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ABSTRACT. The aim of this short survey is to collect and combine basic notions and results in the fixed point theory
in the context of b-metric spaces. It is also aimed to show that there are still enough rooms for several researchers in
this interesting direction and a huge application potential.
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1. INTRODUCTION AND PRELIMINARIES

The notion of distance is as old as the history of humanity and it was first properly formu-
lated by Euclid. Basically, Euclidean distance is defined to measure the space (or gap, or inter-
val) between two points as the length of the straight line segment connecting them. Indeed, the
notion of metric, axiomatically formulated by Maurice Fréchet [38], is a generalization form of
the Euclid distance. On the other hand, the name is due to Felix Hausdorff [40].

It is evident that the notion of the metric is the corner stone of the the field of real analy-
sis, complex analysis and functional analysis Taking the key role of the notion of the metric
in mathematics and hence in quantitative sciences, it has been extended and generalized in
several distinct directions by many authors. Consequently, several version, adaptation, exten-
sion and generalization of metric has been reported in the literature, for instance, 2-metric,
D-metric, G-metric, S-metric, set-valued metric, fuzzy metric, symmetric, quasi-metric, partial
metric, b-metric, ultrametric, dislocated metric, modular metric, Hausdorff metric, cone metric,
multiplicative metric, and so on. It is worthy of note that not all these generalizations are real
generalization, see e.g. [4,9,36,37,46,55,76].

Clearly, it is not possible to consider all these notions in a short survey. In this work, we
restrict ourselves on the merging of one of the most interesting generalization of a notion of
metric, namely b-metric. Before state the definition of b-metric, we recall the notion of (stan-
dard) metric for the sake of self-containment.

Definition 1.1. For a nonempty set M, a (standard) metric is a function m : M x M — R{ = [0, 00)
such that

(Mo) m(z,y) > 0 (nonnegativity),

(My) =1y = m(z,y) = 0 (self-distance),

(Mz) m(x,y) =0 = x =y (indistancy),

(Ms) m(z,y) = m(y,x) (symmetry), and

(My) m(z,y) < m(z, z) + m(z,y) (triangularity),
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forall x,y,z € M. Here, the ordered pair (M, m) is called a (standard) metric space.

Indeed, the notion of the metric can be expressed in two axioms, as follows.

(al) x =y = m(z,y) = 0 (self-distance),

(a2) m(x,y) < m(zx, z) +m(y, z) (triangularity),
for all z,y,2z € M. It is clear that (My)-(M,) are obtained from (a1) and (a2). On the other
hand, we separately state the axioms to explain and emphasize the nature how one can at-
tempt to generalize the notion of standard metric. For instance, the axioms (My), (M2)-(My4)
yield dislocated metric (also known as metric-like), the axioms (Mj)-(M3) provide the notion
of symmetric. It is clear that the removing any conditions from (1)-(}4) propose a new no-
tion.

In this study, we focus on an interesting generalization of the standard metric, so-called,
b-metric. This metric was popular after the interesting papers of Czerwik [34,35] and it has
been attracted attention of the several researchers. Indeed, this notion was considered earlier
by different authors, e.g. Bourbaki [29], Bakhtin [17], Heinhonen [44], Berinde [18] and so on.

What follows we recall the notion of b-metric.

Definition 1.2. ( [17], [35]) Let M be a set and let s > 1 be a given real number. A function d :
M x M — R is said to be a b-metric if the following conditions are satisfied:

(bM,) d(x,y) > 0 (nonnegativity),

(bM7) x =y = d(x,y) = 0 (self-distance),

(bMs) d(z,y) = 0= x =y (indistancy),

(bM3) d(z,y) = d(y,x), (symmetry),

(bMy) d(z,z) < s[d(z,y) + d(y, z)], (weakened triangularity).

forall x,y,z € M. Furthermore, the ordered pair (M, d) is called a b-metric space. We abbreviate the
concept of the b-metric space as bMS.

As it is expected that each b-metric forms a metric by letting s = 1. On the other hand, the
converse is not case.

Example 1.1. (See e.g. [29].) Let M = LP[0,1] be the collections of all real functions x(t) such that
fol |z(t)|Pdt < oo, where t € [0,1] and 0 < p < 1. For the function d : M x M — R{ defined by

1
bz, y) = (/ l2(t) — y(#)[Pdt) /7, for each z,y € L7[0, 1],
0

the ordered pair (M, b) forms a b-metric space with s = 24/P.

Example 1.2. Let X be a set with the cardinal card(X) > 3. Suppose that M = X, U X, is a partition
of X such that card(Xy) > 2. Let s > 1 be arbitrary. Then, the functional d : M x M — [0, 00)
defined by:

0, xz=y
d(z,y) =< 2s, x,y€ M
1, otherwise.

is a b-metric on X with coefficient s > 1.

Example 1.3. (Seee.g. [29].) Let p € (0,1) and let

M=1,(R)= {:c = {x,} C Rsuch that Z |zn|P < oo} .

n=1
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o0 1/p
y) = (Z @ — w) .
n=1

Then (X, d) is a b-metric space with s = 2'/P.

Define d(x,y) : M x M — [0,00) by

The special case of the example above can be the following;:
Example 1.4. Let M = R. The function d : R x R — [0, 0o) defined as

(11) d(xay) = ‘fE - y‘Qa
is a b-metric on R. Clearly, the first two conditions are satisfied. For the third condition, we have

|z —yl* = lz—z4+2z—yP =z -2 +2z -2z —y|+ ]2 -yl
< 2z — 2P 4]z —yl?),
since

20 — 2|z —y| <o — 2> + |z —yl”.

Example 1.5. Let M={0,1,2} and d : M x M — R, such that d(0,1) = d(1,0) = d(0,2) =
d(2,0)=1,d(1,2) =d(2,1) =a >2,d(0,0) =d(1,1) = d(2,2) = 0. Then

d(z,y) g%[d(x,z)+d(z,y)],forx,y,zEM.

Example 1.6. Let E be a Banach space and O be the zero vector of E. Let P be a cone in E with
int(P) # 0 and < be a partial ordering with respect to P. Let X be a non-empty set. Suppose the
mapping d : X x X — I satisfies:

(M1) 0 =d(x,y) forall z,y € X,

(02 de.) =0 fand only 2 =y

M3) d(z,y) = d(z,z) +d(z,y), forall z,y € X,
(o1 1) d(a,y) = d(y,) forall 2,y € X,
then d is called cone metric on X, and the pair (X, d) is called a cone metric space (CMS).
Let E be a Banach space and P be a normal cone in E with the coefficient of normality denoted by K.

Let D : X x X — [0,00) be defined by D(x,y) = ||d(z,y)||, where d : X x X — E is a cone metric
space. Then (X, D) is a b-metric space with constant s := K > 1.

The basic topological properties (convergence, completeness, etc.) have been observed by
the mimic of the standard metric versions. Next, we recollect some essential notions together
with the basic observations. Each b-metric d on a non-empty set M have a topology 7,4 that was
generated by the family of open balls

Bi(z,e)={y e M : |d(z,y) —d(z,z)| <e,} forallz € M and € > 0.
In the frame of the b-metric (M, d), a given sequence {z,,} converges to a point z € M if the

following limit exists
lim d(x,,z) =0.

n— oo
As it is expected, a sequence {z, } is said to be Cauchy if the following limit
(1.2) L= li_>m d(xp, xm) = 0.

Furthermore, a pair (M, d) is called complete b-metric space if for each Cauchy sequence
{z,} is convergent, that is, there is some x € M such that

(1.3) lim d(x,,z) =0= lim d(x,,zm).
n—oo

n— oo
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Let (M, dy) and (K, d2) be b-metric spaces. A mapping T': M — K is called continuous if

lim dy(zp,2) =0= lim di(zn,Tm),
n—oo n,1Mm— 00

then we have

lim do(Tz,,Tx)=0= lim do(Tz,,Tzy).

n—oo n,m— 00
Definition 1.3. Let (M, d) be a b-metric space and S be a subset of M. We say S is open subset of M,
if for all x € M there exists v > 0 such that By(x,r) C S. Also, F' C X is a closed subset of M if
(M\F') is a open subset of M.

A mapping ¢ : [0,00) — [0, 00) is called a comparison function if it is increasing and ™ (t) — 0,
n — oo, for any ¢ € [0, 00). We denote by ®, the class of the comparison function ¢ : [0, 00) —
[0, 00). For more details and examples, see e.g. [20,71]. Among them, we recall the following
essential result.

Lemma 1.1. (Berinde [20], Rus [71]) If ¢ : [0, 00) — [0, 00) is a comparison function, then:

(1) each iterate ©* of v, k > 1, is also a comparison function;
(2) ¢ is continuous at 0;
(3) @(t) <t, foranyt > 0.

Later, Berinde [20] introduced the concept of (c)-comparison function in the following way.

Definition 1.4. (Berinde [20]) A function ¢ : [0, 00) — [0, 00) is said to be a (c)-comparison function

if
(c1) @ is increasing,
oo
(c2) there exists kg € N, a € (0,1) and a convergent series of nonnegative terms Z v, such that
k=1

() < aph(t) + vy, for k > ko and any t € [0, 00).

The notion of a (¢)-comparison function was improved as a (b)-comparison function by
Berinde [19] in order to extend some fixed point results to the class of b-metric space.

Definition 1.5. (Berinde [19]) Let s > 1 be a real number. A mapping ¢ : [0,00) — [0, 00) is called a
(b)-comparison function if the following conditions are fulfilled

(1) ¢ is monotone increasing;

o0
(2) there exist kg € N, a € (0,1) and a convergent series of nonnegative terms Z vy, such that
k=1
sETLORTL(1) < askpk(t) + vk, for k > ko and any t € [0, 00).

We denote by ¥, for the class of (b)-comparison function ¢ : [0,00) — [0, 00). It is evident
that the concept of (b)-comparison function reduces to that of (¢)-comparison function when
s=1.

The following lemma has a crucial role in the proof of our main result.

Lemma 1.2. (Berinde [18]) If ¢ : [0,00) — [0,00) is a (b)-comparison function, then we have the
following

(1) the series Z % (t) converges for any t € R.;
k=0
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(2) the function by : [0,00) — [0,00) defined by bs(t) = Zs’%pk(t), t € [0,00), is increasing
k=0
and continuous at 0.

Remark 1.1. By the Lemma 1.2, we conclude that every (b)-comparison function is a comparison func-
tion and hence, by the Lemma 1.1, any (b)-comparison function ¢ satisfies ¢(t) < t.

We denote with U the family of nondecreasing functions ¢ : [0,00) — [0,00) such that
Z P"(t) < oo for each t > 0 It is clear that if ¥ C ® (see e.g. [43]) and hence, by Lemma 1.1
n=1

(3), for ¢ € ¥ we have ¢(t) < t, forany ¢ > 0.

In this short survey, we collect the interesting fixed point theorems for single valued map-
ping in the frame of complete b-metric space. This survey can be considered the collection the
attractive results in [3,11,24].

2. FIXED POINT OF a-3)-CONTRACTIVE MAPPINGS

We start this section by recalling the definition of a-1)-contractive and a-orbital admissible
mappings introduced in [75].

Definition 2.6. (Samet et al. [75]) Let (M, d) be a metric space and T : M — M be a given mapping.
We say that T is an a-i-contractive mapping if there exist two functions o : M x M — [0, c0) and
1 € U such that

(2.4) a(z,y)d(T(z), T(y)) < P(d(z,y)), forall z,y € M.

Remark 2.2. If T : M — M satisfies the Banach contraction principle, then T is an a-y-contractive
mapping, where o(x,y) = 1 for all x,y € M and ¢(t) = kt for all t > 0 and some k € [0,1).

Definition 2.7. (Samet et al. [75]) Let T : M — M and o : M x M — [0,00). We say that T is
a-admissible if
z,y €M, a(r,y) > 1= a(T(x), T(y)) = 1.

Let Fr(X) be the class of fixed points of a self-mapping T" defined on a non-empty set X,
thatis, Fr(X) ={z € M : T(z) = z}.

Example 2.7. (Samet et al. [75]) Let M = (0,+o0). Define T : M — M and o : M x M — [0, 0)
by
(1) T(z) =n(x), forall x € M and a(z,y) = {
Then T is a-admissible. i
_ | ety ifx >y
(2) T(z) =+/z, forall z € M and a(x,y) = { 0, ifo<y.
Then T is a-admissible.

2, ifz>y;
0, ifz<y.

Example 2.8. Let (M, <) be a partially ordered set and d be a metric on X such that (M, d) is complete.
Let T : M — M be a nondecreasing mapping with respect to <, thatisxz,y € M, x Ry = Tx < Ty.
Suppose that there exists xo € M such that xo < Txq. Define the mapping o : M x M — [0, 00) by

| lifx 2yorz =y,
alz,y) = { 0 otherwise.

Then, T is a-admissible. Since there exists xo € M such that xo < Tx, we have a(xo, Tzp) > 1. On
the other hand, for all x,y € M, from the monotone property of T', we have

afz,y) > 1=z ryorx jy=Tax =TyorTa X Ty = o(Tx,Ty) > 1.
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Thus T is ae—admissible.

Theorem 2.1. (Samet et al. [75]) Let (M,d) be a complete metric space and T : M — M be an
a-p-contractive mapping satisfying the following conditions:
(i) T is a-admissible;
(ii) there exists xo € M such that axo, T(x0)) > 1;
(iii) T is continuous.
Then, T has a fixed point, that is, there exists z* € Fp(X).
Theorem 2.2. (Samet et al. [75]) Let (M,d) be a complete metric space and T : M — M be an
a-p-contractive mapping satisfying the following conditions:
(1) T is a-admissible;
(ii) there exists xo € M such that a(xo, T(x0)) > 1;
(iii) if {z,} is a sequence in X such that o(xy, Tni1) > 1 forall nand x,, - x € M asn — oo,
then a(xy, x) > 1 for all n.

Then, T has a fixed point, that is, there exists x* € Fr(X).
In what follows we recollect the concept of triangular a-admissible mapping.

Definition 2.8. [52] A self-mapping T : M — M is called triangular c-admissible if
(Th) T is a — admissible,
(1) a(z,2) 2 1, a(z,y) > 1= a(z,y) 2 1, z,y,z€ M.

First of all, we refine the notion of a-admissible mapping by proposing the notion of «-
orbital admissible as follows.

Definition 2.9. [68] Let T : M — M be a self-mapping and o : M x M — [0, 00) be a function.
Then T is said to be a-orbital admissible if

(T3) a(x,Tz) > 1= a(Tr,T?z) > 1.

Analogously, we refine the notion of triangular c-admissible mapping by proposing the
notion of triangular a-orbital admissible in the following way.

Definition 2.10. [68] Let T : M — M be a self-mapping and o : M x M — [0, 00) be a function.
Then, T is said to be triangular a-orbital admissible if T is c-orbital admissible and

(T4) a(z,y) > land a(y,Ty) > 1 = a(z,Ty) > 1.

As it was mentioned in [68], each a-admissible mapping is an a-orbital admissible mapping
and each triangular a-admissible mapping is a triangular a-orbital admissible mapping. The
converse is false, see e.g. ( [68], Example 7).

Definition 2.11. [68] Let (M, d) be a b-metric space and o : X x M — M be a function. X is said
a-regular, if for every sequence {x,,} in X such that a(xy, tpy1) > 1 for all nand x,, — v € M as
n — oo, there exists a subsequence {,, )} of {xn} With a(xy,ky,z) > 1 for all k.

Lemma 2.3. [68] Let T : M — M be a triangular o-orbital admissible mapping. Assume that there
exists xg € M such that a(xo, Txo) > 1. Define a sequence {x,} by x,41 = Tz, for each n € Ny.
Then we have o(xy,, Tr,) > 1 for all m,n € Nwithn < m.

First we give the following definition as a generalization of Definition 2.6.
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Definition 2.12. Let (M, d) be a b-metric space and T : M — M be a given mapping. We say that T is
an a-ip-contractive mapping of type-(b) if there exist two functions o : M x M — [0,00) and ¢ € Uy,
such that

(2.5) afz,y)d(T(x),T(y)) < ¢Y(d(z,y)), forall z,y € X.
Our first main result is the following.

Theorem 2.3. Let (M, d) be a complete b-metric space with constant s > 1. Let T : M — M be an
a-p-contractive mapping of type-(b) satisfying the following conditions:
(1) T is a-admissible;
(ii) there exists xo € M such that a(xo, T (z0)) > 1;
(iii) T is continuous.
Then the fixed point equation (3.15) has a solution, that is, there exists z* € Fy(X).

Proof. Let g € M such that a(zo,T(z0)) > 1 (such a point exists from condition (ii)). Define
the sequence {z,} in X by

ZTp+1 = T(z,), foralln € NU {0}.

If x,, = z,,11 for some n € N U {0}, then =* = z,, is a fixed point for T" and the proof finishes.
Hence we assume that

(2.6) Zp # Tpeq foralln € NU{0}.
Since T is a-orbital admissible, we have:
a(xg, 1) = a(xg, T(x0)) > 1 = a(T(x0),T(x1)) = a1, 22) > 1.
By induction, we get
2.7) a(zy, Tpy1) > 1, foralln € NU {0}.
Applying the inequality (2.5) with ¢ = z,,_; and y = z,,, and using (2.7), we obtain:
d(Ty, Tnt1) = d(T(wp-1), T(20n)) < @(@n-1,20)d(T(2n-1), T(7s)) < P(d(Tn-1,70))-
By induction, we get
(2.8) d(xp, Tpy1) < Y"(d(xg, 1)), foralln € NU {0}.
From (2.8) and using the triangular inequality, for all p > 1, we have:

d(@ny Trtp) < 8d(Tn, Tpi1) + 82d(Tns1, Tnyo) + oo + P 72d( Ty p3, Tngp—2)
+5P d(Tngp-2, Tngp-1) + P d(Tnip1, Tnip)
< sy (d(zo,21)) + 29" (Ao, 20)) + ..+ 29" (Ao, 21)
PP 2 (d( g, 1)) + sP PP (d( 0, 21))
= L[5 (Ao, 20)) + 5 (A, @) + o+ S22 (d(mg, 7))
+s" PP (d (o, 21))]

Denoting S,, = Z skyF (d(zo,21)), n > 1 we obtain:
k=0

1
1 [Sn+p—1 - Sn—l]a n Z 1a p Z 1.

sn—

(2.9) d(Tn, xn-‘rp) <
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n

Due to the assumption (2.6) together with Lemma 1.2, we conclude that the series Z skF(d(zo, 1))

k=0
is convergent. Thus there exists S = lim S,, € [0,00). Regarding s > 1 and by (2.9), we ob-
n— oo

tain that {x, },,>0 is a Cauchy sequence in the b-metric space (M, d). Since (M, d) is complete,
there exists «* € M such that z,, — 2™ as n — co. From the continuity of T, it follows that
ZTny1 = T(zy) — T(z*) as n — oo. By the uniqueness of the limit, we get 2* = T'(¢*), that is,
x* is a fixed point of T O

In the following theorem, we able omit the continuity hypothesis of 7" by adding a new
condition.

Theorem 2.4. Let (M, d) be a complete b-metric space with constant s > 1. Let T : M — M be an
a-1p-contractive mapping of type-(b) satisfying the following conditions:
(i) T is a-orbital admissible;
(ii) there exists xo € M such that axo, T (z0)) > 1;
(iii) if {xn} is a sequence in X such that a(xy, Tpi1) > 1 forall nand x,, — x € M asn — oo,
then a(zy, x) > 1 for all n.

Then the fixed point equation (3.15) has a solution.

Proof. Following the proof of Theorem 2.3, we know that {z,} is a Cauchy sequence in the
complete b-metric space (M, d). Then, there exists z* € M such that z,, — z* asn — oo. On
the other, hand from (2.7) and the hypothesis (iii), we have

(2.10) a(xn,z*) > 1, foralln € N.
Now, using the triangular inequality, (2.5) and (2.10), we get

(
d(T(z*),z*) < s[d(T(z*),T(2n)) + d(Tnt1,27)]
< sla(zy, 2*)d(T' ("), T(zn)) + d(@ni1, 27)]
SS[ ( (Z‘n, ))""d(xn-i-l: )]

Letting n — oo, since ¢ is continuous at t = 0, we obtain d(7'(z*),2*) = 0, that is z* =
T(z*). O

To assure the uniqueness of the fixed point, we will consider the following hypothesis.
(H): forallz,y € M, there exists z € M such that a(z, z) > 1 and a(y, z) > 1.

Theorem 2.5. Adding condition (H) to the hypotheses of Theorem 2.3 (resp. Theorem 2.4) we obtain
uniqueness of the fixed point of T.

Proof. Suppose that z* and y* are two fixed point of 7. From (H), there exists z € M such that

(2.11) alz®,z) >1 and a(y*,z) > 1.
Since T is a-orbital admissible, from (2.11), we get
(2.12) a(z*,T"(z)) > 1 and a(y*,T"(z)) > 1.

Using (2.12) and (2.5), we have
da*, T (2)) = d(T (@), T(T"7())) < ale*, 7" (2)d(T (=), T(T"(2)))
< P(d(z”, T (2)))-

This imply that
d(x*,T"(2)) < Y™(d(z*,z)), foralln € N.
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Then, letting n — oo, we have

(2.13) T"(2) — x™.
Similarly, using (2.12) and (2.5), we get
(2.14) T"(z) - y*asn — 0.

Using (2.13) and (2.14), the uniqueness of the limit gives us 2* = y*. This finishes the proof. [

Remark 2.3. Theorem 2.1 (respectively, Theorem 2.2) can be derived from Theorem 2.3 (respectively,
Theorem 2.4) by taking s = 1. Consequently, all results in [75] can be considered as a corollaries of our
main results.

3. ULAM-HYERS STABILITY RESULTS THROUGH THE FIXED POINT PROBLEMS

Definition 3.13. Let (M, d) be a metric space and T : M — M be an operator. By definition, the fixed
point equation
(3.15) z =T(x)
is called generalized Ulam-Hyers stable if and only if there exists ¢ : Ry — Ry which is increasing,
continuous at 0 and (0) = 0 such that for every e > 0 and for each w* € M an e-solution of the fixed
point equation (3.15), i.e. w* satisfies the inequality
(3.16) diw*, T(w*)) <e
there exists a solution x* € M of the equation (3.15) such that
d(w*,z*) < (e).

If there exists ¢ > 0 such that ¢(t) = c - t, for each t € R, then the fixed point equation (3.15) is

said to be Ulam-Hyers stable.

For Ulam-Hyers stability results in the case of fixed point problems see M. F. Bota-Boriceanu,
A. Petrusel [23], V. L. Lazar [60], I. A. Rus [70], I. A. Rus [72].

Regarding the Ulam-Hyers stability problem the ideas given in T. P. Petru, A. Petrusel and
J.-C. Yao [67] allow us to obtain the following result.

Theorem 3.6. Let (M, d) be a complete b-metric space with constant s > 1. Suppose that all the
hypotheses of Theorem 2.5 hold and additionally that the function 8 : [0,00) — [0,00), B(r) =
r — sy(r) is strictly increasing and onto. Then

(a) the fixed point equation (3.15) is generalized Ulam-Hyers stable.
(b) Fiz(T) = {z*} and if x,, € M, n € N are such that d(z,,T(x,)) — 0, as n — oo, then
Ty — =¥, a5 0 — 00, i.e. the fixed point equation (3.15) is well posed.
(c) If g: M — M is such that there exists n € [0, 00) with
d(T(x),g(x)) <m, forall x € M,

then
y* € Fiz(g) = d(z",y") < B~ (s ).
Proof. (a) Since T': M — M is a Picard operator, so Fiz(T) = {z*}. Lete > 0 and w* € M bea
solution of (3.16), i.e,
d(w*, T(w")) <e.
Since T is a-1-contractive mapping of type-(b) and since z* € Fiz(T'), from (H) there exists
w* € M such that a(z*,w*) > 1, we obtain:

d(z”,w") = d(T(2"),w") < s[d(T(z%), T(w")) + d(T(w"), w")]
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< sla(z®, w™)d(T(2"), T(w)) + ] < s[pp(d(z”, w")) + €.
Therefore,
Bd(z*, w*)) = d(z*,w*) — sy(d(z*,w*)) < s-e = d(z*,w*) < B (s-e).
Consequently, the fixed point equation (3.15) is generalized Ulam-Hyers stable.

(b) Since T' is a-1)-contractive mapping of type-(b) and since z* € Fiz(T'), from (H) there
exists z,, € M such that a(z*, x,,) > 1, we obtain:

d(@n,2") < sld(zn, T(zn)) + d(T(zn), 2")] = sld(zn, T(zn)) + d(T(zn), T(z"))]
< sld(@n, T(2n)) + a(@n, *)d(T(z,), T(2"))] < sld(@n, T(2,)) + P (d(n, 27))].
Therefore
Bld(xp,x%)) := d(xn, ") — sp(d(xn, 2%)) < sd(xn, T(z,)) = 0asn — oo
= d(zp,2") > 0asn — oo = x,, — x*, asn — 0.
So, the fixed point equation (3.15) is well posed.

(c) Since T' is a-1-contractive mapping of type-(b) and since z* € Fiz(T'), from (H) there
exists x € M such that a(z*, z) > 1, we obtain:

d(z,z*) < sld(z, T(x)) + d(T(x),x*)] = s[d(z, T(x)) + d(T(z), T (z*))]
< sld(z, T'(z)) + oz, 2")d(T'(2), T'(2"))] < sld(z, T'(2)) + ¢(d(z, z"))].
Therefore
Bld(z,z")) == d(x,x*) — st(d(x,2)) < s-d(z,T(z)).
So, we have the following estimation

(3.17) d(z,z*) < B (s - d(z, T(x))).
Writing (3.17) for z := y* we get:
d(z*,y") < BN (s d(y", T(y")) = B (s - d(s(y"), T(y"))) = d(a”,y") < 7' (s - m).

4. NON UNIQUE FIXED POINTS ON b-METRIC SPACES

In this section, inspired by the well-known non-unique fixed point of Ciri¢, we state and
prove some new non-unique fixed point theorems in the setting of b-metric spaces. Our results
improve the existence results in the literature, see e.g. [33,49,50,65]. We shall start to this section
by recalling the notion of orbitally continuous.

Definition 4.14. A mapping T on b-metric space (M, d) is said to be orbitally continuous iflim,_, o, T™ (z) =
z implies lim;_,oo T(T™ (x)) = T=z. A b-metric space (M,d) is called T-orbitally complete if every
Cauchy sequence of the form {T" (x)}32,, € M converges in (M, d).

Remark 4.4. It is evident that orbital continuity of T' yields orbital continuity of T™ for any m € N.

Theorem 4.7. Let T' be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). If there is 1p € U such that

(4.18) min{d(Tz, Ty),d(z, Tx),d(y, Ty) } — min{d(z, Ty), d(Tz,y)} < P(d(z,y)),
forall z,y € M, then for each xo € M the sequence {T"x¢},en converges to a fixed point of T
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Proof. For an arbitrary « € M, we shall construct an iterative sequence {z, } as follows:

(4.19) 2o :=xand x,, = Tx,_1 foralln € N.
We suppose that
(4.20) ZTp # Ty forallm € N.

Indeed, if for some n € N we have the inequality z,, = Tx,_1 = z,_1, then, the proof is
completed. By substituting z = z,,_ and y = z,, in the inequality (4.18), we derive that

min{d(Txn—1,Txy),d(@n-1,TTn-1),d(xn, Tx,)}

(421) - min{d(xn—la Txn)a d(Txn—la xn)} < w(d(xn—la 'Tn))

It implies that
(4.22) min{d(2n, Tni1), d(Tn, Tn-1)} < P(d(Xn—1,70)).
Since 9 (t) < t for all ¢ > 0, the case d(zp, Tp—1) < Y(d(zp—_1,x,)) is impossible. Thus, we have

(4.23) d(n, Tnr1) < Y(d(@n-1,70)).

Applying Remark 1.1 recurrently, we find that
(4.24) d(@p, Tpr1) < Y(d(Tn-1,20)) <P (d(Tn—2,2n-1)) < -+ < P™(d(20,21)).

By Lemma 1.2, we deduce that
(4.25) lim d(xnq1,2,) =0.

n— oo
In what follow we shall prove that the sequence {x, } is Cauchy.
Consider d(z,, xn+k) for k > 1. By using the triangle inequality (b3) again and again, we get
the following approximation

S[d(xnv 'T’VL-H) + d(xn+1y xn—&-k)]
8d(Tp, Tpi1) + s{8[d(Tn11, Tnv2) + d(Tni2, Tnir)]}
Sd(xn, $n+1) + 32d(xn+1a xn+2) + Szd(xn+2v anrk)

d(xvu 1‘n+k)

[ IAIA

(4.26)
sd(wp, 1) + 82d(Tpi1, Toao) + - ..

sF A (zn k-2, T k—1) + $F TV (Tnpk—1, Totk)
sd(xp, Tpa1) + 82d(Tpi1, Toio) + - ..

S (@ k—2, Tagk—1) + SFd(@nak—1, Tnir),

FIA FIA -

since s > 1. Combining (4.24) and (4.26) we derive that

d(Zn, Tnir) < sY™(d(z0,71)) + 82" d(zg, 21) + . ..
+ 8k71¢n+k72(d($0, ml)) + 8k¢”+k71(d(x0, xl))
= Ly (Ao, 20)) + 7 d, ) + -

+  STTRTRYn R T2 (A (g, 1)) + sTTRT LR (d(20, 1))

(4.27)

Consequently, we have

1

Snfl

(428) d(l‘n,aTn_i,_k;) < [Pn-i-k—l - Pn—l] , N > 1, k > 17
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n (o9}
where P, = Z s7p7(d(xg, 1)), n > 1. From Lemma 1.2, the series Z s7p7 (d(xg, 1)) is con-
7=0 =0
vergent and since s > 1, upon taking limit n — oo in (4.28) we get

(4.29) lim d(zp, Tpyr) < lim

n—00 n—oo §M—1 [Pn—i-k—l B Pn—l] =0
We conclude that the sequence {x,} is Cauchy in (M, d).

Owing to the construction x,, = T"x, and the fact that (X, p) is T-orbitally complete, there
is z € M such that x,, — z. Due to the orbital continuity of T, we conclude that z,, — Tz.

Hence z = Tz which terminates the proof. O

Corollary 4.1. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). If there exists k € [0,1) such that

(4.30) min{d(Tx,Ty),d(z,Tx),d(y, Ty)} — min{d(z, Ty),d(Tz,y)} < kd(z,y),
forall x,y € M, then for each xy € M the sequence {T™ o }nen converges to a fixed point of T

If we take s = 1 in the previous corollary, we get the famous non-unique fixed point theorem
of Ciri¢.
Corollary 4.2. [Non-unique fixed point theorem of Cirié¢ [33]] Let T be an orbitally continuous
self-map on the T-orbitally complete standard metric space (M, d). If there is k € [0,1) such
that
min{d(Tz,Ty),d(z,Tx),d(y, Ty)} — min{d(z, Ty),d(Tx,y)} < kd(x,y),

for all z,y € M, then for each zy € M the sequence {T"xz¢},en converges to a fixed point of T'.

Remark 4.5. Regarding the Example 1.6, we deduce that the analog of Ciri¢ non-unique fixed point
theorem, Corollary 4.2, in the setting of cone metric space with normal cone, is still valid (see e.g. [50]).

Theorem 4.8. Let T' be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M,d).

Suppose there exist real numbers a1, az, as, a4, as and a self mapping T : M — M satisfies the
conditions

(4.31) o< "

P <1, a1+ax#0, a1 +as+a3z>0and 0 < az — as

(4.32) a1d(Tz,Ty)+as [d(:c,Tx)er(y,Ty)] +asld(y, Tx)+d(z, Ty)] < asd(z,y) +asd(z, T?x)
hold for all x,y € M. Then, T has at least one fixed point.

Proof. Take x¢ € M be arbitrary. Construct a sequence {z,,} as follows:

(4.33) Tpt1 =Tz, n=0,1,2..

When we substitute z = z,, and y = x,,+1 on the inequality (4.32), it implies that
(4.34)
ard(Tz,, Txpy1) + ag [d(xn, Txz,) + d(Tpt1, Tl’n+1)] + asg[d(xps1, Txyn) + d(@n, Txpiq)]

< agd(xp, Tnyr) + asd(zn, T,)

for all ai, as, as, as, as that satisfy (4.31). Due to (4.33), the statement (4.34) turns into

(4.35)

a1d(Tpi1, Tnya) + a2 [d(Tn, Tni1) + d(@ni1, Tnga)| + a3[d(@ni1, Tngr) + d(@n, Tngo)]

< agd(Tp, Tpy1) + asd(Tn, Tnya).
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By a simple calculation, one can get

(4.36) (a1 + a2)d(pt1, Tnt2) + (a3 — a5)d(Tn, Tny2) < (a4 — a2)d(@n, Tnt1)

which implies

(4.37) d(Tpt1, Tnt2) < kd(xn, Tpt),

where k = % Due to (4.31), we have 0 < k < 1. Taking account of (4.37), we get inductively
(4.38) (T, Tpi1) < kd(Tn_1,2,) < E2d(Tn_9, 20 1) < --- < k"d(z0, 21).

We shall prove that (z,,)nen is a Cauchy sequence.
d(zp, Toyp) < 5 d(Tn, Tnt1) + s%. d(Tpt1, Tnaa) + ...+ sP2. A(Tptp—3, Tntp—2)+
+ 77t A(Tntp—2; Tnip-1) + 8 - A(Tntp—1, Tntp)
<s-E"-d(zg,x1) + s k" d(xo, 1) + ..+
+sP2 kTP (2, ) + sPTH KPR d (g, )+

+ 8P k"L d (g, 2)

1
= O . [Sn+1 . kn-‘rl ,d(mo’xl) IS sn—i—p—l . kn+p—1 'd($0,$1)+
+Sn+p LEnte . d(x07 xl)]

1
=k [s" T k" d(xg, 1) + ...+ s"TP KR d(20, 1))

R S
= 2 Sk d(wo,w)

SR o

1 — i 7

< E . Z stk ~d(z0,x1).
1=n-+1

The precedent inequality is

d(zp, Tptp) < ﬁ : Z st k" d(xo,1). — 0asn — oo.
i=n+1
Thus (z,,)ren is a Cauchy sequence.
As in the proof of previous theorem, regarding the construction z,, = 7"z, together with the
fact that (X, p) is T-orbitally complete, there is = € M such that x,, — 2. Again by the orbital
continuity of T', we deduce that z,, — T'z. Hence z = T'z. O

Theorem 4.8 is still valid in the context of standard metric space.

Corollary 4.3. (See [49]) Let T be an orbitally continuous self-map on the T-orbitally complete standard
metric space (M, d).

Suppose there exist real numbers a1, az, a3, as,as and a self mapping T : M — M satisfies the
conditions
(4.39) e —

a1 + as

<1, ai+ax#0, a1 +as+az>0and0 < az — as

(440) a1d(Tx, Ty)+as [d(w, Tx) +d(y, Ty)] +as[d(y, Ta) + d(z, Ty)] < ad(z, y) +asd(z, T*)
hold for all x,y € M. Then, T has at least one fixed point.
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Remark 4.6. As we discuss in Remark 4.5, we obtain the analog of Theorem 4.8 in the context of cone
metric spaces. More precisely, again taking Example 1.6 into account, one can derive that Corollary 4.3
is also still fulfilled in the setting of cone metric space with normal cone (see e.g. [49]).

Theorem 4.9. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists | € ¥ such that

(4.41) PLy= Qs < y(d(w,y)),

forall x,y € M, where

Pla,y) = min{d(Tz, Ty)d(z,y),d(z, Tx)d(y, Ty)},
Q(z,y) = min{d(z, Tx)d(z, Ty),d(y, Ty)d(Tz, y)},
R(z,y) = min{d(z,Tz),d(y,Ty)}.

with R(z,y) # 0. Then, for each xo € M the sequence {T"x }nen converges to a fixed point of T.

Proof. As in the proof of Theorem 4.7, we shall construct an iterative sequence {z,}, for an
arbitrary initial value x € M:

(4.42) 2o :=xand x,, = Tx,_1 foralln € N.

As it is discussed in the proof of Theorem 4.7, we suppose

(4.43) Ty F# Tp—1 forallm € N.
By substituting « = x,—; and y = z,, in the inequality (4.41), we derive that
Pxn_1,2n)—Q(Tn_1,Tn
(44:4) ( 1R(:ET)Lle,in) ! ) S w(d(xnflaxn))a
where

P(xp_1,2,) =min{dTzp_1,Tzn)d(Tn-1,Tn), d(@n_1,TTp_1)d(xn, Txy,)},
Q(xn—h xn) = min{d(zn—ly Txn—l)d(mn—lv Txn); d(fﬂn, Txn)d(Tmn—ly xn)}a
R(zp-1,2,) =min{d(z,—1,Txp-1),d(x,, Tz,)}.

Due to axioms of b-metric space , we find that

d(x'ru xn+1)d(xn717 xn)
min{d(xn—la zn)a d(xnv CCn-‘rl)

If R(xy—1,2pn) = d(@n, Tni1), then, the inequality (4.45) turns into

(4.45) 7 < Y(d(Tn—1,2n)),

(4.46) A0 1,20) < G(A(@01,20)) < d(@0_1,20),

which is a contraction, since ¢ (t) < ¢ for all ¢ > 0. Accordingly, we deduce that

(4.47) d(xn, Tnt1) < Y(A(@n—1,2n))-

Applying Remark 1.1 recurrently, we find that

(4.48) A(wn, Tnt1) < Y(d(Tn-1,20)) < V*(d(Tn-2, Tn-1)) < -+ < P"(d(z0, 71)).
By Lemma 1.2, we deduce that

(4.49) nlgr;o d(Zp41,2n) = 0.

The rest of the proof is a verbatim repetition of the related lines in the proof of Theorem 4.7.
O



A Short Survey on the Recent Fixed Point Results on b-Metric Spaces 29

Corollary 4.4. Let T be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists k € [0, 1) such that

(4.50) Py Q) < kd(z, y),

forall x,y € M, where

Pla,y) = min{d(Tz, Ty)d(z,y),d(z, Tx)d(y, Ty)},

Q(z,y) = min{d(z, Tx)d(z, Ty),d(y, Ty)d(Tz,y)},

R(z,y) = min{d(z,Tx),d(y,Ty)}-
with R(x,y) # 0. Then, for each xo € M the sequence {T™x},cn converges to a fixed point of T.
Corollary 4.5. [Nonunique fixed point of Achari [1]] Let T be an orbitally continuous self-map

on the T-orbitally complete standard metric space (M, d). Suppose that there exists k£ € [0,1)
such that

P(z,y)— ,
(4.51) Pl 2Qs) < kd(x, y),

for all z,y € M, where
P(z,y) =min{d(Tz, Ty)d(z,y),d(zx, Tz)d(y,Ty)},

Q(z,y) = min{d(z, Tx)d(z, Ty),d(y, Ty)d(Tz,y)},
R(z,y) = min{d(z,Tx),d(y,Ty)}.

with R(z,y) # 0. Then, for each zg € M the sequence {T"x¢ },en converges to a fixed point of
T.

Theorem 4.10. Let T' be an orbitally continuous self-map on the T-orbitally complete b-metric space
(M, d). Suppose that there exists k € [0, 1) such that

(4.52) m(z,y) —n(z,y) < kd(z,Tz)d(y, Ty),
forall x,y € M, where

m(z,y) = min{[d(Tz,Ty)|*, d(z,y)d(Tz, Ty), [d(y, Ty)]*},
n(z,y) =min{d(z,Tz)d(y,Ty),d(z, Ty)d(y, Tr)}

with R(z,y) # 0. Then, for each xo € M the sequence {T"x }nen converges to a fixed point of T.

Proof. By following the lines in the proof of Theorem 4.7, we shall formulate an recursive se-
quence {xz,}, for an arbitrary initial value x € M:

(4.53) zo:=zand z,, = Tx,,_; foralln € N.
Regarding the analysis in the proof of Theorem 4.7, we assume that
(4.54) ZTp # Tp_q forallm € N.

By replacing « = z,—1 and y = z,, in the inequality (4.52), we observe that
(4.55) m(Tp—1,2n) — (Tp_1,2n) < kd(xp_1,TTp_1)d(zn, Tx,),
where

m(rp_1,2,) =min{[d(Tx,_1,T2,)|? d(@n_1,20)d(TT0_1,T), [d(xn, T,)]?},
n(xp_1,2,) =min{d(zp—1,TTn_1)d(xn, Txy),d(@Xn—1,T2y)d(Xpn, T2n_1)}.

By utilizing the above inequality, we get that
(4.56) m(Tn_1,Tn) < kd(Xn_1,%n)d(Tn, Tnt1),
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where m(z,_1,x,) = min{[d(x,, Tn11)]?, d(®pn_1, Tn)d(2p, T y1) }. Notice that the case m(z,, 1, 7,,) =
d(xp—1,2,)d(zy, Try1) is impossible. Indeed, in this case, since (t) < t for all ¢ > 0, the in-
equality (4.56) turns into

(4.57) d(Xn—1,2p)d(Xpn, Tpni1) < kd(@p—1,Tn)d(Tn, Tpi1)
It is a contradiction since k < 1. Appropriately, we infer that

(4.58) [d(2n, Tni1)]? < kd(zp_1,70)d(Tn, Tni1)
which is equivalent to

(4.59) d(Xp, Tpy1) < kd(Tp—1,Tn)-
Recurrently, we find that

(4.60) Ay, Tpy1) < k"d(x0,21).

The rest of the proof is a verbatim repetition of the related lines in the proof of Theorem 4.8. [
Theorem 4.8 is still valid in the context of standard metric space.

Corollary 4.6. [Nonunique fixed point of Pachpatte [65]] Let 7" be an orbitally continuous
self-map on the T-orbitally complete standard metric space (M, d). Suppose that there exists
k € ]0,1) such that
(4.61) m(z,y) —n(z,y) < kd(z, Tz)d(y, Ty),
for all z,y € M, where

m(z,y) = min{[d(Tz,Ty)]?,d(z,y)d(Tz, Ty), [d(y, Ty)]*},

n(z,y) = min{d(z, Tx)d(y, Ty), d(x, Ty)d(y, Tx)}
with R(z,y) # 0. Then, for each zg € M the sequence {T"x¢ },en converges to a fixed point of
T.

Remark 4.7. One can deduce the analog of Theorem 4.10 in the context of cone metric spaces as it
mentioned in Remark 4.5.

5. ON GENERALIZED o« — 9-GERAGHTY CONTRACTIVE MAPPING

Now, we are ready to state and prove our main results. Let ¥ be set of all increasing and
continuous functions 1 : [0,00) — [0,00) with ¥»~1({0}) = {0}. Let F be the family of all
nondecreasing functions 5 : [0, 00) — [0, %) which satisfy the condition
(5.62) lim B(t,) = 1 implies lim ¢, =0,

n—o0 S n—o00

for some s > 1.

Definition 5.15. Let (M, d) be a b-metric space and T : M — M be a self-map. We say that T is a
generalized o — 1)-Geraghty contractive mapping whenever there exist o : M x M — [0, 00) and some
L > 0 such that for

d(z,Ty) + d(y, Tx)

(5.63) E(z,y) = max{d(x,y),d(z, Tx),d(y, Ty), 9% }
(5.64) and N(z,y) = min{d(z, Tx),d(y, Tx)},

we have

(5.65) a(z,y)d(s’d(Tx, Ty)) < B(Y(E(z,y))d(E(x,y)) + Lo(N(x,y)),

forall x,y € M, where B € F and ¢, ¢ € W.
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Remark 5.8. Since the functions belonging to F are strictly smaller than %, the expression (¢ (E(z,y)))
in (5.65) can be estimated as

B(E(z,y))) < % forany xz,y € M withz # y.

Theorem 5.11. Let (M, d) be a complete b-metric space and T : M — M be a generalized o — 1)-
Geraghty contractive mapping such that

(¢2) T is triangular a-orbital admissible;

(43) there exists xy € M such that a(xg, Txo) > 1;

(#i1) T is continuous.

Then T has a fixed point.

Proof. Let g € M be such that a(zg, Txo) > 1. We construct an iterative sequence {z, } such
that

Tpt1 =Tz, neNp.

If there exists an ng such that Tx,, = z,, for some ng, then z,, is a fixed point of T' which
completes the proof. Thus, without loss of generality, we assume that

(5.66) Ty F# Tpyq for all n € Ny.
The mapping T is triangular a-orbital admissible, by Lemma 2.3, we have
(5.67) a(xy, Tpe1) > 1, forall n € No.

By taking x = x,—1 and y = x,, in the inequality (5.65) together with the inequality (5.67) and
regarding that ¢ is an increasing function, we obtain
(5.68) Y(d(2n, Tni1)) = P(A(Txn_1,Trn)) < a(xn_1,22)0(8*d(Txp_1, T2y))
< BO(M(@p—1,20))) (M (2n-1,2n)) + LO(N (2n—1, 2n)),
for all n € N, where
d(xpn—1,Txy) + d(@p, TTp_1)

M (21, 2,) = max{d(zn—1,2n), d(Tn_1,TTn_1),d(xy, Txy), 9% }
= max{d($n717 :I:n)7 d(xn717 x’n)v d('rnn x’n+1)7 d<xn71’ xn+;) + d(xn7 xn) }
s
= max{d(xn_1,2n), d(Tn, Tnt1), w}
s
and
(5.69) N(zp—1,zn) =min{d(xp_1,TTn-1),d(n, TTp_1)}
= min{d(zp_1,2n), d(xn, zn)} = 0.

Since

d(Tp—1,Tni1) < sld(zp—1,2n) + d(@n, Tni1)]

%5 %5 < max{d(xnflaxn)yd(xnaxn+1)}a

then we get

(5.70) M(zp—1,2n) < max{d(xn_1,%n),d(Tn, Tni1)}.

Taking (5.70) and (5.69) into account, (5.68) yields that

(5.71) P(d(@n, 2n11)) < Y(°d(@n, 2pg1)) < W@n—1,20) (8 d(20, Tni))
S BWM (@n—1, 2n)) ¢ (max{d(zn 1, 2n), d(Tn, Tni1)})-
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If for some n € N, we have max{d(z,—1,2n),d(Tn, Tnt+1)} = d(xn,Tn+1), then by (5.71) and
Remark 5.8, we get

(572) w(d(xnvxwﬂrl)) < 5(¢(M((En,1,ZL’n))'LZJ(d(ZL'n,{En+1) < %w(d(xnaanrl) < w(d(xnaxnvq)a

which is a contradiction. Thus, from (5.71) we conclude that
(5.73)

D, 011)) < B 1,20 )01, 80) < 0(An-1,70)) < D{d-1,20)),

for alln € N. Hence {¢(d(x,,, +1))} is a non-negative decreasing sequence. Since 1) is increas-
ing, so the sequence {d(z,,, x,+1)} is non-increasing. Consequently, there exists § > 0 such that
lim d(zy,xn41) = J. We claim that § = 0. Suppose, on the contrary that

n—oo

(5.74) lim d(xn,zp41) =9 > 0.

n—o0

Since s > 1, the inequality (5.73) can be estimated as

(5.75) %d’(d(xmxrwl)) < Y(d(@n, Tnt1)) < BOM (2n—1,20))) Y (d(@n-1, Tn))-
Regarding (5.66), the inequality (5.75) implies that

Ly(d(@n, Tnta)) ot
s g.an) = PWM (@1, 20))) < .

1
It yields that li_>m B (M (xp-1,2,))) = —. Since 8 € F, then li_>m Y(M(xp-1,2,)) = 0. We
deduce that
li_>m Y(d(zn, Tnt1)) = 0.

Thus, regarding the fact that d(z,,, z,,+1) — ¢ and the continuity of ¢, we derive that () = 0.
Since 9~ 1({0}) = {0}, soé = 0, which is a contradiction. Thus, we have

(5.76) lim d(zp,zn+1) =0.

n—oo

Now, we claim that

m’lrllrgoo d(xp, m) = 0.

Assume on the contrary that exist ¢ > 0 and subsequences {z.,, }, {zy, } of {z,, } withn; > m; >
i such that

(5.77) (T, n,) > €.

Additionally, corresponding to m;, we may choose n; such that it is the smallest integer satis-
tying (5.77) and n; > m; > i. Thus, we have

(5.78) ATy Tny—1) < €.
From (5.77) and the triangle inequality, we obtain
€ < d(@n;, Tm,;) < 8d(Tp,, Tn,yy) +5A(Tn, 0, Tn,)
(5.79) < 8Ad(Tngs Tngyy) + 82 ATy ers Timgyy) + STy Ty )
Letting ¢ — oo and regarding (5.76), the inequality (5.79) yields that

(5.80) 5% <limsupd(zn,,,, Tm

1—00

i+1)'
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By Lemma 2.3, recall that
(5.81) (T, , Tpy) > 1

Consequently, by (5.65) we have

(582) w(d(mn1+1 y Tmyyq )) = d)(d(Twm ) Txmi ))
< O(s? d(Tn,, Tam,)) < ltm,, 0 (s d(Tn,, Tapn,))
< BOM (2, 2 )JPM (20,5 T, ) + LO(d( 2, Ten, ),

where

(5.83)

I Tz,
M ) = mac{d(a,, ).l T ), T, ), 0 T A, Ton)
d(@nis Tmigr) + ATmis Tnayy)

2s

b

= max{d(xniﬂ ‘rmi)’ d(xni ) xm‘+1)7 d(xmw xmi+1)7
and
N(Inmxmi) = min{d(zni, Tl'm)a d(xmwam)} = min{d(zm, ‘Tm—&-l)a d(xmw xni+1)}-
Notice that

(5.84)
d(xni’xmi+1) + d(xmwxmﬂ) < s[d(xnwxmi) + d(xmwxmiﬂ)] + S[d(xwani) + d(xnw$ni+1)]
2s - 2s
and
(5.85) d(Tn,, Tm,;) < sld(@n,;, Tn—1) + A(@Tpn, 1, Tm, )] < sd(Tp,, Tn,—1) + se.
Taking (5.78), (5.84) and (5.85) into account, we find that
(5.86) limsup M (z,,,, Tm,) < se, and
71— 00
(5.87) lim N(2y,,2m,) = 0.
11— 00

By taking the upper limit as i — oo and regarding the condition (7'4) together with the expres-
sions (5.80), (5.86) and (5.87), the inequality (5.82) becomes

S0(59) < 0(50) < lmnsup (s° ()
< Hmsup a (@, , 20, ) (AT, s Ty )
= 11;: ;Zpoz(xmi,xni)¢(s3d(Txni,Txmi))
< S (5, ) () + LGN, 70)

< ¢(se) limsup B(Y(M (Tn,, Tm,)))

71— 00

1
Then limsup S(Y(M (zy,, Tm,))) = 5 Due to the fact 5 € F, we have

i—00

lim sup (M (2, , Tm;)) = 0.

1—00
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Thus, we conclude that
lim (d(zn,, Tm,)) = 0.
1— 00
Therefore, by continuity of ¢ and the fact that v~ ({0}) = {0}, so
(5.88) lim d(zp,, Tm,) =0,
1—00

which is a contradiction with respect to (5.77). We deduce that {z,,} is a Cauchy sequence in

(M,d). Since (M, d) is a complete b-metric space, there exists z* € M such that lim z, = z*.
n—roo

The mapping T is continuous and it is obvious that T'z* = z*. O

We replace the continuity of the mapping 7" in the above theorem by a suitable condition on
X.

Theorem 5.12. Let (M, d) be a complete b-metric space and T' : M — M be a generalized o — -
Geraghty contractive mapping such that
() T is triangular c-orbital admissible;
(i) there exists xo € M such that a(xg, Tzo) > 1;
(7i1) X is a-regular.
Then T has a fixed point.
Proof. Following the lines in the proof of Theorem 5.11, we conclude that li_>m xn =a". If X is
a-regular, then since a(z,, z,+1) > 1, so there exists a subsequence {z,, } of {z,,} such that
(5.89) a(Tp,, ") > 1,
for all k. By triangular inequality
d(z*,Tz*) < sd(z*, p, 1) + sd(Tpn,+1, Tx™)
= sd(x™,xp, +1) + sd(Txy, , TT").
Letting & tends to infinity
(5.90) d(z*,Tz*) < likm inf sd(Tx,, , Tx").
—00
Having ¢ € ¥, (5.89) and (5.90), so
Y(s2d(x*, Tx*)) < klim Y(s3d(Tx,, , Tx*)) < klim Ty r, 2 )VY(sPd(T 2y, , Ta*))
— 00 — 00
(591) < i (B (2, 7)) (M (0, 7)) + LO(N (@, 2))].
We have

d(xy, , Tr* d(x*, Tz,
M(zp, , ") = max{d(zn,,x"), d(@n,, TTy, ), d(x*, Tz"), (g, T2") +d(@", Tn,)

}

2s
= max{d(wn, , "), d(Zny, Tny,, ), d(z*, Tz*), d(xp,, , Tx*) ;;d(.lj‘*’xn]ﬁ»l) %,
and
N(zn,,z") = min{d(x,,, Tz, ),d(x*, Tz, )}
= min{d(zn,, Tn,,, ), d(x", Tn, )}
Recall that

d(@n,, Tx*) + d(z*, Zn,. ,) < sd(zp,,, x*) + sd(x*, Tx*) + d(x*, 2y, , )
2s - 2s
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Then, by (5.76), we get that

lim sup d(@n, T2") + d(&", Ty ) < d(z*, Tz*) .

When k tends to infinity, we deduce
lim M(z,,,2") = d(z*, Tz"),

k—o0

and

lim N(zp,,z*) =0.

k—o0

Since B(¢Y(M (xp,,,x*))) <

L vk eNso by (5.91)
S

Y(Pd(e", Tat)) < p(d(at, Tat) < (d(a", o))

Since ¢ € ¥, so the above holds unless d(z*, Tz*) = 0, that is, Tz* = z* and z* is a fixed point
of T. O

For the uniqueness of a fixed point of a generalized o — 1 contractive mapping, we will
consider the following hypothesis.

(H) For all z,y € Fix(T), either a(z,y) > 1 or a(y, z) > 1.
Here, Fix(T") denotes the set of fixed points of T'.

Theorem 5.13. Adding condition (H) to hypotheses of Theorem 5.11 (respectively, Theorem 5.12 ), we
obtain uniqueness of the fixed point of T.

Proof. Suppose that 2* and y* are two fixed points of 7. Then we have, it is obvious that
M(z*,y*) = d(z*,y*) and N(z*,y*) = 0. So

Y(d(z*,y*)) < Y(s*d(Ta*, Ty*))

< a(a*, y")Y(s*d(Tx*, Ty"))
< BE(M(z*,y") (M (2", y")) + Lo(N (2, y"))
< LB, y)) < P y))
which is contradiction. |

Definition 5.16. Let (M, d) be a b-metric space and T : M — M be a self-map. We say that T is a
generalized a.—1)-Geraghty contractive mapping of type (B) whenever there exists oc : M x M — [0, 00)
such that for

d(z,Ty) + d(y, Tx)

(592) B(a,y) = max{d(z, ), d(z, T2), d(y, Ty), - }
we have
(5.93) a(z,y)(s°d(Tx, Ty)) < B((E(z,y))Y(E(z,y))

forall x,y € M, where B € F and ) € V.

By verbatim of the proofs of Theorem 5.11, Theorem 5.12 and Theorem 5.13, we get the
following results:
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Theorem 5.14. Let (M, d) be a complete b-metric space and T : M — M be a generalized o — 1)-
Geraghty contractive mapping of type (B) such that

(¢2) T is triangular a-orbital admissible;

(44) there exists xy € M such that a(xg, Txo) > 1;

(i44) either T is continuous or X is a-reqular.

Then T has a fixed point.

Theorem 5.15. Adding condition (H) to hypotheses of Theorem 5.14, we obtain uniqueness of the fixed
point of T

Example 5.9. Let X be the set of Lebesgue measurable functions on [0, 1] such that

/01 e(t)|dt < 1.
d(z, y) / (1) — y(8)]d)?.

Then, d is a b-metric on X with s = 2.
The operator T : M — M is defined by

Defined : M x M — [0, 00) by

Ta(t) = iln(l + ().

Consider the mappings o : M x M — [0,00), 8 : [0,00) — [0, ) and
¥ [0,00) — [0, 00) defined by

afz,y) = { Lifz(t) = y(t), vt € [0, 1],

0 otherwise.

2
W(t) =t and B(t) = W
Evidently, ¢ € W and 8 € F. Moreover, T is a triangular a-orbital admissible mapping and o(1,T1) >
1.

Now, we shall prove that T is a generalized oo — -Geraghty contractive mapping. In fact, for all
t € [0, 1], we have

Vala(t), y ) S AT (1), Ty(D) < \/ 23( / (Tr(t) — Ty(t))de)?
<23 / 1 (L (1)) — 31+ (1)) ds
(Lt la(t)
f/ i 1+| T )

2(0)] — ()
/“ O o

_%/ (1 + [2(8)] — [y())]dt
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By Lemma 8.4 (given in Appendix), we get

/0 In(1+ 2(t)] — [y(®))dt < in( / (1+ [2(t) — y(H)])de) = In(1 + / 2(t) — y(t) ).
Therefore
Vale @), yO) AT ), Ty®)) < 7 n(1+ / [2(t) — y()]dt)
7 n(1+/d(z,y)).
So, we obtain
ofa(0), y ()Y a(0), Ty(1) < 51+ VT, 9)
% In(l1++/E(z,y))
(Zn 1+ E(z,y))
2E(x,y) E(@,y)

= B(E(x,y))) v(E(2,y)).
Thus, by Theorem 5.14, we see that T has a fixed point.

6. CONSEQUENCES

In this section, we shall demonstrate that several existing results in the literature can be
easily concluded from Theorem 5.13.

6.1. Standard fixed point theorems in b-metric. By taking a(z,y) = 1 in Theorem 5.13, for all
x,y € M, we obtain immediately the following fixed point theorem.

Corollary 6.7. Let (M, d) be a complete b-metric space with s > 1 and T : M — M be a mapping on
X. If there exists L > 0 such that forall z,y € M,

(6.94) U(s*d(Tz, Ty)) < B (E(z,9)))¢(E(z,y)) + Lo(N(z,y)),

where 5 € F, ¥, ¢ € V¥ and

d(z,Ty) + d(y, Tx)
2s

(6.96) and N(z,y) = min{d(z, Tx),d(y, Tx)},

then T has a unique fixed point.

(6.95) E(z,y) = max{d(x,y),d(z, Tx),d(y, Ty), 1,

By taking a(x, y) = 1 in Theorem 5.15, for all z, y € M, we obtain immediately the following
fixed point result.

Corollary 6.8. Let (M, d) be a complete b-metric space with s > 1 and T : M — M be a mapping on
X such that forall x,y € M,

(6.97) U(s*d(Tx, Ty)) < B (E(z,y)(E(x,y))
where § € F, v € Vand

d(z,Ty) +d(y, Tz)
2s

(6.98) E(z,y) = max{d(x,y),d(z, Tx),d(y, Ty), }.
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Then T has a unique fixed point.

If we put o(z,y) = 1,Va,y € M, L = 0 and ¢(¢) = t in Theorem 5.13, we may state the
following result.

Corollary 6.9. Let (M, d) be a complete b-metric space with s > 1 and T : M — M be a mapping on
X such that forall x,y € M,

s°d(Tx, Ty) < B(E(z,y)) E(z,y)
where € F and
d(z, Ty) + d(y, Tx)

(6.99) E(x,y) = max{d(z,y), d(x, Tx),d(y, Ty), 5 }-
s
Then, T has a unique fixed point.
If we take s = 1 and §(¢t) = t% for t > 0in Corollary 6.9, we deduce the following result.

Corollary 6.10. Let (M, d) be a complete metric space and T : M — M be a mapping on X such that
forallx,y € M,

E(z,y)
d(Tz,Ty) < T By

Then T has a unique fixed point.

6.2. Fixed point theorems on b-metric spaces endowed with a partial order. On the last decade,
several exciting developments have been reported in the field of existence of fixed point on met-
ric spaces endowed with partial orders see e.g. [64, 69, 81]. In this section, from Theorem 5.13
(and also from Theorem 5.15), we shall easily conclude some fixed point results on a b-metric
space endowed with a partial order. First of all, we recall some basic concepts:

Definition 6.17. Let (M, <) be a partially ordered set and T : M — M be a given mapping. We say
that T' is nondecreasing with respect to < if

zyeM, e Sy=—=Tx XTy.

Definition 6.18. Let (M, =) be a partially ordered set. A sequence {z,,} C X is said to be nondecreas-
ing with respect to < if v, < xp41 forall n.

Definition 6.19. Let (M, =) be a partially ordered set and d be a b-metric on X. We say that (M, <, d)
is regular if for every nondecreasing sequence {x,,} C X such that x,, — « € M as n — oo, there
exists a subsequence {x,x} of {xn} such that x,,,) < x for all k.

We have the following result.

Corollary 6.11. Let (M, =) be a partially ordered set and d be a b-metric on X such that (M, d) is
complete . Let T : M — M be a nondecreasing mapping with respect to <. Suppose that there exist
functions 8 € F, 1 € U such that

(6.100) P(s*d(T, Ty)) < B (E(x,)))¢(E(z,y))
and
d(z,Ty) + d(y, Tx)
2s
forall x,y € M with x > y. Suppose also that the following conditions hold:
(i) there exists xog € M such that xy =< T'zo;

(6.101) E(z,y) = max{d(x,y),d(z, Tx),d(y, Ty), },
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(i) T is continuous or (M, <, d) is regular.
Then T has a fixed point. Moreover, if for all x,y € Fix(T) either x < y or y < x, we have uniqueness
of the fixed point.

Proof. Define the mapping a : M x M — [0, 00) by
o) = {

Clearly, T is a generalized « — 1 contractive mapping, that is,

a(z,y)(s’d(Tx, Ty)) < BY(E(z,y))b(E(x,y)),

for all z,y € M. From condition (i), we have a(zo,Txo) > 1. On the other hand, for all
x,y € M, from the monotone property of T', we have

lifz <yorz >y,
0 otherwise.

alz,y) 2 1=c-yorx sy=Tax=TyorTae =Ty = o(Tz,Ty) > 1.

So T is a—admissible. In case of 1" is continuous, the existence of a fixed point is concluded
from Theorem 5.14. Now, assume that (M, <, d) is regular. Let {z,} be a sequence in X such
that a(zy, vpt1) > 1forall nand z, — € M as n — co. From the regularity hypothesis, there
exists a subsequence {,, (i)} of {x,,} such that z,,(;;) < « for all k. It yields from the definition of
a that a(xz, (), z) > 1 for all k. In this case, the existence of a fixed point follows from Theorem
5.14. To prove the uniqueness, let 2,y € M. Due to the hypothesis, we have a(z,y) > 1 and
a(y,z) > 1. Hence, by Theorem 5.15, we conclude the uniqueness of the fixed point. O

The following results are immediate consequences of Corollary 6.11.

Corollary 6.12. Let (M, =) be a partially ordered set and d be a b-metric on X such that (M,d) is
complete . Let T : M — M be a nondecreasing mapping with respect to <. Suppose that there exist
functions B € F and ¢ € U such that

(6:102) V(s°d(Tz, Ty)) < B(d(z,)))v(d(,y))
forall x,y € M with x > y. Suppose also that the following conditions hold:
(i) there exists xq € M such that xq < Tx;
(if) T is continuous or (M, <, d) is regular.
Then T has a fixed point. Moreover, if for all z,y € Fixz(T) either x < y or y < x, we have uniqueness
of the fixed point.

Remark 6.9. In fact, in all results above, one can take s = 1 to conclude the existing results in the
literature.

7. APPLICATION

As an application, we consider the following integral equation

1
7.109) o) =h(o) + [ EOTE (@), Ve 0.1)
0
Let Q denote the class of non-decreasing functions w : [0, 00) — [0, c0) verifying
(w@)" <t"w(t"), forallr>1 and Vi>D0.

We will analyze equation (7.103) under the following assumptions:
(a1) h:[0,1] — Ris a continuous function,
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(ag) T :[0,1] x R — Ris a continuous function, T'(¢,z) > 0 and there exists w € € such that
forall z,y € R,

T(t,x) =Tt y)| < w(lz—yl)

with w(t,) — QT 57— as n — oo implies that lim ¢, =0,
n—oo

(a3) k:[0,1] x [0,1] — R is continuous in ¢t € [0, 1] for every £ € [0,1] and is measurable in
¢ e [() 1] for all ¢ € [0, 1] such that k(¢,z) > 0 and

/O k)

Consider the space M = C([0, 1]) of continuous functions with the standard metric given by

p(z,y) = sup |z(t) —y(t)],Vr,y € C([0,1]).
te[0,1]

Now, for r > 1, we define

d(z,y) = (p(z,y))" = (sup |a(t) —y(®)])" = sup |x(t) —y(®)[", Yo,y € C([0,1]).
te[0,1] te[0,1]

Note that (M, d) is a complete b-metric space with s = 271,
Theorem 7.16. Under assumptions (a1)— (a3), the equation (7.103) has a unique solution in C([0, 1]).
Proof. We consider the operator T': M — M defined by

() (1) = h(t) + / KL ET(E, 2(€))de, te [0,1].

By virtue of our assumptions, 7" is well defined (this means that if € M then Tz € M). Also,
for x,y € M, we have

T()(8) — T@w)(®)| = |h(t) + / K1, €)T (&, 2(€))dE — h(t) / k(1 )T (€, 2(€)) de|
1
< / k(L OIT(E,2(€)) — T(E,y(€))|de
0
< / k(t, €) w(|2(€) — y(€)|)de.
0

Since the function w is non-decreasing, so

w(lz(§) —y(§)]) < W(til[z.)pl] 2(§) = y(&)]) = wlp(z,y))-

Therefore

Now, we have

< Sy elBw,y) Ew,y),
that is,
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where s = 2"~! and (t) = w(t). Notice that, if w € F, so 3 € F. By Corollary 6.9, equation
(7.103) has a unique solution in C'[0, 1] and the proof is completed. O
8. APPENDIX

Lemma 8.4. Let (X, p1) be a measure space such that p(X) = 1. Take f € L'(X, u) satisfying the
condition T'(z) > 0 for all z € M. Then, In(f) € L*(X, n) and

[ mtau < [ ap)
Proof. Put g(t) :=t — 1 —In(t) and h(t) := 1 — 1 — In(t) for t > 0. Then, ¢’(t) =1 — 1 and
W (t) = % — . Clearly, notice that
o) > g(1) =0 and h(t) <h(1) =0 ¥i>0.
We deduce

(8.104) t—1>In(t)>1—- V>0

o~ | =

Since T is measurable and In is continuous, then In(f) is measurable. Now, for all x € M let
¢t = L@ in (8.104). So, we have

f1T
RN T(a)
T(x) I/
Since both right hand and left hand of [In(T'(x)) — In(|| f ||1)] is integrable, so In(T'(x)) — In(]|
f |l1) is integrable. We also have

[t~ £ < [ (5~ vdu=o.

<In(T(z)) = In([[ £ 1) < L

Therefore,

[t du<n [ 1 d).
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