬁn + = 21%@%

= U1 +Us4+Us+Us+Us +Us+ Uz 4+ Usg + Us.

Si=

By the law of large numbers, we can derive that U; i) Ykm. Thus, if we can prove

v, 2 0, v=2,...,9. For Us, let Uz 4 denote its (r,q) element, and I;k,, Iim, denote
the rth component of I1x, 1, respectly. We may use the Cauchy-Schwarz inequality to
get

1 < 1 —
|Uz,rq| < (5 fom)m(g fomq)1/2-
1=1 1=1

1« ] 1w ]
By Lemma 6.1, we can derive that — ZI?’W LN 0, — Z[izmq 250, Then, we get
gt et
Us 2. Similarly, we can prove that U, N 0,v =3,...,9. This completes the proof
of Lemma 6.3. O
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6.4. Lemma. Suppose that the regqularity conditions C1 — C6 hold. If B 1is the true
parameter, then
_ 1/2
(6.4) max | Z:(8)] = or(n'/?),

(6.5) IN] = Op(n™"/%).

Proof. According to the definition of Z;() and Lemma 6.2, For the kth (k
=1,...,s) block of Z*)(8) we have

1rga<xn|\Z( "B < IIE%HXTA—I/?M ATV (Wies — UiB) + UF ATV My,
ATV — U AT P My AT YPUB + DV Bl
+ max [[(X; + U " ATV MEAT 2 Wilg(Ty) — (T
+ max ||[mw (T3) — iw (T WA 2 A

[(Wiei — UsiB) + Wi (g(Ti) — g (To))]ll
= M+ My + Ms.

From Lemma 11.2 in Owen [17], we can obtain that M; = op(n'/?). By Lemma 6.1 and
Cauchy-Schwarz inequality, M, = op(1),v = 2,3. This proves the first equation.

By Lemma 6.2, 6.3 and using the same arguments that are used in the proof of (2.14) in
Owen [16], we can prove the second equation. Then the proof follows. |

Proof. Proof of the Theorem 2.1. Applying the Taylor expansion to (2.9), and invoking
lemmas,we get that

6.6) I —QZ{A Zi(B) — [\TZi(B)]?/2} + op(1).

by (2.10), it follows that

_ o~ Zi(B)
0 = ;1+>\T21(5)
- ;zy(ﬂ)_ﬂz( A+2141+ATZ((§))]"

This together with Lemma 6.2-6.4 proves that

DBIRAC ZAT ) + op(1).

and

A= { ZZ(B)Z@(@T} ZZ(ﬁ) + 0P(7’L_1/2).

therefore,we have

6 o)=Ly zel s ZZ T on(1).
i

This together with lemma 6.2 and 6.3 proves Theorem 2.1. 0
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Proof. Proof of the Theorem 2.2. Applying the same argument as in the proof of Theorem
2.2 in Tian and Xue [22], we can prove that

B -B= _[fTiilfrlfTirlnil Zn:Z(B) + OP(nfl/Z),

Similarlly to the proof of Lemma 6.3, we can obtain I' 2. Together this with Lemma
6.2, 6.4 and Slutsky’s Theorem, we can prove Theorem 2.2. O

The proofs of Theorems 2.3 and 2.4 are similar to the proofs of Theorems 2.1 and 2.2,
therefore, we omit their proofs.

6.5. Lemma. Suppose that the regularity conditions C1 — C6 hold. If g(to) is the true
value of the baseline function, then

Z’% — b(to) =+ N(0,v2(to)).

Proof. It is easy to see that

68) 3 h(g(t0) —blt) = $1(t0) + Salt) + ()

where
Si(to) = Fi;s” U B)En(Ty; — to),
Salte) = ZZ (1) K (T — t0),
Salto) = ZZK T, — to)W5(B - B).

It is not difficult to prove E[S1(to)] = 0 and var[S1(to)] = v*(to)+o(1). We can check that
S1(to) satisfies the conditions of the Cramer-Wold theorem and the Lindeberg condition
(Serfing, [19]). Therefore, we get

(6.9)  Si(to) = N(0,v%(to)).
We can also prove that var(Sz(to)) = o(1). Thus
(6.10)  Sa(to) — 0.

By Lemma 6.1 and 6.2 we can get S3(to) = Op(h'/?). This together with (6.8)-(6.10)
proves Lemma 6.5. O

6.6. Lemma. Suppose that the reqularity conditions C1 — C6 hold. If g(t) is the true
value of the baseline function, then

N7 it la(ta) < oP(to),

Jmax [17:(g(to)) | = or((NR)'/?).
i<n

Using some arguments similar to those used in the proof of Lemma 6.3 and 6.4, we can
prove Lemma 6.6. The proof is omitted.

6.7. Lemma. Suppose that the regularity conditions C1-C6 hold. Then b(to) N b(to).
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Proof. Denote i;(to) = [9(Tij) — gto)|Kn(Ti; — to) and 4;5(to) = [9(T35) —
g}(to)]Kh(Ti]’ — to). Then, we have

b(to) — blto) = \/— > Z[@m to) — ¢ij(to)]

=1 j=1

ZZ (i (to) — (R/N)"?b(t0)]

=1 j=1
= M1(t0) + Ma(to).
From Conditions C'1 — C'4 and the Taylor expansion, we have

$ij(to) — wij(to) = {[9' (to) — g (to)](T35 — to) + o ((Ti; — to)|*) }Kn(Ti; — to).
Using Conditions C1 and C2, we can prove that

anz Tij — to) Kn(Tij — to) = Op(1),1 = 1,2,

=1 j=1
and §'(to) — g’ (to) — 0. Therefore, we have M (to) — 0. It is easy to prove Ms(to) —
0. The proof of Lemma 6.7 is completed. ]

We now turn to prove Theorems 3.1 and 3.2.

Proof. Proof of the Theorem 3.1. By direct calculation, we can obtain
. I & ;
VINh(g(to) — g(to)) = Vo ;Wi(g(tO))/f(tO) +op(1).

Note that f(to) — f(t), almost surely. This together with Lemma 6.5 proves Theorem
3.1. O

Proof. Proof of the Theorem 3.2. It can be shown by Lemma 6.7 and direction calculation
that

1 n )

(6.11) FZ ni{g9(t)} = ﬁZni{g(to)}—b(to)ﬂLO})(l),

i=1 i=1

" 1
(6.12) th Plolo)) = o S el +or(D),
i=1

(6.13) max |77 {glto)} = or{(VR)'}.
Similar to the proof of the Theorem 2.1, Theorem 3.2 can be proved by (6.11)-(6.13) and
Lemma 6.6. O
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