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Abstract

A general property of quantum coherence is its non-increasing behavior during any incoherent quantum operation, such as an incoherent
quantum channel in a noisy environment. We address that thermal coherence can mitigate these losses by offering relative improvements
for different quantum models considering the ferromagnetic and antiferromagnetic properties. It is possible to obtain the thermal
coherence of density operators obtained by the actions of the Hamiltonians, even for higher temperatures and certain values of the other
parameters compared to other models. By adjusting the parameters, it is maximized such that the state of the output is maximally
coherent. These make it possible to create maximal coherence in realizing any quantum information task in a noisy environment.
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1. INTRODUCTION

One of the essential characteristics of quantum systems is their ability to exist in linear superpositions of several physical states, in which
this quantum phenomenon is called quantum superposition. Quantum coherence, like quantum entanglement and other quantum
correlations, is a physical resource (Baumgratz, et.al. 2014; Sashki, et.al. 2014; Aberg, 2014; Rana, et.al. 2016; Streltsov, et.al. 2017)
that derives from superposition.

It is an intrinsic feature of an individual quantum system, describing the capacity of a quantum state to preserve its superposition and
entanglement despite interactions and thermalization effects. In contrast, quantum correlations generally refer to the interconnections
that exist between distinct quantum systems or different degrees of freedom. Quantum coherence is at the center of various quantum
properties, such as quantum information processing (Meyer and Wallach, 2002; Bagan, et.al. 2016; Jha, et.al. 2016; Kammerlander and
Anders, 2016), quantum optics (Sudarshan, 1963; Glauber, 1963; Mandel and Wolf, 1995), quantum metrology (Giovannetti, Lloyd and
Maccone, 2004, 2011; Demkowicz-Dobrzanski and Maccone, 2014), quantum biology (Plenio and Huelga, 2008; Lloyd, 2011; Li, et.al.
2012; Huelga and Plenio, 2013; Lambert, et.al. 2013), nanoscale and quantum thermodynamics (Narasimhachar and Gour, 2015;
Lostaglio, Jennings and Rudolph, 2015; Lostaglio et.al. 2015; Gour, et.al. 2015; Korzekwa, et.al. 2016), quantum algorithms
(Gershenfeld and Chuang, 1997; Chuang, et.al. 1998), quantum supremacy (Harrow and Montanaro, 2017), quantum game theory
(Meyer, 1999; Eisert, et.al. 1999; Anand and Benjamin, 2015), which in turn are some of the most important applications of quantum
physics, quantum information, and computational science. Recently, there has been a lot of effort to quantify coherence as a resource
theory (Baumgratz, et.al. 2014), inspired by the resource theory of entanglement (Plenio and Virmani, 2007; Horodecki, et.al. 2009).
Many properties of quantum coherence have been investigated using these coherence measures, including the relationship between
quantum coherence and quantum correlations (Streltsov, et.al. 2015; Ma, et.al. 2016; Radhakrishnan, et.al. 2016; Radhakrishnan, et.al.
2017; Yao, et.al. 2015; Xi, et.al. 2015; Duran 2020, 2022; Duran et.al. 2025, Tiirkmen et.al. 2025) the fact that quantum coherence is
affected by quantum noise (Bromley, et.al. 2015; Zhao, et.al. 2018; Wei, et.al. 2018), the phenomenon of coherence freezing (Yu, et.al.
2016), and quantum uncertainty relations of relative entropies of coherence (Zhang and Li, 2018).
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Coherence is highly delicate and unavoidably influenced by environmental interactions, as real physical systems cannot be completely
isolated from their surroundings. Consequently, generating, maintaining, and controlling quantum coherence in quantum systems is
generally a challenging task (Rana et al., 2016; Streltsov et al., 2017). Hence, establishing, sustaining, and protecting quantum coherence
plays a vital and noteworthy role in quantum computation and quantum information processing. For these purposes, it is important to
analyze and implement the dynamics of quantum coherence for any physical model in a noisy environment.

In the present paper, we investigate different types of Hamiltonians to analyze the dynamics of thermal coherence for two-qubit systems.
A comprehensive analysis with these Hamiltonians for thermal coherence will be given using the [;-norm of coherence. We first begin
with the Dzyaloshinskii-Moriya (DM) interaction as a simple and practical model to investigate thermal coherence. The foundations of
quantum information and quantum physics are enormously influenced by the effects of spin-orbit coupling on non-classical correlations
and coherence. Zhang showed that the DM interaction (Dzyaloshinskii, 1958; Moriya, 1960a, 1960b), resulting from the spin-orbit
coupling, can excite the thermal entanglement of the Heisenberg model in both the ferromagnetic and antiferromagnetic cases.
Furthermore, the ferromagnetic model is also more effective in realizing quantum teleportation than the antiferromagnetic model,
provided there is a DM interaction (Zhang, 2007).

Secondly, the Heisenberg model is a simple operational spin chain model that is used to simulate many physical systems such as nuclear
spins (Kane, 1998), quantum dots (Loss and DiVincenzo, 1998; Burkard, et.al. 1999; Trauzettel, et.al. 2007), superconductors (Senthil,
et.al. 1999, Nishiyama, et.al. 2007), and optical lattices (Sorensen and Molmer, 1999). Since spin is two-level, the Heisenberg model is
ideal for the generation of qubit states. Consequently, this concept has gained attention lately due to the development of solid-state
quantum computing. The DM interaction terms are incorporated in this model due to spin-orbit couplings in Radhakrishnan, et. al.
(2016).

Thirdly, the Kaplan—Shekhtman—Entin-Wohlman—Aharony (KSEA) interaction constrains the local minimum of quantum correlations
(Yurischev, 2020). It represents a symmetric type of exchange interaction, which tends to remain stable over time when compared to
the antisymmetric Dzyaloshinskii—-Moriya (DM) interaction (Yildirim et al., 1995). Kaplan (1983) and Shekhtman et al. (1992, 1993)
emphasized the importance of the symmetric KSEA interaction, noting that it can restore the O(3) symmetry of the isotropic Heisenberg
model—something the DM interaction cannot achieve. Therefore, in this study, we incorporate both the KSEA and DM interactions to
investigate the behavior of thermal coherence in a two-qubit system under an external magnetic field. The system is assumed to be in
thermal equilibrium with a heat bath.

This study is organized as follows. In Sec. 2, the main traits of the quantum coherence that will be used in due course is summarized.
The dynamics of thermal coherence for DM interaction and the Heisenberg spin chain models with some special cases are carried out
in Sec. 3. Thermal coherence for the Heisenberg XXX chain with x-components of DM and KSEA interactions is mentioned in Sec. 4.
We end up with some concluding remarks.

2. QUANTUM COHERENCE

Let H be a d —dimensional Hilbert space and consider a fixed basis of vectors {|i)} &£, in . A quantum state p is defined incoherent

if it can be expressed in the following form
p= oili)il. )
i
where g; are probabilities. For a given basis {|i)} &, the collection of such states is represented by 7 = {p = ¥; p; |i){i|}.

In recent years, coherence has been regarded as a quantum resource, and a formal framework for its quantification has been established
(Baumgratz et al., 2014). In their work, Baumgratz and colleagues proposed a set of criteria that any valid coherence measure C should
satisfy:

(1) Non-negativity: C(p) = 0 and C(p) = 0 if and only if p is an incoherent.

(2a) Monotonicity: Coherence should not increase under completely positive and trace-preserving (CPTP) incoherent operations, i.e.,
C(®(p)) < C(p), for any such operation P.
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(2b) Strong monotonicity: Y; q; C(p;) < C(p), where p; = (KipK;r)/qi are post-measurement states and gq; = Tr(KipKiT), with K;

being incoherent Kraus operators.

(3) Convexity: Coherence should not increase under mixing, meaning that

Zpi Clp) =C (Z Di Pi)- (2)

Next, we describe two commonly used measures of quantum coherence.

The first one is the relative entropy of coherence, which serves as a measure of quantum correlations in a bipartite state represented by
the density matrix p,g (or simply p). It is defined as (Baumgratz, et.al. 2014)

C-(p) = S(pdiag) - S(p), A3)

where S(p) = —Trp log p denotes the von Neumann entropy of p and pg;q4 is the diagonal part of p in the chosen basis. If 4; are the
eigenvalues of p then it can be expressed as S(p) = —Y}; 4;logA;. Since it depends on the chosen basis, this quantity is not basis-
independent. The relative entropy of coherence plays a significant role due to its analogy to the relative entropy of entanglement. It also
quantifies the optimal rate at which maximally coherent states can be distilled via incoherent operations in the asymptotic limit of many
copies of p (Winter and Yang, 2016). Interestingly, experimental determination of C,.(p) can be achieved without full quantum state
tomography (Yu et al., 2016).

The second measure, which is the focus of this work, is the [;-norm of coherence defined as (Baumgratz et al., 2014)

C,(p) = Z|Pij|: C)

i#j

where p;; are the off-diagonal elements of p. Like C,., this quantity depends on the basis choice. However, unlike the relative entropy of
coherence, the [;-norm of coherence currently lacks a known counterpart in the resource theory of entanglement (Streltsov et al., 2015).
Analogous to the relative entropy of coherence, the [;-norm of coherence has an operational interpretation. Suppose Alice holds a state
p# with the ;-norm of coherence C; . (p4). Bob holds another part of the purified state of p. With the help of Bob performing local
measurements and informing Alice of his measurement outcomes using classical communication, Alice’s quantum state will be in one
pure state ensemble {py, [y )} with the [;-norm of coherence ¥ px Cy, (|Yk)). The l-norm of coherence of Alice’s state is then increased

from C;, (p?) to X v C, . (Ihy)) since the l;-norm of coherence is a convex function.

The l;-norm of coherence is usually easy to evaluate and algebraically manipulate for a given quantum state. The [, -norm of coherence
represents the maximum amount of entanglement that can be generated through incoherent operations acting on a system together with
an incoherent ancilla. Moreover, any continuous weak coherence monotone that symmetrically depends on the nonzero off-diagonal
elements of a quantum state must be a non-decreasing function of this norm (Zhu et al., 2018). The [;-norm of coherence is also an
important link between different coherence measures and entanglement. For example, the [, -norm of coherence is equal to the robustness
of coherence for qubit states and acts as an upper bound for the robustness of coherence in a high dimensional system (Napoli et.al.
2016). Additionally, the logarithmic [;-norm of coherence serves as an upper bound for the relative entropy of coherence. For any d-
dimensional mixed state, it has been demonstrated that C;, (p) = C,(p)/log, d and it has been conjectured that C;, (p) = C,-(p) holds
for all quantum states (Rana et al., 2016).

3. DZYALOSHINSKII-MORIYA (DM) INTERACTION

In this section, we shall study the evolution of a thermal state p; formed by different Hamiltonians such as Heisenberg models with DM
interaction and then concentrate on the determination of the quantum coherence.

The general Hamiltonian for N-spin Heisenberg model with DM interaction is
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N-1

HN = Z I:]xo-f®o-;c+l +]y0-?}®0{+1 +]ZGLZ®O-LZ+1 +D- (O'i®0'i+1)], (5)

=

where the last term is called the DM interaction arising from spin-orbit couplings. The second-order term known as the I' tensor is
induced by the spin-orbit coupling in addition to the DM interaction (Shekhtman etal. 1992
Gangadharaiah et.al. 2008; Milivojevic, 2018). This term is neglected in this paper. As a result, only the first-order adjustment of the
spin-orbit interaction is valid for this paper. The real parameters J,, (k = x,y, z) denote the symmetric exchange spin-spin interactions,
D is the antisymmetric DM exchange interaction or vector coupling and aix'y’z are Pauli spin operators on the site i. The system’s
ferromagnetic and antiferromagnetic properties are represented by the negative and positive J, respectively. If [, = J,, # J,, this system
is called Heisenberg XXZ model with DM interaction.

3.1 Two-qubit Hesienberg XXX Model

We first consider two-qubit Heisenberg XXX model Hy-, = Hpy that corresponds to J, = J,, = J, = J. In this model, the eigenvalues
(spectrum) and the corresponding normalized eigenvectors of the Hamiltonian Hp, from Eq. (5) are obtained as

,11=é, @) =[00), A; =1\/1+02—é, | ¥3) = |+), (6a)
Az:é, |¥,) = |11), /14=—]\/1+D2—]§, |#s) = [=), (6b)

where |t) = (|01) + e'iellO))/\/i and 8 = tan™! D. Taking the Boltzmann constant k; = 1 and f = 1/kT, the density matrix of

the Heisenberg model in the thermal equilibrium as a function of temperature T can be found by

1

4

1

pr = Ee_ﬁHDM = EZ A PN, (7)
i=

where Z = Tr(e'ﬁ Hpm ) is the partition function and 4;’s are the eigenvalues of Hp,,. The non-zero elements of p; are calculated in the
two-qubit standard basis {1 = [00),2 = |01),3 = [10),4 = |11)}

1 1 Bé . 1 . B
P11 = Pag = Ee Airz, P22 = P33 = iem/2 cosh (7); P23 = P32 = 7 ePl/2 cosh (19 +7), ®)

and the partition function Z is found to be
H 2 pé
Z = Tr(e Fton) = 2¢7F// [1 + e_ﬁ]cosh( > )], 9

with § = 2Jv1 4 D?2. The Asterix * denotes the complex conjugation in a computational basis.

From Eq.(4), we can now calculate the [;-norm of coherence for the thermal state p; of the system

C,(pr) = %\/ie‘ﬁ(ﬁf)/z |\/cos(26) - cosh(35)|. (10)

92



Duran / Bozok J Sci Vol 3 No 2 Page 89-104 (2025)

Ci.(pr) Ci,(pr)
4 : |
1.0 1.0
08 0.8
0.6 06
0.4 0.4
0.2 0.2

Figure 1. The behavior of the coherence given by Eq. (10) versus temperature T and coupling parameter D for (a) the ferromagnetic / < 0 and (b)
antiferromagnetic cases > 0 . For both plots, thermal coherence increases with the increasing values of the coupling parameter D and for the
antiferromagnetic case compared to the ferromagnetic case, the region of maximum thermal coherence has a wider range. Additionally, both plots are
symmetric with respect to the T = 0 line, that is thermal coherence also increases for decreasing values of D.

In Fig. 1, we plot the behavior of the quantum coherence of the thermal density matrix p; versus the parameter D and temperature T
for the ferromagnetic / = —1 and the antiferromagnetic / = 1 cases. It is obviously said that in Fig. 1(a) depicted for the ferromagnetic
case, the coherence monotonically increases for the increasing values of D at low temperatures. In other words, some relative
enhancements of coherence take place in the parameter domain D < 3.1T. Furthermore, it attains the maximum values in this domain.
For the value of D = 0 that corresponds to 8 = 0, the coherence reaches its minimum value at the value of temperature T <5. In Fig.
1(b) corresponds to the antiferromagnetic case, the region where the coherence takes place the maximum values is larger than that of
Fig. 1(a). In the antiferromagnetic case, higher coherence values are obtained at lower temperatures compared to ferromagnetic ones.
Both plots broadly have similar behaviors and are symmetric concerning to the line D = 0.

3.2 Two-qubit anisotropic Heisenberg XYZ chain with DM interaction

We here focus on the dynamics of thermal coherence of the two-qubit thermal density matrices pr corresponds to the two different
assumptions of the components of the antisymmetric DM exchange interaction D, namely, the cases D, = D, = 0and D, =D, = 0.
The case of D, = D, = 0 is not presented in this paper because all calculations are very similar to the case of D, = D, = 0. In the first
case, the Hamiltonian given by Eq. (5) reduces to

Hy = J,0{®0% + J,07 ®0; + ],0{®0% + D - (6,Q03). (11)

We first consider the case D, = D,, = 0 and calculate thermal coherence for the corresponding thermal density matrix pr. In this case,
the eigenvalues and corresponding normalized eigenvectors for the Hamiltonian H; are written as follows

1 1
M=, =], +], |P)= \/—E(IOO) +111), A =—J +],+], |P)= \/—E(IOO) —-111))  (12a)

1 . 1 .
A3=-],+% |P3) = \/—Z(Iﬂl) +e?[10)),  Aa=-),=%  [Pu) = ﬁ(lOl) —e?|10))  (12b)

2D,
§= J4D§ + (e +1y)", ¢ =tan™" (— s ) (13)
x Ty
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Then, the thermal density matrix pr in this case becomes

1 a 0
— — ,—BH; — 0 Cc
b 0

S 0o Q o
Q SO T

where the nonzero matrix elements of the density matrix p; in two-qubit computational basis

1 1
a=gePreoshlB(e=)y)l b ==ge P sinh[B(; ~1y)] (15)
1 1 (Jx +Jy +2iD,) _
c = —ePJz cosh(BE), d=—-—— ePJz sinh(BE), (15b)
Zl Zl f
with the partition function
Zy = 2e Flzcosh[B(], — J,)] + 2eP’z cosh(B). (16)
The [;-norm of coherence for the thermal density matrix given by Eq. (14) from Eq. (4) as
1
G, Cpr) = m\/ie‘m(ﬁ/z){ezm(ﬁfz)|sinh(ﬁf)| + | sinh[B(J, — J,)]|}- 17)

The behavior of the coherence given by Eq. (17) is plotted in Fig. 2 versus the temperature T and D, for antiferromagnetic J; > 0 and
ferromagnetic cases J;, < 0. In Fig. 2(a), the coherence attains its maximum values at the small values of temperature T, especially T <
1,6 regardless of the values of D, or for all values of D,. Additionally, the behavior of coherence has mirror symmetry concerning the
D, = 0 line. For the ferromagnetic case, for small values of temperature T the coherence attains its maximum values parallel to Fig.
2(a). Furthermore, for both plots coherence never tends to zero for all values of parameters. While the coherence is maximum for very
small values of temperature T in the ferromagnetic case, the coherence can be maximized even at higher temperatures in the
antiferromagnetic case than in the ferromagnetic case. Therefore, it is noted that it is more likely to increase coherence in the
antiferromagnetic conditions in achieving the applications of the quantum information and computation processes.

Figure 2. The plots of thermal quantum coherence given by Eq. (17) for the case D, = D,, = 0 (a) antiferromagnetic and (b) ferromagnetic cases that
respectively correspond to parameter values J, = +1, ], = +3/2 and J, = +2.
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Secondly, for the case D,, = D, = 0 the eigenvalues and corresponding eigenvectors of the Hamiltonian H, in two-qubit computational

basis can be found as follows,

M=],+0.~1,)  M)=—=(l01)+|10)),

1
7
1
=1,-0,-1,) )= \/—E(IOO) —[11)),
1
A3 =], +m, 1Y3) = \/—E[Sin ¢1 (100) + [11)) — cos ¢, (]01) — [10))],
1
Ay =], =, IYQ==;§[QD¢2G00>+|11»-—COS¢zﬂ01)—I10»L

where 1] = \/41)5 + (]x +]Z)2 and

o () e )

The fact cos(¢, — ¢,) = 0 guarantees the orthonormal condition of |Y;), i.e., (YL|YJ) = ;.

Then, the thermal density matrix p; in this case is obtained as

u —q q S
1 g v p -
1 e, [ P —q
pr=z¢"7"=la » v aqf
s —q q u

where the matrix elements of the density matrix py in two-qubit computational basis
L pas 2 B4 cin2 "y
u=ﬁ(e 3 sin“¢p; + e P*sin“g, + e 2),
2

s —e P sin¢p, + e Plasin?¢p, + e FR2),

= E
1
v= ﬁ(e_ﬁ’11 cos?gy + e PR cos? ¢, + e M),
2

1

= (e PM cos?¢p, — e P43 cos?ep, — e TFM),
27,

p

1
q= 27, (e7#%ssin ¢, cosp, + e P sin ¢, cos ¢2)'

with the partition function Z,

Z, = 2e Plycosh[B(, — J,)] + 2eP/¥ cosh(Bn).
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Figure 3. The plots of thermal quantum coherence in the case D, = D, = 0 for (a) antiferromagnetic and (b) ferromagnetic cases that respectively
correspond to [, = +1, J, = +3/2 and ], = +2.

For this case, the coherence is more complicated and not reported here. The behavior of thermal quantum coherence in the case D, =
D, =0 is depicted versus temperature T and D,, in Fig. 3 for different values of the parameters J,. In both antiferromagnetic and
ferromagnetic cases, the thermal coherence has similar behavior. Differently from the previous case, the thermal coherence tends to zero
for the very small values of temperature T independent of the parameter D,,. Similar to the previous case, it has mirror symmetry
concerning the D), = 0 line. On the other hand, the maximum value of coherence is greater here than in the previous case and it takes
place C;, (pr) = 2 for relatively small values of temperature T and positive increasing values and negative decreasing values of D,,. It

is noted that whether the case is ferromagnetic or antiferromagnetic does not make much difference in terms of coherence, it is important
for the achievement of quantum informational and computational processes since the coherence takes a larger value compared to the
previous case.

Finally, we consider the behavior of thermal coherence for the multiple DM components and the certain symmetric exchange spin-spin
interactions in this section. We choose D, = 0 and J, = J, = ] for simplicity. In this case, the eigenvalues and corresponding

eigenvectors of the Hamiltonian Hyy are found to be

1

M=2]-], Q) = \/_2001) +110)), (23a)

A, = Q) = ! Dry 00 Dy 11 23b

2=/, | 2>_\/_§ DXTDyl )+ D_;yl ) (23b)
1

A3=—]+4, 1Qs) = N—3[—ZD;y|00> +2D,,111) —i(J +J, - ¢)(101) — |10))], (23¢)

N
S
Il
|
~
|
N

1
1Qs) = N, [-2D3,100) + 2D,,111) —i(J +J, + ¢)(101) — [10))], (23d)

2 . .
where Dy, = Dy +iD,,, { = 4(D,% + DJ%) + (] + ]Z) and the normalization constants are

N5=40(—-(+])l, Ni=4¢— U+l (24)
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Then, the thermal density matrix p; in this case becomes

U Uz —Uz Uy
1 _ uz Uy Us Uz
pr = Z—Be BHxy = _u:*g Us u, —uz | (25)
u, ui —Uu3 Uy
where the matrix elements are explicitly written as
1 eB]z
up = ﬁ(e_ﬁjz + 7 [ cosh(B) — (U +J,) sinh(ﬁ()]), (26a)
3
1 eB]z
u; = ﬁ(e_ﬁm_h) + 7 [{cosh(B)) + (J +J,) sinh(ﬁ{)]), (26b)
3
1 iDy
Uy = ————22 0Bl sinh(B0), (26¢)
273
1Dy ( 5 e .
Uy = = e Pz ———[{ cosh(B{) — (J +J,) sinh(B))] ¢, (26d)
273 Dyy ¢
1 eﬁ]z
Us = ﬁ{e_ﬁm_b) e [ cosh(B)) + (J +J2) sinh(ﬁ{)]}, (26¢e)
3
with the partition function
Zs = 2e B cosh[B( —J,)] — 2eP! cosh(B)). (27)

Thermal coherence for this case can be calculated as from Eq. (4)

1
C,(pr) = m [Be_m(ﬁl)|sinh(ﬁ()D| + |{e—ﬁlz + a)_eB]zl + |(e—ﬁ(—1+lz) — a)+eB]z|], (28)

where D = /D,% + D} and wy = [(J +J,) sinh(8¢) + { cosh(BY)].

The behavior of the thermal coherence for this case is plotted in Fig. (4) versus temperature T and D for the ferromagnetic case that
corresponds to the values of parameters | = —3 and J, = —1. Since the coherence diverges for the antiferromagnetic case, its graph is
not given here. As can be seen from the plot, the thermal coherence is similar to the previous one and has similar behaviors. The most
striking feature here is that for increasing values of D, quantum coherence can be maximized even at high temperatures, and this shows
that these models studied are useful for obtaining a quantum resource for the achievement of quantum computation applications and
tasks.

For the last two cases studied, corresponding respectively to the conditions D, = D, = 0 and D, = 0, J, =], = J, thermal states pr
have full-rank where their ranks equal the largest possible value for a matrix of the same dimension, which is the lesser of the number
of rows and columns. In other words, all matrix elements of thermal states are nonzero. Thermal coherence reaches the values of 2,
namely €, ( pr) = 2 for certain values of the parameters, and both ferromagnetic and antiferromagnetic analysis in the former case
while it takes place the value of 1 in the latter case. In particular, for the latter case, thermal coherence divergences for all choices of the
parameters in the antiferromagnetic analysis. It can be said that thermal coherence is a useful and effective resource in the ferromagnetic
regime for achieving quantum information and computational tasks.
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Figure 3. The plot of thermal quantum coherence given by Eq. (28) with respect to temperature T and D = ’Df + D; for the parameters /] = —3 and
J.=-1

4. HEISENBERG XXX CHAIN WITH X-COMPONENTS OF DM AND KSEA INTERACTIONS
In this section, we take into consideration the N spins of a one-half isotropic Heisenberg XXX chain with an x-component of DM and

KSEA interactions for the behavior of thermal coherence. The Hamiltonian can be expressed as

N-1
Hy = ) [J(07 @0ty + 07 @0, + 07 ®0fy) + Dl + e, ] (29)
i=1

where Ay = 0 ®0f,, + 6/ Q®a;},, and I, denotes the x-component of the KSEA interaction. In two-qubit computational basis, for N =
2 the eigenvalues and corresponding eigenvectors of the Hamiltonian H, can be written as

A =]+, 10,) =%[(|00> +111)) — i(101) + |10))], (30a)
Ay =]+2r, 10,) = %[(|00) +111)) + i(101) + |10))], (30b)
A=—]+u 105) = —%[Sm 6, (100) — |11)) + i cos 6; (|01) — [10)],  (30c)
=—-n |03) = —%[sin 6, (100) — [11)) — i cos 6, (101) — [10))],  (30d)

where u = 24/DZ + J* and

_1( 2D, _1( 2D,
6, = tan (#_2]), 6, = tan <#+2]). (31D

It is straightforward to get the density matrix for the system after we have determined the spectrum of the system. So, when the system
is in thermal equilibrium, the density matrix p; can be utilized to represent the system’s state at a given temperature T as follows

98



Duran / Bozok J Sci Vol 3 No 2 Page 89-104 (2025)

1 a im in c
_Z -BH, _[—im b d —in
pr=ze 7 —-in d b —-im]/ (32)
c in im a

where the matrix elements are explicitly written as

a= %(e_ml + e Br2 4 207F% sin2@, + 2P sin292), (33a)
b= %(e‘ﬁll + e P2 + 2e7P% cos?0, + 2P cos?0,), (33b)
c= %(e‘ﬁll + e Pl + e P 5in26,—e P24 5in20,), (330)
d= %(e‘ﬁll + e 7Pl — 2¢7F% 5in20,—2¢ P sin%0,), (33d)
m = % —e Pl t e7P 4 e7Fs 5in?(20,)—2e P sin?(20,)), (33e)
n= % —e Pt 4 e7Ph — e=Phs 5in2(20)+2e P 5in?(26,)), (331)

with the partition function Z
Z = ePJ cosh(Bu) + 2e=P/ cosh(2pT,). (34)

For this model, thermal coherence is obtained in compact form as

1
¢, Cpr) =m2(|0| +1dl + 2|m| + 2|n)). (35)

The behavior of thermal coherence given by Eq. (35) for the KSEA interaction is plotted in Fig. (5) versus temperature T, x-components
of DM and KSEA interactions, that is D, and I, for the antiferromagnetic and ferromagnetic cases. From Fig. 5(a), thermal coherence
increases with the increasing values of the x-component of DM D, and the small values of temperature T for some certain values of the
coupling constants for the spin interaction / = 2 and the x-component of the KSEA interaction I, = 2 in the antiferromagnetic case. It
vanishes for the values of the x-component of DM D, = 0 at low temperatures. In Fig. 5(b), thermal coherence reaches its maximum
value at low temperatures especially ground state T = 0 for the values of the x-component of the KSEA interaction I, = 0 at the fixed
D, = 2 and the same values of J. It is noted that thermal coherence never tends to zero even for different values of parameters. However,
it has a lower maximum value contrary to the previous one.

For the ferromagnetic case, from Fig. 5(c) thermal coherence attains its maximum values at low temperatures, especially ground state
T = 0 like (b) for the values of the other parameters ] = —2 and [, = 2. Differently from (b), for the increasing values of D,
approximately D > 2.7 thermal coherence increases but never reaches its maximum value. On the other hand, in Fig. 5(d) thermal
coherence increases with the increasing values of the parameter I, at low temperatures for the fixed /] = —2 and D,, = 2. Moreover, at
low temperatures, it has some values but similar to the previous one never reaches its maximum for I, = 0 in which the Hamiltonian
reduces the DM interaction. In this region, namely 0 < T, < 1, coherence decreases with the increasing values of temperature T
independent of the other parameters.
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Figure 5. Plots of thermal coherence under the KSEA interaction for the antiferromagnetic and ferromagnetic cases versus the parameters D, and [.
For the antiferromagnetic case, the thermal coherence symmetrically increases with increasing values of D, > 0 and decreasing values of D,, < 0 for
low temperatures and the fixed /] = 2 and I, = 2 in (a). In (b), the thermal coherence attains its maximum value for low temperatures and small values
of T, especially I, = 0, for/ = 2 and D, = 2. For the ferromagnetic case, the situation is reversed with respect to I, and D, in (c) and (d). Additionally,
since the thermal state is maximally coherent thermal coherence takes place the maximum value it can reach.

Parallel to the previous case, for all plots, since thermal states have full rank, it is observed that C;, ( pr) = 3, because thermal state is
maximally coherent. It is concluded that thermal coherence may be kept at high values with the appropriate choice of parameters in
achieving the applications of the quantum information and computation tasks for both ferromagnetic and antiferromagnetic cases,
especially ferromagnetic ones.

5. CONCLUSION

In this paper, we have studied the behavior of thermal coherence for the thermal state constructed by different quantum models such as
DM interaction, Heisenberg chains and KSEA interaction. Thermal coherence is inclusively and comparatively computed for all models
except the last one, overwhelming the thermalization effects both in the ferromagnetic and in antiferromagnetic regions. In the
antiferromagnetic case, the region where the maximum values of thermal coherence are obtained is wider than in the ferromagnetic case
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for the two-qubit Heisenberg XXX chain, in general for other models as well. Thermal coherence also increases with the increasing
values of the antisymmetric DM exchange interaction parameter D.

On the other hand, to a more or lesser degree, the temperature T, the x-components of the DM, and the KSEA interactions may all
influence how complex the states are. The results also suggest that the ferromagnetic chain or the high-temperature domains can yield
the separability of the states. For large values of the x-components of the DM and KSEA interactions, or in the antiferromagnetic phase,
the entanglement of the states can be produced. Furthermore, it is well known that quantum coherence monotonically decreases under
the action of an incoherent quantum channel or any local operation. However, we have observed relative enhancements of coherence
for some different Hamiltonians adjusting the parameters. Especially, it can be concluded that thermal state for the antiferromagnetic
case is maximally coherent since thermal coherence is equal to 3. In conclusion, we should note that further improvements in thermal
coherence are possible with the choice of parameters. It would be interesting to see the thermodynamical properties of the quantum
system such as work, quantum thermometry, internal energy and entropy possible for these models and would also make an important
contribution to the field of quantum thermodynamics.
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