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Abstract  Öz 

The optimal design of compound cylinders is crucial due to their high-
pressure load-bearing requirements and significant manufacturing 
costs. This study focuses on optimizing the design parameters of 
compound cylinders to achieve minimal equivalent stress and 
production costs. To this end, a weighted multi-objective Grey Wolf 
Optimization (GWO) algorithm was employed. Furthermore, the 
influence of design parameters on shrinkage pressure and the 
equivalent stresses of the inner and outer cylinders was analyzed using 
detailed statistical methods. As a result of the multi-objective 
optimization, two reference designs were considered for comparison: 
one prioritizing minimum stress and the other minimizing 
manufacturing cost. Both the design parameter levels and weight ratios 
were systematically optimized. Using the optimal weight ratios and the 
GWO method, the maximum equivalent stress in the inner cylinder 
increased by 20%, while the total cost was reduced by a factor of 2.75. 
Consequently, a design with sufficient structural reliability was 
achieved, significantly lowering the manufacturing costs of compound 
cylinders. 

 Bileşik silindirlerin tasarımı, yüksek basınç taşıma gereksinimleri ve 
önemli üretim maliyetleri nedeniyle büyük önem taşımaktadır. Bu 
çalışma, bileşik silindirlerin tasarım parametrelerini, minimum eşdeğer 
gerilme ve üretim maliyeti elde edecek şekilde optimize etmeyi 
amaçlamaktadır. Bu doğrultuda, ağırlıklı çok amaçlı Bozkurt 
Optimizasyonu (BO) algoritması kullanılmıştır. Ayrıca, tasarım 
parametrelerinin arayüzey basıncı ve iç-dış silindirlerin eşdeğer 
gerilmeleri üzerindeki etkisi ayrıntılı istatistiksel yöntemlerle analiz 
edilmiştir. Çok amaçlı optimizasyon sonucunda, karşılaştırma amacıyla 
iki referans tasarım ele alınmıştır: biri minimum gerilmeye öncelik 
veren, diğeri ise üretim maliyetini en aza indiren tasarımdır. Hem 
tasarım parametre seviyeleri hem de ağırlık oranları sistematik olarak 
optimize edilmiştir. Optimum ağırlık oranları ve BO yöntemi 
kullanılarak, iç silindirdeki maksimum eşdeğer gerilme %20 artarken, 
toplam maliyet 2.75 kat azaltılmıştır. Böylece, yeterli yapısal 
güvenilirliğe sahip bir tasarım elde edilerek, bileşik silindirlerin üretim 
maliyeti önemli ölçüde düşürülmüştür. 

Keywords: Compound cylinder, Design parameter, Grey wolf 
algorithm, Multi-Objective-Optimization, Total cost. 

 Anahtar kelimeler: Bileşik silindir, Tasarım parametreleri, Bozkurt 
algoritması, Çok amaçlı optimizasyon, Toplam maliyet. 

1 Introduction 

Thick-walled cylinders (TWC) are defined as cylinders with a 
wall thickness of at least ten times the inside radius [1]. TWCs 
are one of the widely used metal structures in many 
engineering fields [2]. TWCs are used in the hydraulic, chemical, 
machinery manufacturing, petroleum, military, and nuclear 
power plant industries. There are many applications, such as 
high-pressure reactor vessels, rocket engines, process plants, 
air compressor units, hydraulic tanks, extrusion containers, 
barrels, and gas storage tanks [3]. TWCs generally work under 
high pressures, and both hoop and radial stresses occur in 
TWCs. These stresses are not evenly distributed throughout the 
wall thickness of the cylinder [4]. The resulting stresses are not 
only due to internal pressure on the cylinders. As a result of 
their shrink fit, a significant amount of tension occurs. The 
manufacturing method of the cylinder, finishing method, notch 
effect, and radii (closed-end cylinders) affect the stresses in 
TWCs and reduce their fatigue life. However, the dimensions of 
the cylinders are the most critical factor in the occurrence of 
these stresses. In engineering applications, compound 
cylinders are used instead of thickening the walls to reduce 
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stresses in TWCs working under high pressures. Compound 
cylinders consist of two or more TWCs assembled by shrink-
fitting them to each other. Shrink fit is a non-permanent 
assembly process performed without the use of any fasteners. 
The shrink-fit process is done as follows: the outer cylinder is 
heated and then expanded, and the inner cylinder is pressed 
into the hub of the outer cylinder. The primary purpose of the 
shrink-fit process is to both assemble and create a shrinkage 
pressure at the interface [4]. Shrinkage pressure generates 
compressive stresses on the outer surface of the inner cylinder. 
It has been proved analytically and numerically in many studies 
that this effect of the shrinkage pressure reduces the maximum 
equivalent stresses, especially when working under internal 
pressure. As a result of the stress state generated by the shrink 
fit, a metal structure that resists higher pressures is 
manufactured by using less material than the total material 
used in a single cylinder [5]. There are methods to reduce stress 
levels in order to increase the fatigue life of the cylinders.  Using 
shrink-fitted compound cylinders is one of them. A schematic 
and real illustration of the shrink-fit process is shown in  
Figure 1.  
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(a) 

 

(b) 

Figure 1. Illustration of the shrink-fit process. (a): Schematic, 
(b): Real. 

Firstly, the shrinkage allowance (𝛿) is determined, and the 
cylinders are manufactured by adding this tolerance to the 
outer diameter of the inner cylinder. Then, the outer cylinder is 
heated and is waiting for expansion. Expansion varies 
according to the type of material and the maximum 
temperatures that can be reached. After expansion, the inner 
cylinder is centered into the outer cylinder and pressed to the 
hub. The cylinders are then allowed to cool. During cooling, the 
puckering of the outer cylinder is prevented by the inner 
cylinder, thus creating shrinkage pressure. The shrinkage 
pressure acts as an external pressure applied to the outer 
surface of the inner cylinder. High tensile stresses in the 
cylinders operating under high internal pressure may cause the 
part to fatigue after a while. In compound cylinders, the 
shrinkage pressure creates localized residual compressive 
stresses and increases the fatigue life [6]. Therefore, the 
calculation of the stresses in TWCs is very important for safe 
design and determination of the amount of material to be used. 
Radial and hoop stresses and shrinkage pressures of compound 
and unlayered TWCs under internal pressure were first 
analytically calculated by French engineer G. Lame in 1833 [7]. 
These stresses are used for simple geometry cylinders. Finite 
element methods (FEM) have been developed for more 
complex structures [5]. In the literature, there are many 
analytical and numerical calculations of the stress of compound 
cylinders and the changes in the fatigue life of the cylinders with 
the shrink fit process [3],[5],[6],[8].  

One of the critical areas of use of compound cylinders is 
"pressure intensifiers," which sheds light on this study. Ultra-
high pressures are used in industry for hydroforming, water jet 
cutting, sealing, blast resistance, and fatigue tests. In addition, 
ultra-high pressures are also used in autofrettage, industrial 
cleaning, and high-pressure pasteurization processes, which 
increase the pressure-bearing capacity of structures. Ultra-high 
pressures are achieved using pressure intensifiers. By using 
pressure intensifiers, ultra-high pressures of 200-600 MPa are 
obtained. In pressure intensifiers, as shown in Figure 2, the low-
pressure chamber is a standard hydraulic cylinder and operates 
with standard hydraulic pressures such as 25 MPa. The 
pressure of the liquid-filled into the high-pressure chamber is 
increased by the area ratio [3]. At ultra-high pressures, damage 
in the cylinders can be dangerous and costly.  

 

 

(a)                        (b) 

Figure 2. Illustration of the pressure intensifier with 350 MPa 
working pressure [9]. (a): Real, (b): Schematic.  

For this reason, TWCs, which are subjected to cyclic high 
stresses in pressure intensifiers, are generally manufactured in 
multiple layers and from materials with high yield and fatigue 
strength. In addition, it is also important to determine the 
dimensions that can be used safely in the design of hydraulic 
cylinders. 

The pressure intensifier in Figure 2 operates as a single-acting 
hydraulic cylinder and can generate a maximum pressure of 
350 MPa pressure. At such high pressures, high radial and hoop 
stresses occur in both the inner and outer cylinders of the high-
pressure chamber. In the high-pressure chamber, pressure 
intensifiers operating under ultra-high pressures may cause 
fatigue damage. The hypothesis of this study was based on the 
fatigue damage and fracture of the pressure intensifier (shown 
above) while operating under a pressure of 350 MPa. The 
pressure intensifier that caused fatigue damage is shown in 
Figure 3. 

 

Figure 3. Fatigue damage in the Pressure intensifier [9]. 

In metal constructions operating under high pressures, the 
factor of safety should be kept high. Furthermore, the design 
should be analytically and numerically examined 
experimentally. In the industry, the wall thickness of the inner 
cylinder is generally increased to ensure the safety of such 
constructions. However, some studies in the literature show 
that thickening the inner cylinder is not the most critical change 
that can lead to stress reduction and decreased fatigue life [3]. 
The dimensions of the outer cylinder and the minimal 
shrinkage allowance are of high importance for the stresses in 
the cylinders.  
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Paredes et al. have studied shrink-fitted fasteners in an elastic 
region. They used the Lame formula to analyze the average 
contact stress in the hole walls and verified the analytical 
results by finite element analysis and experimental methods 
[10]. Benuzzi and Donzella examined the forces applied in the 
shrink-fitting of a railway axle and wheel with a complex 
structure using analytical and numerical studies [11]. It is 
concluded that SEA results are better than analytical results for 
complex components. Öztürk analytically and numerically 
evaluated the shrinkage pressure occurring at different 
interference tolerances of thick-walled compound cylinders 
with steel-steel and steel-aluminum materials [5]. The stresses 
that occurred in the shrink-fitting process were calculated by 
FEA along the wall and compared with analytical values. As a 
result of the comparisons, it was stated that FEMs successfully 
estimated the shrinkage pressures in the compound cylinders. 
In addition, it has been stated that FEAs are more reliable than 
analytical methods in determining the stresses of shrink-fitted 
parts with complex geometry. Özel et al. analyzed the stress and 
deformation for different hub-shaft connections by FEA to 
determine the shrinkage allowance [12]. The stresses on the 
outer surface of the inner cylinder were analytically calculated 
and verified by Lame equations. Similar to other studies in the 
literature, it is stated that Finite Element results are more 
valuable than analytical results in the calculations of shrink-
fitted specimens with complex geometry. As a result of the 
studies, it was stated that the end regions of the cylinders are 
more unsafe, and higher stresses occur than in the center 
regions. Aydin et al. have investigated the effect of shrinkage 
pressure on the fatigue life of cylinders in shrink-fitted 
compound cylinders [6]. As a result of the FEAs, fatigue life 
increased as the shrinkage allowance increased. Under the 
same conditions, the life of the single-layer cylinder was 5586 
cycles, while the life of the optimum compound cylinder 
increased by 99% to 9530 cycles. In the study by Aydın and 
Türköz, it was found by numerical analyses that the weight can 
be reduced by up to 36% compared to a single-layer structure 
in compound cylinder designs formed with different material 
pairs [13]. Aydin et al. calculated the maximum equivalent 
stresses occurring in the compound cylinders used in pressure 
intensifiers analytically and numerically [3]. They then 
conducted a validation study. They concluded that the most 
influential parameter in the inner cylinder at 350 MPa internal 
pressure is the shrinkage allowance. They also proved that the 
inner cylinder wall thickness does not contribute to the 
maximum stress and fatigue life of the material. Akay and 
Rıdvanoğulları researched the optimum turning process 
parameters for the shrink fit in the train wheel [14]. The surface 
roughness must be in the range of 0.8-3.2 micrometers in order 
for this shrink fit to be adequately performed. In order to 
achieve these levels, they optimized the cutting depth, feed, and 
cutting girl parameters. Campos and Hall have simplified 
Lame's equations [15]. Simplified formulas and classical Lame 
equations were compared with SEA results. The simplified 
equations were found to agree with both results. In addition, it 
has been found that the radial stress does not depend on the 
thickness in thin-walled shrink-fit processes. Wang et al. 
proposed a new theoretical model that predicts nonuniform 
stress distributions in shrink-fitted constructions [16]. 
Experiments and analytical analysis have validated the 
theoretical model. In the study, contact length and shrinkage 
ratio in the shrink fit process were also investigated as effect 
parameters. Stress distributions of different material pairs 
(Ni36CrTiAl - 50Ni-50Fe, AISI 1045 - AISI 1045) at full contact 

conditions were analyzed. As a result, the theoretical model has 
been shown to have high accuracy in estimating the stress 
distribution. It is stated that the same model can be used in 
different material pairs. Wang et al. stated that non-uniformly 
contacting regions will cause stress concentration, and this 
causes deviations in the results in Lame equations [17]. Wang 
et al. derived a stress formulation in a double-layer TWC 
operating under internal pressure [18]. They also used the bi-
modulus of the material while deriving this formulation. Zhu et 
al. produced a composite elastoplastic solution for a double-
layer or multi-layer cylinder using the ratio of tensile strength 
𝜎𝑡 to compressive strength 𝜎𝑐 . In addition to the importance of 
estimating the stresses occurring in compound TWCs, it is also 
very important to make the optimum geometric design 
according to these stresses [19]. Designers must present ideas 
that reduce stresses while reducing material and 
manufacturing costs. This problem raises an optimization 
problem.  

The originality of this study is to optimize the compound 
cylinder used in pressure intensifiers for total equivalent stress, 
total weight, and manufacturing cost using the grey wolf 
algorithm. The detailed statistical analysis and multi-objective 
weighted optimization for total equivalent stress and total cost 
of compound cylinders were performed for the first time in the 
literature. In this context, it is aimed at designing both lower 
cost and constructions with lower stresses at ultra-high 
pressures. The performance criteria in this study are, 
respectively, the interface pressure, the maximum stress 
occurring in the inner cylinder, the maximum stress occurring 
in the outer cylinder, and the total cost. The maximum stress 
values of the outer cylinder were constrained, and the 
parameters were optimized by determining the optimal 
weights of the total cost, as well as the maximum stress that 
occurred in the inner cylinder. After that, constrained and 
weighted optimization performed using the optimal weight 
ratios. The results of this study will shed light on the industrial 
organizations that design compound cylinders and academic 
studies on the subject. 

2 Material and method 

In this study, the compound high-pressure chambers of 
pressure intensifiers used to achieve ultra-high pressures such 
as 450 MPa will be optimized in terms of total equivalent stress 
and total cost. In this context, the effects of the inner radius of 
the inner cylinder (𝑅1) the thickness of the inner cylinder (𝑇1), 
the thickness of the outer cylinder (𝑇2), and the shrinkage 
allowance (𝛿) on the shrinkage pressure, the maximum 
equivalent stresses in the inner cylinder and the total cost 
(material and manufacturing) were investigated. The optimum 
parameter levels were obtained for two different scenarios. The 
parameters were given schematically in Figure 4. In Figure 4, 
the inner radius of the inner cylinder is indicated by 𝑅1, outer 
radius of the inner cylinder by 𝑅2, outer radius of the outer 
cylinder by 𝑅3, the wall thickness of the inner cylinder by 𝑇1, 
and the wall thickness of the outer cylinder by 𝑇2. The outer 
radius of the inner cylinder (which is also the inner radius of 
the outer cylinder) is given by 𝑅1 + 𝑇1, while the outer radius of 
the entire assembly is 𝑅1 + 𝑇1 + 𝑇2. The symbol 𝛿 represents the 
shrink fit allowance (interference) between the inner and outer 
cylinders. 
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Figure 4. Schematic representation of shrink fit assembly and 
shrinkage allowance.  

2.1 Shrinkage pressure and stress calculation in 
compound cylinder  

High stresses occur in TWCs operating under ultra-high 
pressure. Properly dimensioned construction is crucial for 
operating under high stresses without damage. In compound 
TWCs, the shrinkage pressure generates a pre-stress in the 
compression direction on the inner cylinder surfaces. The 
compressive pre-stress in the inner cylinder reduces the tensile 
stress resulting from the internal pressure. In fact, the 
compressive stresses on the inner surface increase the fatigue 
strength of the structure by preventing the progression of 
micro-cracks. Therefore, compound cylinders can withstand 
much higher stresses than single-layer cylinders of equivalent 
thickness. The number of layers is decided according to the 
intensity of the internal pressure and the resulting stresses. The 
assembly of compound cylinders is done by press-fitting or 
heating. The most widely used assembly process is the heated 
fitting process. To assemble the cylinders, the outer cylinder is 
heated, and the inner cylinder is inserted into it. In the 
meantime, due to the size difference, the so-called "shrinkage 
pressure" (𝑝) occurs at the interface [7]. Equation 1 shows the 
formula of the interface pressure resulting from the shrink fit 
of two cylinders [20]. In the formula, E represents the modulus 
of elasticity of the material.  

The radial (𝜎𝑟) and hoop (𝜎ℎ) stresses occur in TWCs under 
internal and external pressures. The stresses in the inner and 
outer cylinders are shown schematically in Figure 5.  

 

Figure 5. Stress distribution of inner and compound cylinders 
under inner and shrinkage pressure. 

Lame equations (Equations 2 and 3) are used for the calculation 
of stresses [20]. In the equations, E is the modulus of elasticity, 
 is the Poisson's ratio, r is a constant indicating at which radius 
“𝑟” of the cylinder the stress is calculated, and 𝐶 is the stress 
constant. 𝐶1 and 𝐶2 are constants that vary with internal and 
external pressure and are shown in Equations 4 and 5. In this 
equations 𝑝𝑖 is the inner pressure, 𝑝𝑜 is the outer pressure.  

𝑝 =
𝐸 ∗ 𝛿

𝑅2
∗
(𝑅2

2 − 𝑅1
2) ∗ (𝑅3

2 − 𝑅2
2)

2 ∗ 𝑅2
2 ∗ (𝑅3

2 − 𝑅1
2)

 (1) 

𝜎𝑟 =
𝐸

1 − 𝑣2
∗ [𝐶1 ∗ (1 + 𝑣) − 𝐶2 ∗

1 − 𝑣

𝑟2
] (2) 

𝜎ℎ =
𝐸

1 − 𝑣2 ∗ [𝐶1 ∗ (1 + 𝑣) + 𝐶2 ∗
1 − 𝑣

𝑟2 ] (3) 

𝐶1 =
1 − 𝑣

𝐸
∗ [

(𝑅1
2 ∗ 𝑝𝑖) − (𝑅2

2 ∗ 𝑝𝑜)

(𝑅2
2 − 𝑅1

2)
] (4) 

𝐶2 =
1 − 𝑣

𝐸
∗ [

𝑅1
2 ∗ 𝑅2

2 ∗ (𝑝𝑖 − 𝑝𝑜)

(𝑅2
2 − 𝑅1

2)
] (5) 

Radial and hoop stresses calculated (in equation 6 and 7) as 
when 𝐶 and 𝐶2 values are substituted in Equations 2 and 3; 

𝜎𝑟 = [
(𝑅1

2 ∗ 𝑝𝑖) − (𝑏2 ∗ 𝑝𝑜)

(𝑅2
2 − 𝑅1

2)
] − [

(𝑝𝑖 − 𝑝𝑜) ∗ 𝑅1
2 ∗ 𝑏2

𝑟2 ∗ (𝑅2
2 − 𝑅1

2)
] (6) 

𝜎ℎ = [
(𝑅1

2 ∗ 𝑝𝑖) − (𝑅2
2 ∗ 𝑝𝑜)

(𝑅2
2 − 𝑅1

2)
] + [

(𝑝𝑖 − 𝑝𝑜) ∗ 𝑅1
2 ∗ 𝑅2

2

𝑟2 ∗ (𝑅2
2 − 𝑅1

2)
] (7) 

To determine the maximum equivalent stress in the cylinder, 
the Von-Mises equivalent stress theory was used; 

𝜎𝑒𝑞. = √𝜎𝑟
2 − 𝜎𝑟 ∗ 𝜎ℎ + 𝜎ℎ

2    (8) 

2.2 Calculation of total cost in compound cylinders 

Total cost is an important factor in the manufacture of 
compound cylinders in pressure intensifiers. This study aims to 
optimize the dimensions of cylinders operating at ultra-high 
pressures, which are planned to be manufactured at low 
stresses and low costs. Hence, material and machining costs 
were taken into account when calculating the total cost. 
Compound cylinders are generally manufactured by turning 
hollow cylinders.  In order to normalize the material cost, the 
cylinder materials will be considered as solid cylinders. Firstly, 
the volumes of the inner and outer cylinders in each experiment 
were calculated, and then the weights were calculated by 
multiplying the density of the steels (7.8 g/cm3). The liquid 
volume capacity of the pressure intensifier whose TWC was 
designed was determined as 0.3 liters. Therefore, the internal 
volume of the inner cylinder was 0.3 liters (300000 𝑚𝑚3). Due 
to the different diameter of the inner cylinder, the lengths of all 
cylinders were calculated as shown in Equation 10 to fix the 
volume capacity. 

𝑉𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋 ∗ 𝑅1
2 ∗ 𝑙𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟  (9) 

𝑙𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 =
300,000

𝜋 ∗ 𝑅1
2  (10) 

The total material cost was then found by multiplying the 
market value of AISI 4340 (inner cylinder) and AISI 1050 (outer 
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cylinder). The total weight and total cost calculation are 
detailed in equations 11-15, respectively. In the equations, 𝑉 
represents the volume, 𝑙 represents the cylinder length, and 𝑚 
represents the mass. 

𝑉𝑖𝑛𝑛𝑒𝑟 = 𝜋 ∗ 𝑅2
2 ∗ 𝑙 [𝑚𝑚3] (11) 

𝑉𝑜𝑢𝑡𝑒𝑟 = 𝜋 ∗ 𝑅3
2 ∗ 𝑙 [𝑚𝑚3] (12) 

𝑚𝑖𝑛𝑛𝑒𝑟 = 𝑉𝑖𝑛𝑛𝑒𝑟 ∗ 7.8𝑥10−6 (𝑘𝑔) (13) 

𝑚𝑜𝑢𝑡𝑒𝑟 =  𝑉𝑜𝑢𝑡𝑒𝑟 ∗ 7.8𝑥10−6  (𝑘𝑔) (14) 

𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 

=  𝑚𝑖𝑛𝑛𝑒𝑟(𝑘𝑔) ∗ 20(
$

(𝑘𝑔)
)

+ 𝑚𝑜𝑢𝑡𝑒𝑟(𝑘𝑔) ∗ 12(
$

(𝑘𝑔)
) 

(15) 

For the manufacturing cost of the cylinders, the machining cost 
presented in literature [21]-[23] is adapted in this study. In 
calculation, we assumed that the tool must be replaced when 
one operation is finished. The total cost for the compound 
cylinders was calculated by summation of 𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙  
and 𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡𝑚𝑎𝑛𝑢𝑓𝑎𝑐𝑡𝑢𝑟𝑖𝑛𝑔 . The total cost for manufacturing 

formulated as follows: 

𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡𝑚𝑎𝑛𝑢𝑓𝑎𝑐𝑡𝑢𝑟𝑖𝑛𝑔 = 𝐶𝑜 ∗ 𝑇𝑢 + 𝐶𝑡 ∗
𝑇𝐶

𝑇
 (16) 

where 𝐶𝑜 is the operating cost per minute (3$/𝑚𝑖𝑛), 𝐶𝑡 is the 
cutting tool cost (10$/𝑝𝑖𝑒𝑐𝑒), Tu is the total manufacturing time, 
𝑇𝑐 is the turning time, and 𝑇 is the tool life. The operation cost 
𝐶𝑜  is the combination of labor and depreciation cost. The total 
manufacturing time, 𝑇𝑢, is defined as follows: 

T𝑢 = 𝑇𝐶 +
𝑇𝐶

𝑇
∗ 𝑇𝑅 + 𝑇𝐿 + 𝑇𝑝 (17) 

where 𝑇𝑅 is the time of replacing the used cutting tool, 𝑇𝐿 is the 
presetting time, and 𝑇𝑃 is the time for changing the parts. Since 

the cutting insert is replaced after each operation, the 
𝑇𝐶

𝑇
 ratio is 

assumed to be 1. The operation times are considered as follows: 
𝑇𝑅 is 2 minutes, 𝑇𝐿 is 2 minutes, and 𝑇𝑃 is 3.5 minutes. The 
cutting time 𝑇𝐶  is calculated using the Equation 18. 

𝑇𝐶 =
𝜋 ∗ 𝐷 ∗ 𝑙

𝑣 ∗ 𝑓
 (18) 

where 𝐷 is the diameter of the cylinder, 𝑙 is the length of the 
cylinder, 𝑣 is the cutting speed and 𝑓 is the feed value in 
(𝑚𝑚/𝑟𝑒𝑣).  After calculating the machining costs for the inner 

and outer cylinders as presented above, the total 
manufacturing cost was determined by adding them. The total 
cost of the compound cylinders was calculated by summing the 
total material cost (given in Equation 15) and the total turning 
cost.  

2.3 Study’s methodology 

A parametric optimization was performed for three different 
scenarios using a weighted objective function. Firstly, a full 
factorial design with 81 experiments consisting of four 
parameters and three levels of each parameter was created. 
Then, detailed statistical analyses were performed for all 
performance criteria, followed by determining the constraint 
for optimization. These constraints include the maximum 
equivalent stress in the outer cylinder. After determining the 
coefficient of the constraints, optimization was performed 
using the grey wolf algorithm based on weighted objective 
functions. Finally, three different scenarios were compared 
with the optimum levels obtained for all performance criteria. 

Parameter levels shown in Table 1 were used to investigate the 
effects of the geometrical parameters in the TWC.  The full 
factorial design (shown in Table 2) was used in this study. 
Although wall thickness is given as the second and third 
parameters, the results are given according to the radii of the 
cylinders. Regression and variance analyses were applied to the 
results, and the significance and effect levels of the parameters 
on the results were expressed in detail. 

Table 1. Parameters and levels of this study. 

Parameters Parameter levels 

1 2 3 

Inner radius of inner cylinder (R1) 
(mm) 

17.5 25 32.5 

Inner cylinder wall thickness (T1) 
(mm) 

15 30 45 

Outer cylinder wall thickness (T2) 
(mm) 

15 30 45 

One-sided shrinkage allowance (𝛿) 
(mm) 

0.03 0.06 0.09 

2.4 Detailed statistical analysis of performance criteria 

In this study, detailed statistical analyses are performed for the 
output parameters of shrinkage pressure, maximum equivalent 
stress in the inner cylinder, maximum equivalent stress in the 
outer cylinder, and total cost. Firstly, variance analysis 
(ANOVA) was applied to the output parameters. 

 

Table 2. Full factorial experimental plan. 

Exp. R1 (mm) T1 (mm) T2 (mm) 𝛿 (mm) 
1 17.5 15 15 0.03 
2 17.5 15 15 0.06 
3 17.5 15 15 0.09 
4 17.5 15 30 0.03 
5 17.5 15 30 0.06 
6 17.5 15 30 0.09 
7 17.5 15 45 0.03 
8 17.5 15 45 0.06 
9 17.5 15 45 0.09 

10 17.5 30 15 0.03 
11 17.5 30 15 0.06 
12 17.5 30 15 0.09 
13 17.5 30 30 0.03 
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Table 2. Continued. 

Exp. R1 (mm) T1 (mm) T2 (mm) 𝛿 (mm) 
14 17.5 30 30 0.06 
15 17.5 30 30 0.09 
16 17.5 30 45 0.03 
17 17.5 30 45 0.06 
18 17.5 30 45 0.09 
19 17.5 45 15 0.03 
20 17.5 45 15 0.06 
21 17.5 45 15 0.09 
22 17.5 45 30 0.03 
23 17.5 45 30 0.06 
24 17.5 45 30 0.09 
25 17.5 45 45 0.03 
26 17.5 45 45 0.06 
27 17.5 45 45 0.09 
28 25.0 15 15 0.03 
29 25.0 15 15 0.06 
30 25.0 15 15 0.09 
31 25.0 15 30 0.03 
32 25.0 15 30 0.06 
33 25.0 15 30 0.09 
34 25.0 15 45 0.03 
35 25.0 15 45 0.06 
36 25.0 15 45 0.09 
37 25.0 30 15 0.03 
38 25.0 30 15 0.06 
39 25.0 30 15 0.09 
40 25.0 30 30 0.03 
41 25.0 30 30 0.06 
42 25.0 30 30 0.09 
43 25.0 30 45 0.03 
44 25.0 30 45 0.06 
45 25.0 30 45 0.09 
46 25.0 45 15 0.03 
47 25.0 45 15 0.06 
48 25.0 45 15 0.09 
49 25.0 45 30 0.03 
50 25.0 45 30 0.06 
51 25.0 45 30 0.09 
52 25.0 45 45 0.03 
53 25.0 45 45 0.06 
54 25.0 45 45 0.09 
55 32.5 15 15 0.03 
56 32.5 15 15 0.06 
57 32.5 15 15 0.09 
58 32.5 15 30 0.03 
59 32.5 15 30 0.06 
60 32.5 15 30 0.09 
61 32.5 15 45 0.03 
62 32.5 15 45 0.06 
63 32.5 15 45 0.09 
64 32.5 30 15 0.03 
65 32.5 30 15 0.06 
66 32.5 30 15 0.09 
67 32.5 30 30 0.03 
68 32.5 30 30 0.06 
69 32.5 30 30 0.09 
70 32.5 30 45 0.03 
71 32.5 30 45 0.06 
72 32.5 30 45 0.09 
73 32.5 45 15 0.03 
74 32.5 45 15 0.06 
75 32.5 45 15 0.09 
76 32.5 45 30 0.03 
77 32.5 45 30 0.06 
78 32.5 45 30 0.09 
79 32.5 45 45 0.03 
80 32.5 45 45 0.06 
81 32.5 45 45 0.09 
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Minitab 21 was used to obtain the ANOVA table, and the P-value 
and contribution ratio of the parameters on the results were 
interpreted. Then, the plots for the main effects were obtained 
and interpreted for all performance criteria. After ANOVA, 
regression analyses were performed. Within the scope of 
regression analysis, regression curve, R-square value, and 
histogram graph were obtained. The regression analysis results 
obtained for all performance criteria are also comprehensively 
interpreted.  

2.5 Constrained and weighted Grey Wolf algorithm 
optimization for total equivalent stress and total 
cost 

Today, optimization processes are frequently used in design 
and various engineering problems. The main reasons for this 
are environmentally friendly design, energy efficiency, cost 
reduction, weight reduction, and making designs more useful. 
In this study, the optimum design parameters of shrink-fitted 
cylinders were determined. In the optimization process, the 
grey wolf algorithm introduced by Mirjalilil et al. was used [24]. 
Grey wolf optimization has been used in the literature for both 
single-objective and multi-objective optimization problems for 
many different engineering disciplines [25]-[28]. There are 
four different grey wolf groups to mimic the leadership 
hierarchy of grey wolves used for the implementation of the 
grey wolf algorithm. In the leadership hierarchy shown in 
Figure 6, the first layer is alpha (𝛼), representing the most 
robust and most capable head wolf. In the second layer, the beta 
(𝛽) wolves command the other lower-level wolves and 
communicate with the alpha wolves. 

 

Figure 6. Hierarchy of grey wolf (dominance decreases from 
top down) [24]. 

In the optimization algorithm, they amplify the alpha's 
commands tra, transmit them to the lower-level wolves, and 
provide feedback to the alpha wolf. In the lowest layer are the 
omega wolves (𝜔), which occupy a large part of the total and 
are mainly responsible for stabilizing the internal relations of 
the population and protecting and monitoring the young wolf 
population. Wolves in the third stratum are categorized as delta 
wolves (𝛿), which do not belong to the other three strata and 
must submit to alpha and beta class wolves but dominate 
omega wolves [24]. MATLAB software was used to perform 
optimization. 

Beyond their hierarchical structure, cooperative hunting is 
another key behavior modeled in the GWO algorithm. As 
outlined by Muro et al. (2011), the hunting strategy of gray 
wolves consists of three main stages: (𝑖) tracking and 
approaching the prey, (𝑖𝑖) encircling and exhausting it, and (𝑖𝑖𝑖) 
launching a final coordinated attack. These stages are 

algorithmically mapped to exploration, encircling, and 
exploitation phases in GWO. 

Assuming the dimension of the solution space in the GWO 
algorithm is 𝑑 and the gray wolf population size is 𝑁, the 
position of the i-th gray wolf is expressed in Equation 19: 

𝑋𝑖 = {𝑋𝑖
1, 𝑋𝑖

2, … . . , 𝑋𝑖
𝑑}, 𝑖 = 1,2,… , 𝑁 (19) 

In GWO, the best, second-best, and third-best solutions are 
denoted as 𝛼, 𝛽, and 𝛿, respectively, while the remaining 
individuals are classified as 𝜔. The position of the α-wolf 
represents the estimated location of the prey, i.e., the best 
current solution. The encircling mechanism, which mimics the 
wolves’ strategy to restrict prey movement, is mathematically 
formulated as follows: 

𝐷⃗⃗ = |𝐶 ∗ 𝑋𝑝
⃗⃗ ⃗⃗  (𝑡) − 𝑋 (𝑡)| (20) 

𝑋 (𝑡 + 1) = 𝑋𝑝
⃗⃗ ⃗⃗  (𝑡) − 𝐴 ∗ 𝐷⃗⃗  (21) 

Where 𝑡 is the current iteration, 𝐴  and 𝐶  are the coefficient 

vectors, (𝑋𝑝
⃗⃗ ⃗⃗  ) is the location vector of the prey and 𝑋  is the 

location vector of the grey wolf. 𝐴  and 𝐶   vectors are calculated 
in Equation 22 and 23, respectively: 

𝐴 = 2 ∗ 𝑎 ∗ 𝑟1⃗⃗⃗  − 𝑎  (22) 

𝐶 = 2 ∗ 𝑟2⃗⃗  ⃗ (23) 

Here the components of 𝑎  are linearly decremented from 2 to 0 
over the iterations, and 𝑟1, 𝑟2 are random vectors in (0, 1) [24]. 

In nature, gray wolves locate and encircle their prey under the 
leadership of the α-wolf, with assistance from the β- and δ-
wolves. In the context of optimization, the exact location of the 
global optimum is unknown; thus, the top three solutions-α, β, 
and δ-serve as guides to approximate its position. The 
remaining wolves, including the ω group, update their 
positions, accordingly, enabling the population to converge 
toward the optimal solution. This leadership-based hierarchy 
ensures that the top solutions are preserved while others adjust 
based on their influence [24]. This behavior is mathematically 
expressed by the following equations (Equations 24-30), and 
the overall flow of the GWO algorithm is illustrated in Figure 7. 

 

Figure 7. Flow chart of GWO algorithm [29]. 
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𝐷𝛼 = |𝐶1 − 𝑋𝛼(𝑡) − 𝑋(𝑡)| (24) 

𝐷𝛽 = |𝐶2 − 𝑋𝛽(𝑡) − 𝑋(𝑡)| (25) 

𝐷𝛿 = |𝐶3 − 𝑋𝛿(𝑡) − 𝑋(𝑡)| (26) 

𝑋1 = 𝑋𝛼 − 𝐴1 ∗ 𝐷𝛼  (27) 

𝑋2 = 𝑋𝛽 − 𝐴2 ∗ 𝐷𝛽  (28) 

𝑋3 = 𝑋𝛿 − 𝐴3 ∗ 𝐷𝛿 (29) 

𝑋(𝑡 + 1) =
𝑋1 + 𝑋2 + 𝑋3

3
 (30) 

3 Results and discussion 

In this study, the shrinkage pressure, maximum equivalent 
stresses, and total cost, shown in Figure 8, were calculated 
analytically. Based on the analytical results, detailed statistical 
analyses were performed, and multi-objective weighted 
optimization was performed using the grey wolf algorithm. 
Details of the statistical results and the optimization process's 
results according to each performance criterion are described 
below. 

 

Figure 8. Output parameters and optimization of this study. 

3.1 Shrinkage pressure 

The shrinkage pressures of 81 different compound cylinders 
working under 350 MPa ultra-high internal pressure are given 
in Table 3. The highest shrinkage pressure was obtained at  
175 MPa in the 9th design. The lowest shrinkage pressure was 
obtained as 11.1 MPa in the 73th design. In order to determine 
the effects of design variables on the shrinkage pressure 
variance analysis (ANOVA) were performed. To interpret the 
results of the ANOVA, 𝑃 − 𝑣𝑎𝑙𝑢𝑒 and contribution ratios are 
usually evaluated, respectively. The 𝑃 − 𝑣𝑎𝑙𝑢𝑒 is known as a 
measure of significance. A small P-value (typically less than 
0.05) indicates a statistically significant difference between the 
means of the groups. The contribution ratio measures the 
proportion of the total variation in the response variable 
explained by a given independent variable. A high contribution 
ratio indicates that the independent parameter has a strong 
influence on the output, while a low contribution rate indicates 
a weak influence. The ANOVA table for the shrinkage pressure 
results is given in Table 4. The 𝑃 − 𝑣𝑎𝑙𝑢𝑒 of all input 
parameters in the table is less than 0.05. This result shows that 
the input parameters have significant effects on the shrinkage 
pressures. The parameter with the highest contribution to the 
shrinkage pressure was shrinkage allowance with a rate of 
47.09%. The findings of this study agree with an earlier study 
[5], which also showed the importance of the shrinkage 
allowance on the von-mises stress of the inner and outer 
cylinder.  

Table 3. Shrinkage pressure results. 

Exp. 𝑝 (MPa) Exp. 𝑝 (MPa) Exp. 
𝑝 

(MPa) 
1 41.3 29 55.6 57 59.8 
2 82.7 30 83.4 58 26.1 
3 124.0 31 36.2 59 52.2 
4 53.2 32 72.3 60 78.3 
5 106.4 33 108.5 61 28.9 
6 159.6 34 39.9 62 57.8 
7 58.3 35 79.9 63 86.8 
8 116.7 36 119.8 64 15.2 
9 175.0 37 19.5 65 30.5 

10 25.6 38 38.9 66 45.7 
11 51.3 39 58.4 67 22.3 
12 76.9 40 28.2 68 44.5 
13 36.8 41 56.5 69 66.8 
14 73.6 42 84.7 70 26.2 
15 110.4 43 33.0 71 52.3 
16 42.7 44 66.0 72 78.5 
17 85.5 45 99.0 73 11.1 
18 128.2 46 13.5 74 22.2 
19 16.7 47 27.0 75 33.4 
20 33.4 48 40.5 76 17.3 
21 50.1 49 20.8 77 34.6 
22 25.6 50 41.7 78 51.9 
23 51.1 51 62.5 79 21.1 
24 76.7 52 25.3 80 42.2 
25 30.8 53 50.6 81 63.3 
26 61.7 54 76.0   
27 92.5 55 19.9   
28 27.8 56 39.9   

Table 4. The ANOVA table for the shrinkage pressure results. 

Source F-value P-value Cont.% Remarks 

R1 (mm) 539.5 <0.0001 15.1 Significant 

T1 581.7 <0.0001 16.2 Significant 

T2 357.8 <0.0001 10.0 Significant 

Shrinkage allowance 1681.4 <0.0001 47.1 Significant 

R1* T1 61.6 <0.0001 3.4 Significant 

R1* T2 6.8 <0.0001 0.4 Significant 

R1* Shrinkage 
allowance 

44.9 <0.0001 2.5 Significant 

T1* Shrinkage 
allowance 

48.4 <0.0001 2.7 Significant 

T2* Shrinkage 
allowance 

29.8 <0.0001 1.7 Significant 

Error   0.7  

Total   100.0  

The shrinkage allowance tolerance levels selected in this study 
are relatively small, and controlling manufacturing is quite 
tricky. However, it is the most influential parameter on the 
pressure at the interface. Therefore, the shrinkage allowance 
needs to be set very precisely, and it should be as high as 
possible when manufacturing compound cylinders that operate 
under ultra-high internal pressures. The lowest contribution in 
terms of input parameters was the outer radius of the outer 
cylinder, with 10.0%. Interaction effects of the parameters 
were found to be low in the variance model. The error rate of 
the ANOVA analysis was calculated as 0.7% 

A main effects plot is a type of graph used in statistics and data 
analysis to represent the relationship between input 
parameters and results visually. It is used to understand the 
effect of an input parameter on the result while other variables 
are held constant. The main effects plot for the shrinkage 
pressure is given in Figure 9.  
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Figure 9. The main effects plot for the shrinkage pressure. 

The effects of the parameters on the shrinkage pressure were 
linearly increasing or decreasing. While the inner radius (𝑅1) 
and thickness of the inner cylinder (𝑇1) are inversely 
proportional to the shrinkage pressure, the thickness of the 
outer cylinder (𝑇2) and shrinkage allowance (δ) are 
proportional to the shrinkage pressure. While the average 
interfacial pressure was 73 MPa at the 17.5 mm 𝑅1, the average 
interfacial pressure decreased by 43% to 41 MPa when the 𝑅1 
was 32.5. The increase of 𝑇2 caused an increase in the shrinkage 
pressure. However, increasing 𝑇2 causes an increase in the 
amount of material, and this creates a disadvantageous 
situation regarding the total cost. The primary purpose of this 
study is to optimize by considering the total cost while doing 
this kind of geometric dimensioning. Considering the shrinkage 
allowance, the average interfacial pressure was 29 MPa with a 
𝛿 of 0.03 mm, but this value increased by 193% to 85 MPa with 
a 𝛿 of 0.09 mm. It is desirable to increase the shrinkage 
pressure, but for safety reasons, the total stress in the cylinders 
must be calculated. 

The R-squared value is a statistical measure of how well the 
regression curve approximates the actual data points. The R-
square value ranges from 0 to 1, where 0 indicates that the 
model explains none of the variability around the mean of the 
output parameters data, and 1 indicates that the model explains 
all of the variability around the mean of the output parameters. 
A high R-squared value indicates the predictability of the 
outcome with a high success rate using the input parameters. 
R-squared adjusted is a modified version of R-squared, a 
statistical measure of the fit of a linear regression model. R-
squared adjusted is used to compare models with more than 
one independent variable. R-square and R-square adjusted 
values are 0.983 and 0.980, respectively. It is concluded that the 
parameters have high predictability on the shrinkage pressure. 

An interaction plot is a type of plot used to visualize the 
relationship between two or more input parameters and the 
result. It is a way to see how the effect of one parameter on the 
result depends on the levels of another factor. The 6 interaction 
graphs obtained for the shrinkage pressure are shown in 
Figure 10. First of all, it can be said that all interactions are 
proportional and as they do not coincide each other, there is not 
an interaction between the parameters. However, it can be 
observed that the effect of changing inner cylinder thickness 
(T1) on shrinkage pressure is most pronounced when the 
shrinkage allowance is at its highest value. Again, it was 
observed that when the thickness of outer cylinder is its 
minimum level, there is not any effect of inner cylinder 
thickness. 

 

Figure 10. The interaction graphs for shrinkage pressure. 

3.2 Maximum equivalent stress in the outer cylinder  

The maximum equivalent stresses occurring in the outer 
cylinders under ultra-high internal pressure of 350 MPa are 
given in Table 5. The outer cylinders are generally 
manufactured from low-strength materials. Therefore, it is 
absolutely important to calculate the stresses occurring in the 
outer cylinder. Designing the outer cylinder as unsafe may 
cause sudden fatigue damage. The highest stress was obtained 
as 668.5MPa in the 57th design. The lowest equivalent stress 
was obtained as 131.9 MPa in the 25th design.  

Table 5. The maximum equivalent stresses in the outer 
cylinder of 81 different compound cylinders. 

Exp. 
𝜎𝑜𝑢𝑡𝑒𝑟  
(MPa) 

Exp. 
𝜎𝑜𝑢𝑡𝑒𝑟  
(MPa) 

Exp. 
𝜎𝑜𝑢𝑡𝑒𝑟  
(MPa) 

1 350.1 29 525.9 57 668.5 
2 489.6 30 632.9 58 426.4 
3 629.1 31 370.8 59 500.4 
4 320.8 32 465.5 60 574.5 
5 448.6 33 560.1 61 396.3 
6 576.4 34 350.9 62 465.1 
7 309.4 35 440.4 63 534.0 
8 432.7 36 530.0 64 293.0 
9 555.9 37 245.9 65 373.6 

10 205.0 38 339.4 66 454.2 
11 315.8 39 432.9 67 266.7 
12 426.7 40 227.6 68 340.1 
13 193.2 41 314.1 69 413.5 
14 297.7 42 400.6 70 253.5 
15 402.2 43 218.8 71 323.3 
16 188.0 44 302.0 72 393.0 
17 289.6 45 385.2 73 201.0 
18 391.3 46 168.9 74 270.7 
19 141.9 47 247.0 75 340.4 
20 230.3 48 325.0 76 187.6 
21 318.7 49 159.3 77 252.7 
22 135.2 50 232.9 78 317.7 
23 219.4 51 306.5 79 180.2 
24 303.7 52 154.2 80 242.8 
25 131.9 53 225.5 81 305.3 
26 214.1 54 296.7   
27 296.3 55 496.2   
28 419.0 56 582.4   

The ANOVA table for the maximum equivalent stress in the 
outer cylinder is given in Table 6. The P-value of all input 
parameters in the table is less than 0.05. These results show 
that changing the levels of the input parameters has statistically 
significant effects on the equivalent stress of the outer cylinder. 
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Table 6. The ANOVA table for the maximum equivalent stress 
in the outer cylinder. 

Source F-value P-value Cont.% Remarks 

R1 (mm) 805.6 <0.0001 2.1 Significant 

T1 6488.6 <0.0001 61.8 Significant 

T2 46.1 <0.0001 2.47 Significant 

Shrinkage allowance 1090.0 <0.0001 30.9 Significant 

R1* T1 19.2 <0.0001 0.1 Significant 

R1* T2 23.2 <0.0001 0.2 Significant 

R1* Shrinkage 
allowance 

5.5 <0.0001 0.8 Significant 

T1* T2 22.8 <0.0001 0.8 Significant 

T1* Shrinkage 
allowance 

136.2 <0.0001 0.4 Significant 

T2* Shrinkage 
allowance 

16.2 <0.0001 0.1 Significant 

Error   0.23  

Total   100.0  

However, the thickness of the inner cylinder (𝑇1) was the most 
important parameter, with a contribution rate of 61.8%, and 
the effects of the other parameters were less pronounced. 
While the contribution rate of the 𝛿 was calculated as 30.1%, 
the effect of 𝑅1 and 𝑇2 seems nearly no effect on its stress value 
with a contribution rate of 2.1% and 2.4%, respectively. The 
main effects plot of the parameters is given in Figure 11.  

 

Figure 11. The main effects plot for the maximum equivalent 
stress in the outer cylinder. 

As can be seen from the figure, an increase in the 𝑅1 and a 
decrease in 𝑇2 parameters causes a slight increase in the stress 
level.  The stress level decreases significantly with the increase 
in the 𝑇1 parameter. Again, increasing 𝜹 caused an increase in 
the stress level. An interesting result is that there is no need to 
increase the thickness of the outer cylinder to reduce the stress 
level in the outer cylinder. This information is important for 
designing the compound cylinders as safely and economically. 

The R-squared and R-squared adjusted values are 0.997 and 
0.996, respectively. R-square adjusted values of 0.7 and above 
are accepted in engineering problems. So, it is concluded that 
the parameters have high predictability on the maximum 
equivalent stress in the outer cylinder. When the interaction 
plots given in Figure 12 are examined, it is seen that there is 
only a slight interaction between the parameters of 𝑅1 and 𝛿.  
When the level of 𝛿 was 0.03 mm changing of 𝑅1 affected the 
stress level but when it is 0.09, changing of 𝑅1 did not affect the 
stress of outer cylinder. 

 

Figure 12. The interaction graphs for maximum equivalent 
stress of outer cylinders. 

3.3 Maximum equivalent stress in the inner cylinder  

The maximum equivalent stresses occurring in the inner 
cylinder of 81 different compound cylinders when internal 
pressure was 350 MPa are given in Table 7.  

Table 7. The maximum equivalent stresses in the inner 
cylinder of 81 different compound cylinders.  

Exp. 
𝜎𝑖𝑛𝑛𝑒𝑟 
(MPa) 

Total 
Cost 
($) 

Exp. 
𝜎𝑖𝑛𝑛𝑒𝑟 
(MPa) 

Total 
Cost 
($) 

Exp. 
𝜎𝑖𝑛𝑛𝑒𝑟 
(MPa) 

Total 
Cost 
($) 

1 600.6 534 29 606.0 395 57 636.4 330 
2 503.5 534 30 528.9 395 58 651.1 386 
3 416.5 534 31 592.1 479 59 566.2 386 
4 530.0 686 32 493.9 479 60 486.2 386 
5 416.0 686 33 406.8 479 61 597.4 454 
6 331.9 686 34 551.1 584 62 506.7 454 
7 500.5 878 35 447.5 584 63 424.6 454 
8 382.9 878 36 362.1 584 64 701.5 506 
9 311.0 878 37 652.9 654 65 664.1 506 
10 606.4 986 38 609.9 654 66 627.2 506 
11 555.8 986 39 567.9 654 67 639.0 574 
12 507.1 986 40 602.0 759 68 586.0 574 
13 565.5 1179 41 541.7 759 69 534.8 574 
14 495.7 1179 42 484.4 759 70 605.1 654 
15 431.5 534 43 574.9 883 71 544.3 654 
16 544.3 534 44 506.1 883 72 486.3 654 
17 465.5 534 45 442.3 883 73 669.2 727 
18 395.7 686 46 637.1 989 74 645.2 727 
19 607.4 686 47 610.0 989 75 621.6 727 
20 576.3 686 48 583.4 989 76 631.0 806 
21 545.8 878 49 605.2 1114 77 594.6 806 
22 580.9 878 50 564.4 1114 78 558.9 806 
23 534.3 878 51 524.7 1114 79 607.8 898 
24 489.7 986 52 586.1 1259 80 564.0 898 
25 565.3 986 53 537.3 1259 81 521.5 654 
26 510.1 986 54 490.5 1259    
27 458.0 1179 55 771.5 330    
28 686.5 1179 56 703.2 330    

The highest stress was obtained in experiment 55 as 771.5 MPa. 
The lowest equivalent stress was obtained in the 9th design as 
311 MPa. However, since the outer cylinder stress exceeded the 
allowable stress in the 9th design, the lowest equivalent stress 
was 395 MPa in the 18th design. The ANOVA table is given in 
Table 8. The P-value of all input parameters in the table is less 
than 0.05. This result shows that all input design parameters 
have significant effects on the equivalent stress in the inner 
cylinder. Except for the thickness of the inner cylinder (T1), all 
design parameters exhibit similar effects on the stress level. 
The shrinkage allowance (δ) contributes the most with a ratio 
of 32.7%, while the thickness of the outer cylinder (T2) and the 
inner radius of the inner cylinder (R1) have effects of 27.4% and 
22.3%, respectively.  
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Table 8. The ANOVA table for the maximum equivalent stress 
in the inner cylinder. 

Source F-value P-value Cont.% Remarks 

R1 (mm) 1199.8 <0.0001 22.3 Significant 

T1 333.3 <0.0001 6.2 Significant 

T2 1476.6 <0.0001 27.4 Significant 

Shrinkage allowance 1757.2 <0.0001 32.7 Significant 

R1* T1 81.5 <0.0001 3.0 Significant 

R1* T2 19.5 <0.0001 0.7 Significant 

R1* Shrinkage 
allowance 

7.2 <0.0001 0.3 Significant 

T1* T2 70.7 <0.0001 2.6 Significant 

T1* Shrinkage 
allowance 

97.6 <0.0001 3.6 Significant 

T2* Shrinkage 
allowance 

15.5 <0.0001 0.5 Significant 

Error   0.4  

Total   100.0  

These results also verified the results of a previous study 
conducted according to Taguchi L9 orthogonal design [3]. The 
parameters have high predictability on the maximum 
equivalent stress in the inner cylinder. Because R-square and R-
square adjusted values are 0.976 and 0.972, respectively. The 
main effects plot for the maximum equivalent stress in the inner 
cylinder is given in Figure 13.  

 

Figure 13. The main effects plot for the maximum equivalent 
stress in the inner cylinder. 

While increasing 𝑅1 caused a significant increase in the stress 
value, conversely, increasing 𝑇2 and 𝛿 reduced the stress level 
considerably. Despite its minimal effect, interestingly, an 
increase in 𝑇1 caused a higher stress level.  That is because as 
the inner cylinder wall thickness increases, the outer cylinder 
wall thickness decreases and therefore the compressive stress 
in the inner cylinder decreases. The reduction in equivalent 
stress observed in the compound cylinder is consistent with the 
findings of Aydın et al. who demonstrated that outer layers 
significantly lower the tensile stresses in the inner cylinder 
under internal pressure [3],. When interaction plots given in 
Figure 14 were examined, there is an interaction between 𝑇1 
and 𝛿. 𝑇1 does not have any effect when 𝛿 has 0.03 mm. In the 
design of compound cylinders, 𝑇1 is generally taken at 
maximum values in order to make a safe design. However, the 
results showed that it should be taken with minimum 
dimensions. The inner cylinders are generally manufactured 
from high-strength and overcasting materials. Therefore, 
designing compound cylinders to have minimum 𝑇1 will also 
provide a more economical solution.  

 

Figure 14. The interaction graphs for maximum equivalent 
stress of inner cylinders. 

Again, for a more economical design, instead of increasing 𝑇2, it 
is recommended to select the 𝛿 value at higher levels so as not 
to cause yield in the outer cylinder. The smaller 𝑅1 reduces the 
stress of inner cylinder but for a given volume capacity, the 
length of the cylinders should be increased as the radius 
decreases. Therefore, an optimization is required for the 
economical design of the compound cylinders. 

3.4 Determination of optimum parameter levels using 
the constrained Grey Wolf Algorithm   

Before the optimization process, reference parameter levels 
were determined for comparison. The reference parameter 
levels are the parameter levels that give the minimum stress in 
the inner cylinder (18th design in Table 7) and the lowest total 
cost (58th design in Table 7). The designs with an equivalent 
stress in the outer cylinder above the safety yield strength (430 
MPa) are excluded from the full factorial design table. These 
reference values are called 𝑅𝑒𝑓1 and 𝑅𝑒𝑓2. The parameter levels 
of 𝑅𝑒𝑓1 and 𝑅𝑒𝑓2 and the results obtained at these two reference 
levels are shown in Table 9. 

Table 9. Parameter levels, maximum equivalent stresses, and 
total cost of reference compound cylinders. 

 R1 
(mm) 

T1 
(mm) 

T2 
(mm) 

δ 
(mm) 

inner 
(MPa) 

outer 
(MPa) 

Total 
Cost 
($) 

Ref1 17.5 30 45 0.09 395 391 1413 
Ref2 32.5 15 30 0.03 651 426 386 

The objective functions for the equivalent stress in the inner 
cylinder and total cost are given by eq. 31 and 32 are given 
respectively 

𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑡𝑟𝑒𝑠𝑠 𝑜𝑓 𝑖𝑛𝑛𝑒𝑟 𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 (𝑀𝑃𝑎)
= 564.7 + 14.14 ∗ 𝑅1 + 2.995 ∗ 𝑇1

− 7.779 ∗ 𝑇2 − 4194 ∗ 𝛿 − 0.0059
∗ 𝑅1

2 − 0.0366 ∗ 𝑇1
2 + 0.0867 ∗ 𝑇2

2

+ 3615 ∗ 𝛿2 − 0.1986 ∗ 𝑅1 ∗ 𝑇1

− 0.0978 ∗ 𝑅1 ∗ 𝑇2 + 29.33 ∗ 𝑅1 ∗ 𝛿
+ 0.08812 ∗ 𝑇1 ∗ 𝑇2 + 54.36 ∗ 𝑇1 ∗ 𝛿
− 21.11 ∗ 𝑇2 ∗ 𝛿 

(31) 

𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡 ($) = 921 − 90.36 ∗ 𝑅1 + 48.99 ∗ 𝑇1 + 17.88
∗ 𝑇2 + 2.272 ∗ 𝑅1

2 + 0.2032 ∗ 𝑇1
2

+ 0.0544 ∗ 𝑇2
2 − 1.6019 ∗ 𝑅1 ∗ 𝑇1

− 0.6196 ∗ 𝑅1 ∗ 𝑇2 + 0.1088 ∗ 𝑇1 ∗ 𝑇2 

(32) 

In this study, the optimization process was conducted by 
applying weighting to the mathematical models of output 
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parameters. This weighting approach facilitates the 
simultaneous evaluation of multiple objectives within the 
optimization process. By assigning a specific level of 
importance to each objective, weighting enables the integration 
of all objectives into a single objective function. Mathematically, 
the total weighted objective function can be represented as: 

𝐹𝑡𝑜𝑡𝑎𝑙 = 𝑤1 ∗ 𝑓1(𝑥) + 𝑤2 ∗ 𝑓2(𝑥) (33) 

Where 𝑤𝑖  is the weight assigned to the objective function 𝑓𝑖  and 
these weights reflect the degree of priority or importance 
between the objectives. In the present study, two distinct 
performance criteria weighted to execute the optimization 
process. 

The weight ratios for the two objective functions total cost and 
equivalent stress of inner cylinder were optimized for finding 
the best weight ratio. The optimization of the weight ratios was 
done as follows. 

Optimum parameter levels were obtained with a total of nine 
different weight ratios starting from 90% (𝜎)-10% 
(𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡) up to 10% (𝜎)-90% (𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡). σ and Total Cost 
(T.C.) are the objective functions for the equivalent stresses in 
the inner cylinder and total cost of compound cylinders, 
respectively. Equivalent stresses in the inner cylinder and the 
total costs were calculated using nine different weighed 
optimization as shown in Table 10. 

Table 10. The parameter levels and results obtained for all 
weight ratios. 

Exp
. No 

Weight 
Ratios 

R1 T1 T2  δ 
σinner 
(MPa) 

Total 
Cost 

1 
0.9*σ + 
0.1*T.C. 

17.50 15 50.39 0.062 369 970 

2 
0.8*σ + 
0.2*T.C. 

30.43 23.25 58.24 0.090 423 664 

3 
0.7*σ + 
0.3*T.C. 

26.07 15 46.16 0.055 467 535 

4 
0.6*σ + 
0.4*T.C. 

26.63 15 39.85 0.051 500 473 

5 
0.5*σ + 
0.5*T.C. 

26.22 15 30.70 0.045 547 415 

6 
0.4*σ + 
0.6*T.C. 

26.10 15 23.62 0.040 600 373 

7 
0.3*σ + 
0.7*T.C. 

25.83 15 16.67 0.034 668 336 

8 
0.2*σ + 
0.8*T.C. 

25.28 15 11.74 0.030 727 314 

9 
0.1*σ + 
0.9*T.C. 

24.67 15 10.53 0.03 736 313 

Since the two performance criteria do not have same units, the 
equivalent cylinder of the inner cylinder and total cost was 
normalized according to Eq. 34. Hence the equivalent stress and 
normalized cost results obtained for nine different weight 
ratios were calculated as shown in Table 11. 

|𝑥|𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 =
𝑥 − 𝑥𝑚𝑖𝑛

𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛
 (34) 

After the normalization process the results of the equivalent 
stresses and total costs were shown in the same graph as in 
Figure 15. The optimum weight ratios were determined as the 
intersection point of two-line graphs (Stress and Total cost). As 
a result, the optimum weight ratios were calculated as 67% for 
equivalent stress and 33% for the total cost. 

The optimization was done again by using the optimum weight 
ratio.  The optimization results with optimum weight ratio were 
given in Table 12. 

 

Table 11. The equivalent stress and normalized cost results. 

Weight Ratios 
σinner 

(normalized) 
Total Cost 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑠𝑒𝑑 

0.9*σ + 0.1*T.C. 0.000 1.000 
0.8*σ + 0.2*T.C. 0.147 0.534 
0.7*σ + 0.3*T.C. 0.267 0.338 
0.6*σ + 0.4*T.C. 0.357 0.244 
0.5*σ + 0.5*T.C. 0.485 0.155 
0.4*σ + 0.6*T.C. 0.629 0.091 
0.3*σ + 0.7*T.C. 0.815 0.035 
0.2*σ + 0.8*T.C. 0.975 0.002 
0.1*σ + 0.9*T.C. 1.000 0.000 

 

Table 12. Optimization results (comparison with reference 
compound cylinders). 

 σinner(MPa) Total Cost  ($) 
Ref1 395 1413 
Ref2 651 386 

Optimum Levels 
(Opt_Weighted) 

477 514 
 

 

Figure 15. The graphical representation of the results for the 
ten weight ratios. 

The optimum values of R1, T1, T2 and δ were 26.42 mm, 15 mm, 
44.66 mm and 0.054 mm, respectively. The results were 
compared with the parameter levels which gives minimum 
equivalent stress in the inner cylinder (𝑅𝑒𝑓1) and the 
parameter levels which gives minimum total cost of compound 
cylinder (𝑅𝑒𝑓2). The optimization led to a 20% increase in 
maximum equivalent stress; however, this value remains 
within safe design limits and is accompanied by a remarkable 
2.75-fold reduction in total cost. This configuration offers a 
well-balanced and highly efficient solution. This result shows 
that it is possible to achieve significant cost reduction by 
allowing some increase in stress. Compared to the 𝑅𝑒𝑓2, there 
is a significant reduction in equivalent stress level of 26.7%. As 
a result, thanks to multi-objective optimization, both an 
economical and safe design has been achieved.  

4 Conclusions 

The design of compound thick-walled cylinders is very 
important to obtain safety and economical solutions. Cylinders 
designed with high safety coefficients are manufactured at very 
high costs. Therefore, optimum design parameter levels should 
be calculated. The main objective of this study is firstly 
determine the effect of geometrical design parameters of 
compound cylinders on their stress values. Secondly determine 
the optimum design parameter levels of compound thick-
walled cylinders. As a result of the study, the optimum 
dimensions of compound thick-walled cylinders with low 
stress levels and economical cost were determined. The 
outputs of the study are summarized below: 
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1) The most effective parameter of the shrinkage 
pressure was the shrinkage allowance (𝛿). Very small 
changes in shrinkage allowance cause significant 
changes in shrinkage pressure and stress levels, 

2) The parameter with the highest contribution to the 
equivalent stress in the outer cylinder was the 
thickness of the inner cylinder (𝑇1) and there is nearly 
no effect of the thickness of the outer cylinder on its 
stress. Therefore, there is no need to increase the 
thickness of the outer cylinder to reduce the stress 
level of its, 

3) Except for the thickness of the inner cylinder (𝑇1), 
almost all parameters affect the maximum stresses of 
the inner cylinder to almost the same degree. 
Therefore, the 𝑇1 value should be chosen as low as 
possible to achieve a more economical design, 

4) The smaller inner cylinder radius (𝑅1) reduces the 
stress of inner cylinder but for a given volume 
capacity, the length of the cylinders should be 
increased as the radius decreases. Therefore, an 
optimization is required for the economical design of 
the compound cylinders, 

5) For a more economical design, instead of increasing 
thickness of the outer cylinder (𝑇2), it is 
recommended to select the shrinkage allowance (𝛿) 
value at higher levels so as not to cause yield in the 
outer cylinder, 

6) As a result of multi-objective weighted optimization 
to get the optimal solution in terms of safety and cost, 
the optimum weight ratios were calculated as 67% for 
equivalent stress and 33% for the total cost, 

7) As a result of the optimization, the maximum 
equivalent stress in the inner cylinder increased by 
20% (395 MPa to 477 MPa) while the total cost 
decreased by 2.7 times (1413$ to 514$), 

8) Using the optimum design parameters instead of the 
parameters that give the minimum cost, there is a 
significant reduction in the equivalent stress of the 
inner cylinder by 26.7% (651 to 477 MPa). 
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