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Abstract

It is known that Laplace transform converges for functions of exponential order. In order to extend the
possibility of working in a large class of functions, we present a modified Laplace transform that we call
p-Laplace transform, study its properties and prove its own convolution theorem. Then, we apply it to solve
some ordinary differential equations in the frame of a certain type generalized fractional derivatives. This
modified transform acts as a powerful tool in handling the kernels of these generalized fractional operators.
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1. Introduction

The fractional calculus and its applications in various fields of science and engineering is considered now
an important subfield of mathematics capable to bring new insides the dynamics of non-local complex systems
[1, 2, B, 4, 5]. Fractional differential equations were subjected to an intense debate from both theoretical
and numerical viewpoints but still many open problems exists in this area ( see [2, 4, 5] and the references
therein). Since the fractional differential operators describe better the memory effect caused by the non-
locality of these operators [I], 2 [3, 4, [5], there has been an interest in generalizing these operators in order
to better understand the impact of the non-locality [6l [7, 8, @] 10, 1T, T2, [13].

One of the main difficulty is to find some appropriate transformations in order to find analytic solutions
to some classes of fractional differential equations. In order to construct explicit solutions to differential
equations with constant coefficients and in the frame of Riemann-Liouville, Caputo and Riez fractional
derivatives, integral transforms including Laplace, Mellin and Fourier were found to be strong tools [2, 14 [5].
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Recently, the author in [14] [I5] presented the so called generalized fractional integrals and derivatives. Such
integrals unify the Riemann-Liouville and the Hadamard fractional integrals, while the generalized fractional
derivatives unify the Riemann-Liouville and the Hadamard fractional derivatives.

From the classical fractional calculus, we recall the following|2) [, 5]

For a € C, Re(a) > 0 the left Riemann-Liouville fractional integral of order a starting from a has the
following form .

« — 1 a—1
(IO = g7 [ =0 ), (11)

while the right Riemann-Liouville fractional integral of order o > 0 ending at b > a is defined by

b
(12 F)(t) = F(la) / (u— 1) f (u)du. (1.2)

For o € C, Re(a) > 0, the left Riemann-Liouville fractional derivative of order « starting at a is given

below
d

(aDN)(E) = ()" (L"), n=[a]+1. (1.3)

Meanwhile, the right Riemann-Liouville fractional derivative of order o ending at b becomes

d

(D) = (=2)" ULy~ f)(@). (1.4)

The left Caputo fractional of order «, Re(a)) > 0 starting from a has the following form
(oD F)(B) = (I f)(0), n=l[a] +1, (1.5)
while the right Caputo fractional derivative ending at b becomes
(D)) = (I~ (=1)" F™)(8). (1.6)

Hadamard-type fractional integrals and derivatives were introduced in [16] as:
The left Hadamard fractional integral of order a € C, Re(«) > 0 starting from a has the following form

1 t
(T 00 = s [ It =m0 Fuya (1.7)
and the right Hadamard fractional integral of order « ending at b > a is defined by
I .
TN :/ Inu —Int)* " f(u)du. 1.8
(DW= 5007 | ¢ ) f(w) (19)
The left Hadamard fractional derivative of order o € C, Re(«) > 0 starting at a is given as
d n n—
(D)) = ()" (&I"0N)(), n=la] +1, (1.9)
whereas the right Hadamard fractional derivative of order o ending at b becomes
(6% d n n—o
(Dyf)(t) = (=t )" (1" )(®). (1.10)

In [17, 18, 19], the authors defined the left and right Caputo-Hadamard fractional derivatives of order
a € C, Re(a)) > 0 respectively as

S
—

CDf) (1) = D f ()~ 3O

=0

a
dt’

*f(a)
k!

(log=)H](t), &=t (1.11)

ol
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and in the space AC}[a,b] = {g:[a,b] = C: " [g(z)] € AC[a,b]} equivalently by

(§D 1)) = (WT" () A0, n=la] + 1. (112)

and

©0p)(t) = Dglr(w) — 30 LT 10 Py, (113)
k=0
and in the space AC[a,b] equivalently by
Dy f)(t) = (%"_a(—t%)"f)(t)- (1.14)

For a < b, c € R and 1 < p < 00, define the function space

X2 = {7l > R e = ([ \tﬂf(twpdt)l/p < o0},

t
For p = oo, || f||x» = ess supa<t<p[t| f(t)]]. The generalized left and right fractional integrals in the sense of
they are defined in [I4] have the forms

WP = e [ ()T s (1.15)
and 1 boup —tr du
BN = ey [ w5 (1.16)

respectively. It should mentioned that once p = 1 the integrals in ([1.15)) and (|1.16|) become the Riemann-

Liouville fractional integrals (1.1)) and (1.2). And in case one takes the limit as p — 0 (1.15)) and (|1.16])
become the Hadamard fractional integrals (1.7)) and ([1.8)), respectively.

The left and right generalized fractional derivatives of order a > 0 are defined by [15]

(aDa,pf) (t) _ ,yn(aln—a,pf)(t) _ F(n'Yi a) / (tp ;up )n_a—lf(u) uclhjp (117)
and X B (=) b P — tP\ n—a—1 du
D00 = )0 = gt [(5E)T (1.15)

respectively, where p > 0 and where v = tl_p%. It should noted that once p = 1 the derivatives in
and become the Riemann-Liouville fractional derivatives and . While, taking the limit of
and as p — 0 yields the Hadamard fractional derivatives and respectively.

In [20], the Caputo modification of the left and right generalized fractional derivatives were presented
respectively as

o oD T 1 bl — "t n du
(EDN0 =G0 = o [ (F5F) i (1.19)
and
a, n—a,p n _ 1 b uf —tP et n du
(D0 =G N0 = ot [ (USF) T e a)

Putting p = 1 in the derivatives in (1.19) and (|1.20]), one obtains become the Caputo fractional derivatives

(1.5) and ([1.6). Meanwhile when p approaches 0 in (|1.19) and ((1.20)) yields the Caputo-Hadamard fractional
derivatives (1.11]) and ([1.12)), respectively.
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To our best of our knowledge, there has been no trials to use integral transforms in order to find explicit
solutions to differential equations in the frame of generalized fractional derivatives. In this line of thought
we suggest the p-Laplace transform introduced in [2I] to solve the fractional partial differential equations.

Our manuscript is organized as follows: In section 2, we present the main theory of the p-Laplace trans-
form. In section 3, we give the p-Laplace transforms of the generalized fractional integrals and derivatives.
In section 4, we solve two linear (generalized) fractional differential equations with constant coefficients using
p-Laplace transforms. And the last section is devoted to the conclusion.

2. The p-Laplace transform

The p-Laplace transform was stated in [2I] in order to solve differential equations in the frame of con-
formable derivatives. In this section we set the details for the theory of its basic concepts.

Definition 2.1. (see Definition 5.1 in [21]) Let f : [0,00) — R be a real valued function. The p-Laplace

transform of f is defined by
X _gtP dt
LAION) = [ p >0, (2.1)

for all values of s, the integral is valid.
The following theorem is part of Example 5.3 in [21].

Theorem 2.2. Let f:[0,00) — R be a real valued function such that its p-Laplace transform exists. Then

LAFO}(s) = LL(pt)7 }(s), (2.2)

where L{f} is the usual Laplace transform of f.

P
Definition 2.3. A function f : [0,00) — R is said to be of p-exponential order e 7 if there exist non-negative
tP
constants M, ¢, T such that |f(t)| < Me“» fort >T.

Now, we present the conditions for the existence of the p-Laplace transform of a function.

Theorem 2.4. If f :[0,00) — R is a piecewise continuous function and is of p-exponential order, then its
p-Laplace transform exists for s > c.

The proof of Theorem 2.4] straight forward.
The linearity property is provided in the following theorem.

Theorem 2.5. If the p-Laplace transform of f : [0,00) — R ezists for s > ¢1 and the p-Laplace transform
of g : [0,00) = R exists for s > ca. Then, for any constants a and b, the p-Laplace transform of af + bg
exists and

Lo{af(t) +bg(t)}(s) = aly{f()}(s) + L{g(t)}(s), for s > mar{cy,co}. (2.3)
Some of the p-Laplace transforms of elementary functions were given in [21].

Lemma 2.6. 21/
1) £,{1}(s) = % 5> 0.

pI(1+5)
2) LA{tP}(s) = pﬂTﬂp,p eR s>0.
S P
3) L {7 )(s) = % s> A

Now we present the p-Laplace transforms of the derivatives.
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P
Theorem 2.7. Let the function f(t) be continuous and of exponential order e“» such that v f(t) is piecewise
continuous over every finite interval [0,T]. Then p-Laplace transform of v f(t) exists for s > ¢ and

Lo{vf()}(s) = sLo{f()}(5) = [(0). (2.4)

Proof. Let ty,ta,....,t, be the points in the interval [0, 7] where f is discontinuous. Then we have
T e dt T e
[ eronwit, = [ o
0 t=p 0

t P t2 P
_ / % P (1)t + / e ()t
0

t1

Now integrating by parts gives

T dt _st? o g t2 ot T
[ e ronwis, = T rof s T ) v 0
0 A 0 t1 tn
e dt 2 e dt
—S —S
+S[/o ‘ f(t)tlﬁ/t1 R
T _ e dt
+ +/tn e f(t)m}
Thus, we have
T e dt _ TP T _ e dt
| T anngt = g0 s [ o (2.
The result is then obtained by taking the limit as T — oo of both sides of equation ({2.5). O

The above theorem is the piecewise continuous version of Theorem 5.1 in [21]. In Theorem 5.1 there,
vf(t) was expressed by means of the conformable derivative as v f(t) = T,(f)(t) and more generally v" f(t) =
T,T,..T, f(t) = ™MT,f(t) (see eqn. (29) in [2I] about the sequential conformable derivative of order n).
———

n times

Hence, the result in Theorem can be generalized as follows.

. P
Corollary 2.8. Let f € C’,’Yl_l[(),oo) such that v* f,© = 0,1,2....n — 1 are of p-exponential order ec%. Let
Y f be a piecewise continuous function on the interval [0,T]. Then, the p-Laplace transform of y" f(t) exists
for s > c and

n—1
LA F)0)}s) = s"Lo{ f()}(5) = D" 1" )(0). (2.6)
k=0
Proof. The proof can be done by mathematical induction. O

In order to find the p-Laplace transforms of the generalized fractional integrals and derivatives, we need
to define the p-convolution integral.

Definition 2.9. Let f and g be two functions which are piecewise continuous at each interval [0,7] and of
exponential order. We define the p-convolution of f and g by

dr

Ti=p’

G = [ (=) )atr) 1)

The commutativity of the p-convolution of two functions is given in the following lemma.
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Lemma 2.10. Let f and g be two functions which are piecewise continuous at each interval [0,T] and of
exponential order. Then

f*09=9% [ (2.8)

Proof.
t 1
(Fro9)t) = /O (@ =77 )g(r) 55
_ /0 f(u)g (t’ — uﬂ)%) uliq—tp after substituting u” — £ — 77

= [ s —wrt)

= g*pf()

Below we present the p-Laplace transform of the p-convolution integral.

Theorem 2.11. Let f and g be two functions which are piecewise continuous at each interval [0,T] and of
P

b
. c—
exponential order e » . Then

LAf*,9} =L {fL{g9} s>c (2.9)
Proof.

ot d ©_uf du
cAnedsy = [T rngs [ e S

t +u dt du
= / / )g(u)tli_pfp Tp:tp+up

_stP dr du
o 8 _ p R . . .
= / / p f uf)e ) (U)Tl—p i changing the order of integration
_st” 1 du 1 dr
/0 ’ [/o f<(T “ )p)g(u)ul_l’] Ti=p

= L{f*p9}

3. The p-Laplace transforms of the generalized fractional integrals and derivatives

In the following theorem, we present the p-Laplace transform of the left generalized fractional integral
starting at 0.

Theorem 3.1. Let a > 0 and f be a piecewise continuous function on each interval [0,t] and of p-exponential
P

order e» . Then

LACoI®P)B)} = s L{f()}, s> c. (3.1)
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Proof.
&0 1 Etp — Pyl dr 1 dt
a,p _
cftorepwy = [T s [ () oS
00 t
_ st p o _mi pla—1) dr 7 dt
/0 ’ F(a)/o ((t T ),,) f(T)Tl_p}tl_p
11—« oo P
_F = (pla=1) At
I'(a /o © (t pf(t)) 1-p
pl—e 1
= F(Oé) P{tp o ) *P f(t)}
p'= a-
- P(Oé) P{tp( 1)}£P{f(t)}
1—a o F( pla— 1))
P pla=1)
=’ ’ W L{f(t)}
= s "L{f®)}
O

Now we can present the p-Laplace transform of the left generalized fractional derivative starting at 0.

Corollary 3.2. Let a > 0 and f € ACY[0,a] for any a > 0 and

P
‘ et
p-exponential order e v .

Then

n—1
LACD™ )OHs) = L AFO} = 35" (WL TFF)(0), 5> e
k=0

Proof.
Lo{( 0D f)(8)}(s)

= L{v"(oI"*"f)(t)} using equation (17)

n—1
= LT} =3 (+*

_ nLolfO)} Sn k— 1(

Sna

k oln_a”’f) (0) by Theorem

= SL{f0) - Z sk (o1 1) (0).
k=0

The result then comes out after using Theorem 2.5 in [20].

JJVETr f = 0,1, ...,

n —1 be of

(3.2)

OI"_“’pf> (0) by Corollary 2§

O

In the following corollary we present a formula for the p-Laplace transform of the left generalized Caputo
fractional derivative starting at 0.

Corollary 3.3. Let a > 0 and f € AC}[0,a] for any a >0 and Yfk=0,1,..

P

€“r . Then

n—1

LACED™ )O}s) =5 [L,AF0) = D (4) )], s> e

k=0

,n be of p-exponential order

(3.3)
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Proof.

LpA( ocDa’pf)(t)}(S) = Ly{(oI"“Py"f)(t)} using equation (19)
= s""L,{¥"f)(t)} by Theorem

= o [s"cp{ F(OMs) — nzl kL (yk f)(O)} by Corollary 2§
k=0
= L {f0) - Sk (+1)0)].
k=0

O

The Mittag-Leffler functions play an important role in the theory of the fractional calculus |2} [4] [5]. Since
we expect the solutions of the Cauchy problems in the frame generalized fractional derivatives, we have to
set the relation between these functions and p-Laplace transform. The Mittag-Leffler function is given by

[2, 4, [5]

k

Ea(z) =Y m 2 € C,Re(a) > 0. (3.4)

A more generalized Mittag-Leffler function is given by [2, [4, 5]

kzz;) I ka B :€ C,Re(a) > 0. (3.5)

It can be observed clearly from equations (3.4 and (3.5)) that

Eo1(z) = Eqo(2). (3.6)

In the lemma below we present the p-Laplace transforms of some Mittag-Leffler functions.

Lemma 3.4. Let Re(a) > 0 and | 2| < 1. Then
e{m () )} = s 7
and " " )
t{(5) Ee((G) )} =5 9
Proof.

[,p{Ea (A(ﬁ)a) } - i wcp{tkﬂa} from the definition

k=0
o0
A raL(ka + 1)
= 3 e by Lo 28
1/ ANk
= (&)
k=0
s 1
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This was the proof of (3.7)). The proof of (3.8) is as follows

Y N S S

I‘(ka + a)pka-l-oz—l

i )‘k ka—l—a—lr(ka + Oé)
kota—1 +k
= [(ka + a)pkata satha

4. Solution of some generalized fractional differential equations by p-Laplace transforms

In this section we are consider the following two linear differential equations in the frame of the generalized
fractional derivatives and the generalized Caputo fractional derivatives.

Theorem 4.1. The Cauchy problem

oD*Py(t) — Ay(t) = f(t), t>0, 0<a<l AeR,

(oI'*=Py)(0) =b, bER, (4.1)

has the solution

0 =0E) e (0(C)) + [ () ST 0

Proof. Applying the p-Laplace transform to both sides of the equation (4.1) and then using Corollary
with n = 1, one gets

Ly®} = b e LS}
= 02{(5) 7 e (0G) )+ () e (0(5) ) pertrn
= 50(,)" Ea(0G) )+ () Ea(3()) s}

Therefore,

vt) = o(5) " Eaa(A(5)) + (5) Eaa (M) s

S o)) [ )T ) Y0 5

O
Next, we consider a differential equation in the frame of generalized Caputo fractional derivatives.
Theorem 4.2. The Cauchy problem
§Dury(t) — Ay(t) = f(t), t>0, 0<a <1, AeR, (4.3)

y(0)=b, beR,

has the solution

0= ((0)) [ () (T oA
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Proof. Applying the p-Laplace transform to both sides of the equation (4.3) and then using Corollary
with n = 1, one obtains
sat 1

Loy} = b+ s L0}

e (3 () )+ (5) B (3(5) ) st
£ (:(5)") + (5) 7 B (3(5)") w0}

P
()« [ () () Y

5. Conclusions

1. The generalized fractional derivatives starting at a = 0 are the fractional versions of the conformable
derivative starting at 0 (see the open problem in item 6 of Section 6 in [21]). As the usual Laplace
transform (1-Laplace) is a tool to solve classical fractional Riemann-Liouville and Caputo derivatives,
we employed the p—Laplace transform (or the conformable Laplace transform) to solve dynamical sys-
tems in the frame of Riemann-Liouville and Caputo type fractional generalized operators introduced
by Katugampola in |14} [I5] and studied by Jarad etal in [20] and Almeida etal. in [22]. This confirms
that conformable derivatives are local derivatives of arbitrary order that can be used to produce more
general types of fractional derivatives with memory effect (see the open problem in [21]). Therefore, it
is always of interest to introduce new local derivatives of arbitrary order and use them by a fraction-
alization process (either by iterating the local derivatives or their correspondent integrals) to produce
new types of fractional derivatives of different kernels.

2. We studied the basic theory for the p—Laplace transform and proved its convolution theorem to find the
p—Laplace transform of the generalized fractional integrals and derivatives through the evaluation of
the p—Laplace for certain p—weighted Mittag-Leffler functions (see Lemma. Then, finally we used
it in Section 5 to solve nonhomogeneous linear fractional dynamic equations in the frame of generalized
fractional Riemann and Caputo type operators (see Theorem and Theorem . We have shown
that the solution representations are expressible by means of the p—weighted Mittag-Leffler functions.

3. The limiting case p — 1 converts into classical Riemann-Liouville and Caputo fractional operators and
their linear fractional dynamical systems.

4. The p—Laplace transform which we have used as an effective tool to solve dynamical systems depending
on generalized fractional operators, whose kernel is singular, open the door for the possibility of devel-
oping new integral transforms that fit the kernels of some recently introduced and studied fractional
operators with nonsingular kernels [6]-[13].
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