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Differences of Operators of Lupas Type
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ABSTRACT. In the present article, we study the approximation of difference of operators and find the quantitative
estimates for the difference of Lupas operators with Lupas-Szdsz operators and Lupas-Kantorovich operators in terms
of modulus of continuity. Also, we find the quantitative estimate for the difference of Lupas-Kantorovich operators
and Lupas-Szédsz operators.
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1. INTRODUCTION

Approximation for linear positive operators to functions in real and complex setting is an
active area of research amongst researchers. Several new operators have been constructed in
last six decades and their approximation behaviours have been studied. Concerning approxi-
mation properties of linear positive operators the convergence is one of the important aspects,
several methods and techniques have been applied to get the direct results in ordinary and
simultaneous approximation, we mention some of the recent work viz. [1-4], [8-10], [12] etc.

Acu-Rasa [5] and Aral et al [7] established some interesting results for the difference of op-
erators in order to generalize the problem posed by A. Lupas [16] on polynomial differences.
Some of the results on this topic are compiled in the recent book by Gupta et al [14].

Very recently the author in [11], provided a general result for the difference of operators
and applied the result to Szdsz type operators. We consider here the Lupas operators and its
variants and find the quantitative estimates for the differences of such operators. A. Lupas [16]
proposed a discrete operators, which for f € C|0, 00), are defined as

(11) Ln(f7 LL') = Z ln,k(x)Fn,k(f)a
k=0

where F), 1, : D — R be positive linear functional defined on a subspace D of C|0, c0) and

(nz)k

k

It was observed that these operators are linear and positive and preserve linear functions.

lmk(x) =27
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Remark 1.1. For the Lupag operators, we have F, i (f) = f (£) such that F,, y(eq) = 1,05+ =

F, i(e1) If we denote uf"*’“ = F, k(e1 — bfnreg)", r € N, then by simple computation, we have
F,
py™t = Fyup(er — bfre)? =0
Fnr Fpox 4 _
Hy = Fn,k(el — b 60) =0

Remark 1.2. The The moments of Lupas operators with e,.(t) = t", r € NU {0} are given by

L,(eg,x) =1,
L,(e1,2) =z,
2
Ly(eg, ) = 2* + —x,
n

Ly(es,x) = 2® + o + 2

1223 3622 26
Ly(eq,x) R s 926 7;
n n

20zt 1202° 25022 150z
+ + -

9

Ly(es,xz) = 2° +

)

n n2 n3 n4
3025  300z* 123023 204022 1082z
+—
n n n n n

L,(eg,x) = 28+

2. DIFFERENCE OF OPERATORS

Let Cp[0,00) be the class of bounded continuous functions defined on the interval [0, c0)
equipped with the norm [[.|[ = sup,c( ) [f(2)| < oo. Let us consider another operator V,,
having the same Lupas basis l,, ;(z) such that

z) = Zln,k‘(x)Gmk(f)v
k=0

where G,, . : D — R. Following [11], we have the following quantitative general result.
Theorem 2.1. [11] Let f(*) € C5[0,00), s € {0,1,2} and = € [0, 00), then for n € N, we have
(L =Va)(F,)] < |[f"la(@) +w(f7,00)(1 + (@) + 2w(f, 62(2)),

where
1 o . | Gn
=3 Z g )
k=0
and

1.0
= 5 Zln,k< M4 * + W 4 k (52 Zlnk bF”’k' — bG“vk)2.

We now establish quantitative estimates for the difference of Lupas operators with the Lupas-
Kantorovich operators and Lupas-Szasz operators.
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2.1. Lupas and Lupas-Kantorovich operators. In [6] Agratini proposed the Kantorovich vari-
ant of the Lupag operators as

22) Ko(fyr) = S lax(2)Gn —nZlnk /
k=0

where

Goil(f) =n / £(t) dt

Below, we present the quantitative estimate for difference of Lupas and Lupas-Kantorovich
operators.

Theorem 2.2. Let f(*) € Cp[0,00),s € {0,1,2} and x € [0, 00), then for n € N, we have

1 ,, 1 1 1 1
(0= L))l < gl e (£ ) (14 g3 ) +2 (F31)-

Proof. Following Theorem 2.1, by simple computation, we have

2k+1
bk = G pler) =
¢ ’k(el) 2n
and
Mg;n’k = Gn,k(el — bG"’keo)Q
2k +1)° 2k +1
= Gn’k(eg) + ( m ) — 2Gn’}€(€1) ( o )
_OBK243k+1 (2k+1)?
N 3n?2 2n
B 1
12n2"
Next, using Remark 1.2, we have
1 Fn Gnky _ 1
2 kz:: ) = S
Further,
pf”’k = Gprler — bCnkeg)t

2k + 1 2k +1\°
= Gulen) ~ 1Gslea) (50 ) 4 0Guntea) (P50 )

2k +1\° 2%k +1\"
- 4Gn,k(el)( o™ ) +Gn,k(60)( o™ )

5k* 4+ 10k3 4+ 10k® + 5k + 1 4k3 4+ 6k% + 4k + 1 (2k+1)

- Hn4 -4 4n3 2n

(BB (21N 2k 41\ 1
3n? 2n 2n ~ 80n#’
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Then using Remark 1.1 and above equality, we get

1 & F, Gk 1
_ ln n,k nky .

and by using Remark 1.2, we have

(53(1’) = Zln,k(x)(wak _ bGn,k)Q

2% + 177
n 2n
L
4n?’

This completes the proof of the theorem. O

2.2. Lupas and Lupas-Szasz operators. The Lupas-Szasz operators are defined as

23) fio) = nZlnk / smet (D F ()t + Lo () £(0),

—nt k
where the Szdsz basis function is defined as s, 1 (t) = %

If we denote
H,i(f) = n/ooo Snk—1() f()dt, 0 < k < 00, Hy o(f) = f(0)

then the operators (2.3) take the following form:

Zlnk nk

We present below the quantitative estimate for difference of Lupas and Lupas-Szasz opera-
tors.

Theorem 2.3. Let f*) € C5[0,00),s € {0,1,2} and x € [0, 00), then for n € N, we have

(S = La)(fo2)| = ||f"|;;+w( jﬂﬁ”ﬁ) (1+2).

Proof. By simple computation, we have
bnr = H, p(er) = K
' n
Also, we have

H,
pe "= Hpg(er = breg)?

— st (£ -2ttt (£)

k(k+1) k2 k
n2 n2  n2
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Next, using Remark 1.1, we have

o0

'k Hpky L
Z D) )—%

k=0

N

and

H.
Hy mE= Hn,k(el - an’ke())4

= Hyx(es) — AH, i(e3) <7Ii> + 6H,, 1 (e2) <z>2

—  4H, (1) (:)3 + Hy 1. (eo) (zy

3k? + 6k
—

n
Then by Remark 1.1, we have

1 & F, H,
R = 5 a4

3k:2—|—6k
= Zlnk

3x 6x
2n2  n3’

and by using above identities, we have
> g (@) (0 = brr)? = 0.

This completes the proof of the theorem. O

2.3. Lupas-Kantorovich and Lupas-Szasz operators.

Theorem 2.4. Let () € Cg[0,00),s € {0,1,2} and € [0, 00), then for n € N, we have

_ — 1
(52— KD = 171 (53 + o) +20 (.55
T L, x
T (f ’\/160714 + 2n?2 + nd) <1+ 24n? + 2n)'

Proof. By previous subsections, we have

2k +1 k
penr = G, = . bffne = H, ==,
xk(er) o™ k(er) -
G,k 1 Hpw
2 12n27 2 T2
and
Gn,k Hy, i 3k? + 6k
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Thus, we have

RS Cux | Hok 1 x
a(r) = ) kZ:Oln,k'(z)(Uz +pp ™) = 24n2 + o
RS G H,
§(x) = 5 Zln,k(w)(w g tt)
k=0
- 1 3k* + 6k
= ln
Z (@) {160114 + 2n4
k=0
L e
© 1600t T 202 03
and by using above identities, we have
> 1
&3 = l bk — pHniy2 =
Ho) = X tale =
The result follows by combining above estimates as in Theorem 2.1. O

Remark 2.3. In [13] Gupta et al and [15] Gupta-Yadav also considered Lupas-Beta type operators, the
difference estimates can be obtained analogously, the analysis is different we can discuss them elsewhere.
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