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Abstract 
A general property of quantum coherence is its non-increasing behavior during any incoherent quantum operation, such as an incoherent 
quantum channel in a noisy environment. We address that thermal coherence can mitigate these losses by offering relative improvements 
for different quantum models considering the ferromagnetic and antiferromagnetic properties. It is possible to obtain the thermal 
coherence of density operators obtained by the actions of the Hamiltonians, even for higher temperatures and certain values of the other 
parameters compared to other models. By adjusting the parameters, it is maximized such that the state of the output is maximally 
coherent. These make it possible to create maximal coherence in realizing any quantum information task in a noisy environment. 
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1. INTRODUCTION  

One of the essential characteristics of quantum systems is their ability to exist in linear superpositions of several physical states, in which 
this quantum phenomenon is called quantum superposition. Quantum coherence, like quantum entanglement and other quantum 
correlations, is a physical resource (Baumgratz, et.al. 2014; Sashki, et.al. 2014; Aberg, 2014; Rana, et.al. 2016; Streltsov, et.al. 2017) 
that derives from superposition.  

It is an intrinsic feature of an individual quantum system, describing the capacity of a quantum state to preserve its superposition and 
entanglement despite interactions and thermalization effects. In contrast, quantum correlations generally refer to the interconnections 
that exist between distinct quantum systems or different degrees of freedom. Quantum coherence is at the center of various quantum 
properties, such as quantum information processing (Meyer and Wallach, 2002; Bagan, et.al. 2016; Jha, et.al. 2016; Kammerlander and 
Anders, 2016), quantum optics (Sudarshan, 1963; Glauber, 1963; Mandel and Wolf, 1995), quantum metrology (Giovannetti, Lloyd and 
Maccone, 2004, 2011; Demkowicz-Dobrzański and Maccone, 2014), quantum biology (Plenio and Huelga, 2008; Lloyd, 2011; Li, et.al. 
2012; Huelga and Plenio, 2013; Lambert, et.al. 2013), nanoscale and quantum thermodynamics (Narasimhachar and Gour, 2015; 
Lostaglio, Jennings and Rudolph, 2015; Lostaglio et.al. 2015; Gour, et.al. 2015; Korzekwa, et.al. 2016), quantum algorithms 
(Gershenfeld and Chuang, 1997; Chuang, et.al. 1998), quantum supremacy (Harrow and Montanaro, 2017), quantum game theory 
(Meyer, 1999; Eisert, et.al. 1999; Anand and Benjamin, 2015), which in turn are some of the most important applications of quantum 
physics, quantum information, and computational science. Recently, there has been a lot of effort to quantify coherence as a resource 
theory (Baumgratz, et.al. 2014), inspired by the resource theory of entanglement (Plenio and Virmani, 2007; Horodecki, et.al. 2009). 
Many properties of quantum coherence have been investigated using these coherence measures, including the relationship between 
quantum coherence and quantum correlations (Streltsov, et.al. 2015; Ma, et.al. 2016; Radhakrishnan, et.al. 2016; Radhakrishnan, et.al. 
2017; Yao, et.al. 2015; Xi, et.al. 2015; Duran 2020, 2022; Duran et.al. 2025, Türkmen et.al. 2025) the fact that quantum coherence is 
affected by quantum noise (Bromley, et.al. 2015; Zhao, et.al. 2018; Wei, et.al. 2018), the phenomenon of coherence freezing (Yu, et.al. 
2016), and quantum uncertainty relations of relative entropies of coherence (Zhang and Li, 2018). 
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Coherence is highly delicate and unavoidably influenced by environmental interactions, as real physical systems cannot be completely 
isolated from their surroundings. Consequently, generating, maintaining, and controlling quantum coherence in quantum systems is 
generally a challenging task (Rana et al., 2016; Streltsov et al., 2017). Hence, establishing, sustaining, and protecting quantum coherence 
plays a vital and noteworthy role in quantum computation and quantum information processing. For these purposes, it is important to 
analyze and implement the dynamics of quantum coherence for any physical model in a noisy environment. 

In the present paper, we investigate different types of Hamiltonians to analyze the dynamics of thermal coherence for two-qubit systems. 
A comprehensive analysis with these Hamiltonians for thermal coherence will be given using the 𝑙ଵ-norm of coherence. We first begin 
with the Dzyaloshinskii-Moriya (DM) interaction as a simple and practical model to investigate thermal coherence. The foundations of 
quantum information and quantum physics are enormously influenced by the effects of spin-orbit coupling on non-classical correlations 
and coherence. Zhang showed that the DM interaction (Dzyaloshinskii, 1958; Moriya, 1960a, 1960b), resulting from the spin-orbit 
coupling, can excite the thermal entanglement of the Heisenberg model in both the ferromagnetic and antiferromagnetic cases. 
Furthermore, the ferromagnetic model is also more effective in realizing quantum teleportation than the antiferromagnetic model, 
provided there is a DM interaction (Zhang, 2007).  

Secondly, the Heisenberg model is a simple operational spin chain model that is used to simulate many physical systems such as nuclear 
spins (Kane, 1998), quantum dots (Loss and DiVincenzo, 1998; Burkard, et.al. 1999; Trauzettel, et.al. 2007), superconductors (Senthil, 
et.al. 1999, Nishiyama, et.al. 2007), and optical lattices (Sorensen and Molmer, 1999). Since spin is two-level, the Heisenberg model is 
ideal for the generation of qubit states. Consequently, this concept has gained attention lately due to the development of solid-state 
quantum computing. The DM interaction terms are incorporated in this model due to spin-orbit couplings in Radhakrishnan, et. al. 
(2016). 

Thirdly, the Kaplan–Shekhtman–Entin-Wohlman–Aharony (KSEA) interaction constrains the local minimum of quantum correlations 
(Yurischev, 2020). It represents a symmetric type of exchange interaction, which tends to remain stable over time when compared to 
the antisymmetric Dzyaloshinskii–Moriya (DM) interaction (Yildirim et al., 1995). Kaplan (1983) and Shekhtman et al. (1992, 1993) 
emphasized the importance of the symmetric KSEA interaction, noting that it can restore the O(3) symmetry of the isotropic Heisenberg 
model—something the DM interaction cannot achieve. Therefore, in this study, we incorporate both the KSEA and DM interactions to 
investigate the behavior of thermal coherence in a two-qubit system under an external magnetic field. The system is assumed to be in 
thermal equilibrium with a heat bath. 

This study is organized as follows. In Sec. 2, the main traits of the quantum coherence that will be used in due course is summarized. 
The dynamics of thermal coherence for DM interaction and the Heisenberg spin chain models with some special cases are carried out 
in Sec. 3. Thermal coherence for the Heisenberg XXX chain with 𝑥-components of DM and KSEA interactions is mentioned in Sec. 4. 
We end up with some concluding remarks. 

2. QUANTUM COHERENCE 

Let ℋ be a 𝑑 −dimensional Hilbert space and consider a fixed basis of vectors {|𝑖⟩} ௜ୀଵ
ௗ  in ℋ. A quantum state 𝜌 is defined incoherent 

if it can be expressed in the following form 

                                                                                  𝜌 = ෍ 𝜚௜

௜

|𝑖⟩⟨𝑖|.                                                                                         (1) 

where 𝜚௜  are probabilities. For a given basis {|𝑖⟩} ௜ୀଵ
ௗ , the collection of such states is represented by ℐ = {𝜌 = ∑ 𝑝௜௜ |𝑖⟩⟨𝑖|}. 

In recent years, coherence has been regarded as a quantum resource, and a formal framework for its quantification has been established 
(Baumgratz et al., 2014). In their work, Baumgratz and colleagues proposed a set of criteria that any valid coherence measure 𝐶 should 
satisfy: 

(1) Non-negativity: 𝐶(𝜌) ≥ 0 and 𝐶(𝜌) = 0 if and only if 𝜌 is an incoherent. 

(2a) Monotonicity: Coherence should not increase under completely positive and trace-preserving (CPTP) incoherent operations, i.e.,  

𝐶(Φ(𝜌)) ≤ 𝐶(𝜌), for any such operation Φ. 
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(2b) Strong monotonicity: ∑ 𝑞௜௜ 𝐶(𝜌௜) ≤ 𝐶(𝜌), where 𝜌௜ = (𝐾௜𝜌𝐾௜
ற)/𝑞௜  are post-measurement states and 𝑞௜ = 𝑇𝑟൫𝐾௜𝜌𝐾௜

ற൯, with 𝐾௜ 

being incoherent Kraus operators. 

(3) Convexity: Coherence should not increase under mixing, meaning that 

                                                                              ෍ 𝑝௜

௜

𝐶(𝜌௜) ≤ 𝐶 ൭෍ 𝑝௜

௜

𝜌௜൱.                                                                                    (2) 

Next, we describe two commonly used measures of quantum coherence.  

The first one is the relative entropy of coherence, which serves as a measure of quantum correlations in a bipartite state represented by 

the density matrix 𝜌஺஻ (or simply 𝜌). It is defined as (Baumgratz, et.al. 2014) 

                                                                                  𝐶௥(𝜌) = 𝑆൫𝜌ௗ௜௔௚൯ − 𝑆(𝜌),                                                                                     (3) 

where 𝑆(𝜌) = −𝑇𝑟𝜌 log 𝜌 denotes the von Neumann entropy of 𝜌 and 𝜌ௗ௜௔௚ is the diagonal part of 𝜌 in the chosen basis. If 𝜆௜  are the 

eigenvalues of 𝜌 then it can be expressed as 𝑆(𝜌) = − ∑ 𝜆௜௜ log 𝜆௜. Since it depends on the chosen basis, this quantity is not basis-
independent. The relative entropy of coherence plays a significant role due to its analogy to the relative entropy of entanglement. It also 
quantifies the optimal rate at which maximally coherent states can be distilled via incoherent operations in the asymptotic limit of many 
copies of 𝜌 (Winter and Yang, 2016). Interestingly, experimental determination of 𝐶௥(𝜌) can be achieved without full quantum state 
tomography (Yu et al., 2016). 

The second measure, which is the focus of this work, is the 𝑙ଵ-norm of coherence defined as (Baumgratz et al., 2014) 

                                                                                         𝐶௟భ
(𝜌) = ෍ห𝜌௜௝ห

௜ஷ௝

,                                                                                             (4) 

where 𝜌௜௝  are the off-diagonal elements of 𝜌. Like 𝐶௥, this quantity depends on the basis choice. However, unlike the relative entropy of 

coherence, the 𝑙ଵ-norm of coherence currently lacks a known counterpart in the resource theory of entanglement (Streltsov et al., 2015). 
Analogous to the relative entropy of coherence, the 𝑙ଵ-norm of coherence has an operational interpretation. Suppose Alice holds a state 
𝜌஺ with the 𝑙ଵ-norm of coherence 𝐶௟భ

(𝜌஺). Bob holds another part of the purified state of 𝜌஺. With the help of Bob performing local 

measurements and informing Alice of his measurement outcomes using classical communication, Alice’s quantum state will be in one 
pure state ensemble {𝑝௞ , |𝜓௞⟩} with the 𝑙ଵ-norm of coherence ∑ 𝑝௞𝐶௟భ

(|𝜓௞⟩)௞ . The 𝑙ଵ-norm of coherence of Alice’s state is then increased 

from 𝐶௟భ
(𝜌஺) to ∑ 𝑝௞𝐶௟భ

(|𝜓௞⟩)௞  since the 𝑙ଵ-norm of coherence is a convex function. 

The 𝑙ଵ-norm of coherence is usually easy to evaluate and algebraically manipulate for a given quantum state. The 𝑙ଵ-norm of coherence 
represents the maximum amount of entanglement that can be generated through incoherent operations acting on a system together with 
an incoherent ancilla. Moreover, any continuous weak coherence monotone that symmetrically depends on the nonzero off-diagonal 
elements of a quantum state must be a non-decreasing function of this norm (Zhu et al., 2018). The 𝑙ଵ-norm of coherence is also an 
important link between different coherence measures and entanglement. For example, the 𝑙ଵ-norm of coherence is equal to the robustness 
of coherence for qubit states and acts as an upper bound for the robustness of coherence in a high dimensional system (Napoli et.al. 
2016). Additionally, the logarithmic 𝑙ଵ-norm of coherence serves as an upper bound for the relative entropy of coherence. For any 𝑑-
dimensional mixed state, it has been demonstrated that 𝐶௟భ

(𝜌) ≥ 𝐶௥(𝜌)/ logଶ 𝑑 and it has been conjectured that 𝐶௟భ
(𝜌) ≥ 𝐶௥(𝜌) holds 

for all quantum states (Rana et al., 2016). 

3. DZYALOSHINSKII-MORIYA (DM) INTERACTION 

In this section, we shall study the evolution of a thermal state 𝜌் formed by different Hamiltonians such as Heisenberg models with DM 
interaction and then concentrate on the determination of the quantum coherence. 

The general Hamiltonian for 𝑁-spin Heisenberg model with DM interaction is 
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                                     𝐻𝑁 = ෍ ቂ𝐽
𝑥
𝜎𝑖

𝑥⨂𝜎𝑖+1
𝑥 + 𝐽

𝑦
𝜎𝑖

𝑦
⨂𝜎𝑖+1

𝑦
+ 𝐽

𝑧
𝜎𝑖

𝑧⨂𝜎𝑖+1
𝑧 + 𝑫 ⋅ (𝜎𝑖⨂𝜎𝑖+1)ቃ

𝑁−1

𝑖=1

,                                         (5) 

where the last term is called the DM interaction arising from spin-orbit couplings. The second-order term known as the Γ tensor is 
induced by the spin-orbit coupling in addition to the DM interaction (Shekhtman et.al. 1992; 
Gangadharaiah et.al. 2008; Milivojevic, 2018). This term is neglected in this paper. As a result, only the first-order adjustment of the 
spin-orbit interaction is valid for this paper. The real parameters 𝐽௞  (𝑘 = 𝑥, 𝑦, 𝑧) denote the symmetric exchange spin-spin interactions, 

𝐷 is the antisymmetric DM exchange interaction or vector coupling and 𝜎௜
௫,௬,௭

 are Pauli spin operators on the site 𝑖. The system’s 

ferromagnetic and antiferromagnetic properties are represented by the negative and positive 𝐽௞, respectively. If 𝐽௫ = 𝐽௬ ≠  𝐽௭, this system 

is called Heisenberg XXZ model with DM interaction. 

3.1 Two-qubit Hesienberg XXX Model 

We first consider two-qubit Heisenberg XXX model 𝐻ேୀଶ ≡ 𝐻஽ெ that corresponds to 𝐽௫ = 𝐽௬ =  𝐽௭ = 𝐽. In this model, the eigenvalues 

(spectrum) and the corresponding normalized eigenvectors of the Hamiltonian 𝐻஽ெ  from Eq. (5) are obtained as 

                               𝜆ଵ =
𝐽

2
, |𝛹ଵ⟩ = |00⟩,         𝜆ଷ = 𝐽ඥ1 + 𝐷ଶ −

𝐽

2
,          | 𝛹ଷ⟩ = |+⟩,                                     (6𝑎) 

                              𝜆ଶ =
𝐽

2
, |𝛹ଶ⟩ =  |11⟩, 𝜆ସ = −𝐽ඥ1 + 𝐷ଶ −

𝐽

2
, |𝛹ସ⟩ = |−⟩,                                   (6𝑏) 

where |±⟩ = ൫|01⟩ ± 𝑒ି௜ఏ|10⟩൯ √2⁄  and 𝜃 = tanିଵ 𝐷. Taking the Boltzmann constant 𝑘஻ = 1 and 𝛽 = 1 𝑘஻𝑇⁄ , the density matrix of 

the Heisenberg model in the thermal equilibrium as a function of temperature 𝑇 can be found by 

                                                                𝜌
𝑇

=
1

𝑍
𝑒−𝛽𝐻𝐷𝑀 =

1

𝑍
෍ 𝜆𝑖

4

𝑖=1

|𝛹𝑖⟩⟨𝛹𝑖|,                                                                        (7) 

where 𝑍 = 𝑇𝑟൫𝑒ିఉுವಾ൯ is the partition function and 𝜆௜’s are the eigenvalues of 𝐻஽ெ . The non-zero elements of 𝜌் are calculated in the 

two-qubit standard basis {1 ≡ |00⟩, 2 ≡ |01⟩, 3 ≡ |10⟩, 4 ≡ |11⟩} 

            𝜌ଵଵ = 𝜌ସସ =
1

𝑍
𝑒ିఉ௃ ଶ⁄ , 𝜌ଶଶ = 𝜌ଷଷ =

1

𝑍
𝑒ఉ௃ ଶ⁄ cosh ൬

𝛽𝛿

2
൰ , 𝜌ଶଷ = 𝜌ଷଶ

∗ = −
1

𝑍
 𝑒ఉ௃ ଶ⁄ cosh ൬𝑖𝜃 +

𝛽𝛿

2
൰,        (8) 

and the partition function 𝑍 is found to be 

                                                    𝑍 = 𝑇𝑟(𝑒−𝛽𝐻𝐷𝑀) = 2𝑒−𝛽𝐽 2⁄ ൤1 + 𝑒−𝛽𝐽cosh ൬
𝛽𝛿

2
൰൨,                                                           (9) 

with 𝛿 = 2𝐽√1 + 𝐷ଶ. The Asterix ∗ denotes the complex conjugation in a computational basis. 

From Eq.(4), we can now calculate the 𝑙ଵ-norm of coherence for the thermal state  𝜌் of the system 

                                                          𝐶௟భ
( 𝜌்) =

1

|𝑍|
√2𝑒ℜ(ఉ௃) ଶ⁄ ቚඥcos(2𝜃) − cosh(𝛽𝛿)ቚ.                                                            (10) 
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Figure 1.  The behavior of the coherence given by Eq. (10) versus temperature 𝑇 and coupling parameter 𝐷 for (a) the ferromagnetic 𝐽 < 0 and (b) 
antiferromagnetic cases > 0 . For both plots, thermal coherence increases with the increasing values of the coupling parameter 𝐷 and for the 
antiferromagnetic case compared to the ferromagnetic case, the region of maximum thermal coherence has a wider range. Additionally, both plots are 
symmetric with respect to the 𝑇 = 0 line, that is thermal coherence also increases for decreasing values of 𝐷. 

In Fig. 1, we plot the behavior of the quantum coherence of the thermal density matrix  𝜌்  versus the parameter 𝐷 and temperature 𝑇 
for the ferromagnetic 𝐽 = −1 and the antiferromagnetic 𝐽 = 1 cases. It is obviously said that in Fig. 1(a) depicted for the ferromagnetic 
case, the coherence monotonically increases for the increasing values of 𝐷 at low temperatures. In other words, some relative 
enhancements of coherence take place in the parameter domain 𝐷 < 3.1𝑇. Furthermore, it attains the maximum values in this domain. 
For the value of 𝐷 = 0 that corresponds to 𝜃 = 0, the coherence reaches its minimum value at the value of temperature 𝑇 <5. In Fig. 
1(b) corresponds to the antiferromagnetic case, the region where the coherence takes place the maximum values is larger than that of 
Fig. 1(a). In the antiferromagnetic case, higher coherence values are obtained at lower temperatures compared to ferromagnetic ones. 
Both plots broadly have similar behaviors and are symmetric concerning to the line 𝐷 = 0. 

3.2 Two-qubit anisotropic Heisenberg XYZ chain with DM interaction 

We here focus on the dynamics of thermal coherence of the two-qubit thermal density matrices 𝜌் corresponds to the two different 
assumptions of the components of the antisymmetric DM exchange interaction 𝐷, namely, the cases 𝐷௫ = 𝐷௬ = 0 and 𝐷௫ = 𝐷௭ = 0 . 

The case of 𝐷௬ = 𝐷௭ = 0 is not presented in this paper because all calculations are very similar to the case of 𝐷௫ = 𝐷௭ = 0. In the first 

case, the Hamiltonian given by Eq. (5) reduces to 

                                                     𝐻ଵ = 𝐽௫𝜎ଵ
௫⨂𝜎ଶ

௫ + 𝐽௬𝜎ଵ
௬

⨂𝜎ଶ
௬

+ 𝐽௭𝜎ଵ
௭⨂𝜎ଶ

௭ + 𝑫 ⋅ (𝜎ଵ⨂𝜎ଶ).                                                       (11) 

We first consider the case 𝐷௫ = 𝐷௬ = 0 and calculate thermal coherence for the corresponding thermal density matrix 𝜌். In this case, 

the eigenvalues and corresponding normalized eigenvectors for the Hamiltonian 𝐻ଵ are written as follows 

   𝜆ଵ = 𝐽
𝑥

− 𝐽
𝑦

+ 𝐽
𝑧
, |Φଵ⟩ =

1

√2
(|00⟩ + |11⟩),     𝜆ଶ = −𝐽

𝑥
+ 𝐽

𝑦
+ 𝐽

𝑧
, |Φଶ⟩ =

1

√2
(|00⟩ − |11⟩)       (12𝑎) 

   𝜆ଷ = −𝐽
𝑧

+ 𝜉,           |Φଷ⟩ =
1

√2
(|01⟩ + 𝑒𝑖𝜑|10⟩), 𝜆ସ = −𝐽

𝑧
− 𝜉, |Φସ⟩ =

1

√2
(|01⟩ − 𝑒𝑖𝜑|10⟩)      (12𝑏) 

with  

                                                      𝜉 = ට4𝐷𝑧
2 + ൫𝐽௫ + 𝐽௬൯

2
,                𝜑 = tan−1 ቆ−

2𝐷௭

𝐽௫ + 𝐽௬
ቇ.                                                      (13) 
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Then, the thermal density matrix 𝜌் in this case becomes 

                                                                    𝜌் =
1

𝑍ଵ
𝑒ିఉுభ = ቌ

𝑎 0
0  𝑐

0 𝑏
𝑑 0

0 𝑑∗

𝑏 0
𝑐 0
0 𝑎

ቍ,                                                                              (14) 

where the nonzero matrix elements of the density matrix 𝜌்  in two-qubit computational basis 

                                    𝑎 =
1

𝑍ଵ
𝑒ିఉ௃೥ coshൣ𝛽൫𝐽௫ − 𝐽௬൯൧, 𝑏 = −

1

𝑍ଵ
𝑒ିఉ௃೥ sinhൣ𝛽൫𝐽௫ − 𝐽௬൯൧,                                              (15𝑎) 

                                    𝑐 =
1

𝑍ଵ
𝑒ఉ௃೥ cosh(𝛽𝜉),                         𝑑 = −

1

𝑍ଵ

൫𝐽௫ + 𝐽௬ + 2𝑖𝐷௭൯

𝜉
𝑒ఉ௃೥ sinh(𝛽𝜉),                               (15𝑏) 

with the partition function  

                                                       𝑍ଵ = 2𝑒ିఉ௃೥coshൣ𝛽൫𝐽௫ − 𝐽௬൯൧  + 2𝑒ఉ௃೥ cosh(𝛽𝜉).                                                                  (16) 

The 𝑙ଵ-norm of coherence for the thermal density matrix given by Eq. (14) from Eq. (4) as 

                                    𝐶௟భ
( 𝜌்) =

1

|𝑍ଵ|
√2𝑒ିℜ(ఉ௃೥)൛𝑒ଶℜ(ఉ௃೥)|sinh(𝛽𝜉)| + ห sinhൣ𝛽൫𝐽௫ − 𝐽௬൯൧หൟ.                                               (17) 

The behavior of the coherence given by Eq. (17) is plotted in Fig. 2 versus the temperature 𝑇 and 𝐷௭  for antiferromagnetic 𝐽௞ > 0 and 
ferromagnetic cases 𝐽௞ < 0 . In Fig. 2(a), the coherence attains its maximum values at the small values of temperature 𝑇, especially 𝑇 <

1,6 regardless of the values of 𝐷௭ or for all values of 𝐷௭. Additionally, the behavior of coherence has mirror symmetry concerning the 
𝐷௭ = 0 line. For the ferromagnetic case, for small values of temperature 𝑇 the coherence attains its maximum values parallel to Fig. 
2(a). Furthermore, for both plots coherence never tends to zero for all values of parameters. While the coherence is maximum for very 
small values of temperature 𝑇 in the ferromagnetic case, the coherence can be maximized even at higher temperatures in the 
antiferromagnetic case than in the ferromagnetic case. Therefore, it is noted that it is more likely to increase coherence in the 
antiferromagnetic conditions in achieving the applications of the quantum information and computation processes. 

 

Figure 2.  The plots of thermal quantum coherence given by Eq. (17) for the case 𝐷௫ = 𝐷௬ = 0 (a) antiferromagnetic and (b) ferromagnetic cases that 

respectively correspond to parameter values 𝐽௫ = ±1, 𝐽௬ = ±3/2 and  𝐽௭ = ±2. 



D u r a n  /  B o z o k  J  S c i  V o l  3  N o  2  P a g e  8 9 - 1 0 4  ( 2 0 2 5 )  

95 

Secondly, for the case 𝐷௫ = 𝐷௭ = 0 the eigenvalues and corresponding eigenvectors of the Hamiltonian 𝐻ଶ in two-qubit computational 
basis can be found as follows, 

                        𝜆ଵ = 𝐽
𝑦

+ ൫𝐽
𝑥

− 𝐽
𝑧
൯, |Υଵ⟩ =

1

√2
(|01⟩ + |10⟩),                                                                              (18𝑎) 

                        𝜆ଶ = 𝐽
𝑦

− ൫𝐽
𝑥

− 𝐽
𝑧
൯,         |Υଶ⟩ =

1

√2
(|00⟩ − |11⟩),                                                                              (18𝑏) 

                        𝜆ଷ = −𝐽
𝑦

+ 𝜂,                   |Υଷ⟩ =
1

√2
[sin 𝜙1 (|00⟩ + |11⟩) − cos 𝜙1 (|01⟩ − |10⟩)],                   (18𝑐) 

                        𝜆ସ = −𝐽
𝑦

− 𝜂,                   |Υଷ⟩ =
1

√2
[sin 𝜙2 (|00⟩ + |11⟩) − cos 𝜙2 (|01⟩ − |10⟩)],                  (18𝑑) 

where 𝜂 = ට4𝐷௬
ଶ + ൫𝐽

𝑥
+ 𝐽

𝑧
൯

ଶ
 and  

                                              𝜙ଵ = tanିଵ ൬−
2𝐷௬

𝜂 − (𝐽௫ + 𝐽௭)
൰ , 𝜙ଶ = tanିଵ ൬

2𝐷௬

𝜂 − (𝐽௫ + 𝐽௭)
൰.                                                (19) 

The fact cos(𝜙ଵ − 𝜙ଶ) = 0 guarantees the orthonormal condition of |Υ௜⟩, i.e., ൻΥ௜หΥ௝ൿ = 𝛿௜௝. 

Then, the thermal density matrix 𝜌் in this case is obtained as 

                                                                𝜌் =
1

𝑍ଶ
𝑒ିఉுమ = ቌ

𝑢 −𝑞
−𝑞  𝑣

𝑞   𝑠
𝑝 −𝑞

𝑞     𝑝
𝑠  −𝑞

𝑣   𝑞
𝑞   𝑢

ቍ,                                                                      (20) 

where the matrix elements of the density matrix 𝜌் in two-qubit computational basis 

𝑢 =
1

2𝑍ଶ
൫𝑒ିఉ𝜆3  sinଶ𝜙ଵ + 𝑒ିఉ𝜆4 sinଶ𝜙ଶ + 𝑒ିఉ𝜆2 ൯, 

                                                        𝑠 =
1

2𝑍ଶ
൫−𝑒ିఉ𝜆3  sinଶ𝜙ଵ + 𝑒ିఉ𝜆4 sinଶ𝜙ଶ + 𝑒ିఉ𝜆2 ൯,                                                          (21𝑎) 

                                                        𝑣 =
1

2𝑍ଶ
൫𝑒ିఉ𝜆1  cosଶ𝜙ଵ + 𝑒ିఉ𝜆3 cosଶ𝜙ଶ + 𝑒ିఉ𝜆4 ൯,                                                            (21𝑏) 

                                                        𝑝 =
1

2𝑍ଶ
൫𝑒ିఉ𝜆1  cosଶ𝜙ଵ − 𝑒ିఉ𝜆3 cosଶ𝜙ଶ − 𝑒ିఉ𝜆4 ൯,                                                            (21𝑐) 

                                                        𝑞 =
1

2𝑍ଶ
൫𝑒ିఉ𝜆3 sin 𝜙

ଵ
 cos 𝜙

ଵ
+ 𝑒ିఉ𝜆4 sin 𝜙

ଶ
cos 𝜙

ଶ
൯,                                                  (21𝑑) 

with the partition function 𝑍ଶ 

                                                       𝑍ଶ = 2𝑒ିఉ௃೤cosh[𝛽(𝐽௫ − 𝐽௭)]  + 2𝑒ఉ௃೤  cosh(𝛽𝜂).                                                                  (22) 
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Figure 3. The plots of thermal quantum coherence in the case 𝐷௫ = 𝐷௭ = 0 for (a) antiferromagnetic and (b) ferromagnetic cases that respectively 
correspond to 𝐽௫ = ±1, 𝐽௬ = ±3/2 and  𝐽௭ = ±2. 

For this case, the coherence is more complicated and not reported here. The behavior of thermal quantum coherence in the case 𝐷௫ =

𝐷௭ = 0  is depicted versus temperature 𝑇 and 𝐷௬  in Fig. 3 for different values of the parameters 𝐽௞. In both antiferromagnetic and 

ferromagnetic cases, the thermal coherence has similar behavior. Differently from the previous case, the thermal coherence tends to zero 
for the very small values of temperature  𝑇 independent of the parameter 𝐷௬ . Similar to the previous case, it has mirror symmetry 

concerning the 𝐷௬ = 0 line. On the other hand, the maximum value of coherence is greater here than in the previous case and it takes 

place 𝐶௟భ
( 𝜌்) = 2 for relatively small values of temperature 𝑇 and positive increasing values and negative decreasing values of 𝐷௬ . It 

is noted that whether the case is ferromagnetic or antiferromagnetic does not make much difference in terms of coherence, it is important 
for the achievement of quantum informational and computational processes since the coherence takes a larger value compared to the 
previous case. 

Finally, we consider the behavior of thermal coherence for the multiple DM components and the certain symmetric exchange spin-spin 
interactions in this section. We choose 𝐷௭ = 0 and 𝐽௫ = 𝐽௬ =  𝐽 for simplicity. In this case, the eigenvalues and corresponding 

eigenvectors of the Hamiltonian 𝐻௑௒ are found to be 

                𝜆ଵ = 2𝐽 − 𝐽
𝑧
,                     |Ωଵ⟩ =

1

√2
(|01⟩ + |10⟩),                                                                                      (23𝑎) 

                 𝜆ଶ = 𝐽
𝑧
,                             |Ωଶ⟩ =

1

√2
ቌඨ

𝐷𝑥𝑦
∗

𝐷𝑥 + 𝐷𝑦

|00⟩ + ඨ
𝐷𝑥𝑦

𝐷𝑥𝑦
∗ |11⟩ቍ                                                      (23𝑏) 

                 𝜆ଷ = −𝐽 + 𝜁,                   |Ωଷ⟩ =
1

𝑁3

ൣ−2𝐷𝑥𝑦
∗ |00⟩ + 2𝐷𝑥𝑦|11⟩ − 𝑖൫𝐽 + 𝐽

𝑧
− 𝜁൯(|01⟩ − |10⟩)൧,            (23𝑐) 

                 𝜆ସ = −𝐽 − 𝜁,                   |Ωଷ⟩ =
1

𝑁4

ൣ−2𝐷𝑥𝑦
∗ |00⟩ + 2𝐷𝑥𝑦|11⟩ − 𝑖൫𝐽 + 𝐽

𝑧
+ 𝜁൯(|01⟩ − |10⟩)൧,           (23𝑑) 

where 𝐷௫௬ = 𝐷௫ + 𝑖𝐷௬, 𝜁 = ට4൫𝐷௫
ଶ + 𝐷௬

ଶ൯ + ൫𝐽 + 𝐽
𝑧
൯

ଶ
 and the normalization constants are 

                                                         𝑁3
2 = 4𝜁[𝜁 − (𝐽 + 𝐽௭)], 𝑁4

2 = 4𝜁[𝜁 − (𝐽 + 𝐽௭)].                                                            (24) 
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Then, the thermal density matrix  𝜌்  in this case becomes 

                                                            𝜌் =
1

𝑍ଷ
𝑒ିఉு೉ೊ = ൮

𝑢ଵ 𝑢ଷ

𝑢ଷ
∗   𝑢ଶ

−𝑢ଷ    𝑢ସ

𝑢ହ    𝑢ଷ

−𝑢ଷ
∗ 𝑢ହ 

𝑢ସ
∗  𝑢ଷ

∗  

𝑢ଶ −𝑢ଷ

−𝑢ଷ
∗      𝑢ଵ

൲,                                                             (25) 

where the matrix elements are explicitly written as 

                                                𝑢ଵ =
1

2𝑍ଷ
ቆ𝑒ିఉ௃೥  +

𝑒ఉ௃೥

𝜁
[𝜁 cosh(𝛽𝜁) − (𝐽 + 𝐽௭) sinh(𝛽𝜁)]ቇ,                                                (26𝑎) 

                                                𝑢ଶ =
1

2𝑍ଷ
ቆ𝑒ିఉ(ଶ௃ି௃೥)  +

𝑒ఉ௃೥

𝜁
[𝜁 cosh(𝛽𝜁) + (𝐽 + 𝐽௭) sinh(𝛽𝜁)]ቇ,                                       (26𝑏) 

                                                𝑢ଷ = −
1

2𝑍ଷ

i𝐷௫௬
∗

𝜁
𝑒ఉ௃ sinh(𝛽𝜁),                                                                                                        (26𝑐) 

                                                𝑢ସ = −
1

2𝑍ଷ

i𝐷௫௬
∗

𝐷௫௬
ቊ𝑒ିఉ௃೥ −

𝑒ఉ௃೥

𝜁
[𝜁 cosh(𝛽𝜁) − (𝐽 + 𝐽௭) sinh(𝛽𝜁)]ቋ,                                    (26𝑑) 

                                                𝑢ହ =
1

2𝑍ଷ
ቊ𝑒ିఉ(ଶ௃ି௃೥) −

𝑒ఉ௃೥

𝜁
[𝜁 cosh(𝛽𝜁) + (𝐽 + 𝐽௭) sinh(𝛽𝜁)]ቋ,                                         (26𝑒) 

with the partition function  

                                                               𝑍ଷ = 2𝑒ିఉ௃ cosh[𝛽(𝐽 − 𝐽௭)] − 2𝑒ఉ௃ cosh(𝛽𝜁).                                                               (27) 

Thermal coherence for this case can be calculated as from Eq. (4) 

                         𝐶௟భ
( 𝜌்) =

1

|𝜁𝑍ଷ|
ൣ8𝑒ିℜ(ఉ௃)|sinh(𝛽𝜁)𝐷| + ห𝜁𝑒ିఉ௃೥ + 𝜔ି𝑒ఉ௃೥ห + ห𝜁𝑒ିఉ(ି௃ା௃೥) − 𝜔ା𝑒ఉ௃೥ห൧,                      (28) 

where 𝐷 = ට𝐷𝑥
2 + 𝐷𝑦

2  and 𝜔± = [(𝐽 + 𝐽௭) sinh(𝛽𝜁) ± 𝜁 cosh(𝛽𝜁)]. 

The behavior of the thermal coherence for this case is plotted in Fig. (4) versus temperature  𝑇  and 𝐷 for the ferromagnetic case that 
corresponds to the values of parameters 𝐽 = −3 and 𝐽௭ = −1. Since the coherence diverges for the antiferromagnetic case, its graph is 
not given here. As can be seen from the plot, the thermal coherence is similar to the previous one and has similar behaviors. The most 
striking feature here is that for increasing values of 𝐷, quantum coherence can be maximized even at high temperatures, and this shows 
that these models studied are useful for obtaining a quantum resource for the achievement of quantum computation applications and 
tasks. 

For the last two cases studied, corresponding respectively to the conditions 𝐷௫ = 𝐷௭ = 0 and 𝐷௭ = 0, 𝐽௫ = 𝐽௬ =  𝐽, thermal states 𝜌் 

have full-rank where their ranks equal the largest possible value for a matrix of the same dimension, which is the lesser of the number 
of rows and columns. In other words, all matrix elements of thermal states are nonzero. Thermal coherence reaches the values of 2, 
namely 𝐶௟భ

( 𝜌்) = 2 for certain values of the parameters, and both ferromagnetic and antiferromagnetic analysis in the former case 

while it takes place the value of 1 in the latter case. In particular, for the latter case, thermal coherence divergences for all choices of the 
parameters in the antiferromagnetic analysis. It can be said that thermal coherence is a useful and effective resource in the ferromagnetic 
regime for achieving quantum information and computational tasks. 
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Figure 3. The plot of thermal quantum coherence given by Eq. (28) with respect to temperature 𝑇  and 𝐷 = ට𝐷௫
ଶ + 𝐷௬

ଶ  for the parameters 𝐽 = −3 and 

𝐽௭ = −1. 

4. HEISENBERG XXX CHAIN WITH X-COMPONENTS OF DM AND KSEA INTERACTIONS 

In this section, we take into consideration the 𝑁 spins of a one-half isotropic Heisenberg XXX chain with an 𝑥-component of DM and 
KSEA interactions for the behavior of thermal coherence. The Hamiltonian can be expressed as 

                                            𝐻ே = ෍ൣ𝐽൫𝜎௜
௫⨂𝜎௜ାଵ

௫ + 𝜎௜
௬

⨂𝜎௜ାଵ
௬

+ 𝜎௜
௭⨂𝜎௜ାଵ

௭ ൯ + 𝐷௫Λି + Γ௫Λା൧

ேିଵ

௜ୀଵ

                                               (29) 

where Λ± = 𝜎௜
௬

⨂𝜎௜ାଵ
௭ ± 𝜎௜

௭⨂𝜎௜ାଵ
௬  and Γ௫ denotes the 𝑥-component of the KSEA interaction. In two-qubit computational basis, for 𝑁 =

2 the eigenvalues and corresponding eigenvectors of the Hamiltonian 𝐻ଶ can be written as 

                             𝜆ଵ = 𝐽 + 2Γ𝑥,                     |Θଵ⟩ =
1

2
[(|00⟩ + |11⟩) − 𝑖(|01⟩ + |10⟩)],                                       (30𝑎) 

                             𝜆ଶ = 𝐽 + 2Γ𝑥,                     |Θଶ⟩ =
1

2
[(|00⟩ + |11⟩) + 𝑖(|01⟩ + |10⟩)],                                       (30𝑏) 

                             𝜆ଷ = −𝐽 + 𝜇,                     |Θଷ⟩ = −
1

√2
[sin 𝜃ଵ (|00⟩ − |11⟩) + 𝑖 cos 𝜃ଵ (|01⟩ − |10⟩)],        (30𝑐) 

                             𝜆ସ = −𝐽 − 𝜇,                     |Θଷ⟩ = −
1

√2
[sin 𝜃ଶ (|00⟩ − |11⟩) − 𝑖 cos 𝜃ଶ (|01⟩ − |10⟩)],       (30𝑑) 

where 𝜇 = 2ඥ𝐷௫
ଶ + 𝐽ଶ  and  

                                                      𝜃ଵ = tanିଵ ൬
2𝐷𝑥

𝜇 − 2𝐽
൰ , 𝜃ଶ = tanିଵ ൬

2𝐷𝑥

𝜇 + 2𝐽
൰.                                                   (31) 

It is straightforward to get the density matrix for the system after we have determined the spectrum of the system. So, when the system 
is in thermal equilibrium, the density matrix 𝜌் can be utilized to represent the system’s state at a given temperature 𝑇 as follows 



D u r a n  /  B o z o k  J  S c i  V o l  3  N o  2  P a g e  8 9 - 1 0 4  ( 2 0 2 5 )  

99 

                                                                𝜌் =
1

𝑍
𝑒ିఉுమ = ቌ

𝑎 𝑖𝑚
−𝑖𝑚 𝑏

𝑖𝑛    𝑐
𝑑 −𝑖𝑛

−𝑖𝑛 𝑑
𝑐  𝑖𝑛 

𝑏 −𝑖𝑚
𝑖𝑚 𝑎

ቍ,                                                                  (32) 

where the matrix elements are explicitly written as  

                                            𝑎 =
1

4𝑍
൫𝑒ିఉఒభ + 𝑒ିఉఒమ + 2𝑒ିఉఒయ  sinଶ𝜃1 + 2𝑒ିఉఒర sinଶ𝜃2൯,                                                     (33𝑎) 

                                            𝑏 =
1

4𝑍
൫𝑒ିఉఒభ + 𝑒ିఉఒమ + 2𝑒ିఉఒయ  cosଶ𝜃1 + 2𝑒ିఉఒర cosଶ𝜃2൯,                                                    (33𝑏) 

                                            𝑐 =
1

4𝑍
൫𝑒ିఉఒభ + 𝑒ିఉఒమ + 𝑒ିఉఒయ  sinଶ𝜃1−𝑒ିఉఒర sinଶ𝜃2൯,                                                             (33𝑐) 

                                           𝑑 =
1

4𝑍
൫𝑒ିఉఒభ + 𝑒ିఉఒమ − 2𝑒ିఉఒయ  sinଶ𝜃1−2𝑒ିఉఒర sinଶ𝜃2൯,                                                       (33𝑑)  

                                          𝑚 =
1

4𝑍
ൣ−𝑒ିఉఒభ + 𝑒ିఉఒమ + 𝑒ିఉఒయ  sinଶ(2𝜃1)−2𝑒ିఉఒర sinଶ(2𝜃2)൧,                                           (33𝑒) 

                                           𝑛 =
1

4𝑍
ൣ−𝑒ିఉఒభ + 𝑒ିఉఒమ − 𝑒ିఉఒయ  sinଶ(2𝜃1)+2𝑒ିఉఒర sinଶ(2𝜃2)൧,                                           (33𝑓) 

with the partition function 𝑍 

                                                                     𝑍 = 𝑒ఉ௃ cosh(𝛽𝜇) + 2𝑒ିఉ௃ cosh(2𝛽Γ௫).                                                                    (34) 

For this model, thermal coherence is obtained in compact form as 

                                                                  𝐶௟భ
( 𝜌்) =

1

|𝑍|
2(|c| + |𝑑| + 2|𝑚| + 2|𝑛|).                                                                    (35) 

The behavior of thermal coherence given by Eq. (35) for the KSEA interaction is plotted in Fig. (5) versus temperature 𝑇, 𝑥-components 
of DM and KSEA interactions, that is 𝐷௫ and Γ௫ for the antiferromagnetic and ferromagnetic cases. From Fig. 5(a), thermal coherence 
increases with the increasing values of the 𝑥-component of DM 𝐷௫ and the small values of temperature 𝑇 for some certain values of the 
coupling constants for the spin interaction 𝐽 = 2 and the 𝑥-component of the KSEA interaction Γ௫ = 2 in the antiferromagnetic case. It 
vanishes for the values of the 𝑥-component of DM 𝐷௫ = 0 at low temperatures. In Fig. 5(b), thermal coherence reaches its maximum 
value at low temperatures especially ground state 𝑇 = 0 for the values of the 𝑥-component of the KSEA interaction Γ௫ = 0 at the fixed 
𝐷௫ = 2 and the same values of 𝐽. It is noted that thermal coherence never tends to zero even for different values of parameters. However, 
it has a lower maximum value contrary to the previous one. 

For the ferromagnetic case, from Fig. 5(c) thermal coherence attains its maximum values at low temperatures, especially ground state 
𝑇 = 0 like (b) for the values of the other parameters 𝐽 = −2  and Γ௫ = 2. Differently from (b), for the increasing values of 𝐷௫ 
approximately 𝐷 > 2.7 thermal coherence increases but never reaches its maximum value. On the other hand, in Fig. 5(d) thermal 
coherence increases with the increasing values of the parameter Γ௫ at low temperatures for the fixed 𝐽 = −2 and 𝐷௫ = 2. Moreover, at 
low temperatures, it has some values but similar to the previous one never reaches its maximum for Γ௫ = 0 in which the Hamiltonian 
reduces the DM interaction. In this region, namely 0 < Γ௫ < 1, coherence decreases with the increasing values of temperature 𝑇 
independent of the other parameters. 
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Figure 5. Plots of thermal coherence under the KSEA interaction for the antiferromagnetic and ferromagnetic cases versus the parameters 𝐷௫ and Γ௫. 
For the antiferromagnetic case, the thermal coherence symmetrically increases with increasing values of 𝐷௫ > 0 and decreasing values of 𝐷௫ < 0 for 
low temperatures and the fixed 𝐽 = 2 and Γ௫ = 2 in (a). In (b), the thermal coherence attains its maximum value for low temperatures and small values 
of Γ௫, especially Γ௫ = 0, for 𝐽 = 2 and 𝐷௫ = 2. For the ferromagnetic case, the situation is reversed with respect to Γ௫  and 𝐷௫ in (c) and (d). Additionally, 
since the thermal state is maximally coherent thermal coherence takes place the maximum value it can reach. 

Parallel to the previous case, for all plots, since thermal states have full rank, it is observed that 𝐶௟భ
( 𝜌்) = 3, because thermal state is 

maximally coherent. It is concluded that thermal coherence may be kept at high values with the appropriate choice of parameters in 
achieving the applications of the quantum information and computation tasks for both ferromagnetic and antiferromagnetic cases, 
especially ferromagnetic ones. 

5. CONCLUSION 

In this paper, we have studied the behavior of thermal coherence for the thermal state constructed by different quantum models such as 
DM interaction, Heisenberg chains and KSEA interaction. Thermal coherence is inclusively and comparatively computed for all models 
except the last one, overwhelming the thermalization effects both in the ferromagnetic and in antiferromagnetic regions. In the 
antiferromagnetic case, the region where the maximum values of thermal coherence are obtained is wider than in the ferromagnetic case 
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for the two-qubit Heisenberg XXX chain, in general for other models as well. Thermal coherence also increases with the increasing 
values of the antisymmetric DM exchange interaction parameter 𝐷. 

On the other hand, to a more or lesser degree, the temperature 𝑇, the 𝑥-components of the DM, and the KSEA interactions may all 
influence how complex the states are. The results also suggest that the ferromagnetic chain or the high-temperature domains can yield 
the separability of the states. For large values of the x-components of the DM and KSEA interactions, or in the antiferromagnetic phase, 
the entanglement of the states can be produced. Furthermore, it is well known that quantum coherence monotonically decreases under 
the action of an incoherent quantum channel or any local operation. However, we have observed relative enhancements of coherence 
for some different Hamiltonians adjusting the parameters. Especially, it can be concluded that thermal state for the antiferromagnetic 
case is maximally coherent since thermal coherence is equal to 3. In conclusion, we should note that further improvements in thermal 
coherence are possible with the choice of parameters. It would be interesting to see the thermodynamical properties of the quantum 
system such as work, quantum thermometry, internal energy and entropy possible for these models and would also make an important 
contribution to the field of quantum thermodynamics. 
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