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Abstaract− As a new extension of a cubic set, the notion of a cubic picture fuzzy set is introduced.
The propose work is separated into two portions. Firstly, establish the concept of cubic picture
fuzzy set and explore associated properties. Secondly, establish internal (external) cubic picture
fuzzy sets and define P-order and R-order union and intersection. Deliver some examples to support
of established P-order and R-order union and intersection of internal (external) cubic picture fuzzy
sets.
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1 Introduction

Since, in 1965 Zadeh established fuzzy set theory, its become an essential tool to
grip inaccurate and vagueness material in different area’s of prevailing civilization.
Such inaccuracies are associated with the membership function that belongs to [0,1].
Through membership function, we obtain information which makes possible for us to
reach the conclusion. The fuzzy set theory, becomes a strong area of making observa-
tions in different area’s like medical science, social sciences, engineering, management
sciences, artificial intelligence, robotics, computer networks, decision making and so
on. Due to unassociated sorts of unpredictably’s occurring in different area’s of life
like economics, engineering, medical sciences, management sciences, psychology, so-
ciology, decision making and fuzzy set as noted and often effective mathematical
instruments have been offered to make, be moving in and grip those unpredictably’s.

Since the establishment of fuzzy set, several extensions have been made such as
Atanassov’s [3] work on intuitionistic fuzzy set (IFSs) was quite remarkable as he
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extended the concept of FSs by assigning non-membership degree say “N(x)” along
with membership degree say ”P (x)” with condition that 0 ≤ P (x)+N(x) ≤ 1. Form
last few decades, the IFS has been explored by many researchers and successfully
applied to many practical fields like medical diagnosis, clustering analysis, decision
making pattern recognition [3, 4, 5, 6, 16, 19, 20]. Strengthening the concept IFS
Yager suggest Pythagorean fuzzy sets [17] which somehow enlarge the space of posi-
tive membership and negative membership by introducing some new condition that
0 ≤ P 2(x) + N2(x) ≤ 1.

Atanassov’s [3] structure discourses only satisfaction and dissatisfaction degree of
elements in a set which is quite insufficient as human nature has some sort of abstain
and refusal issues too. Such hitches were considered by Cuong [9] and he proposed
picture fuzzy sets (PFS) of the form (P (x), I(x), N(x)) where the elements in triplet
represent satisfaction, abstain and dissatisfaction degrees respectively, under the
condition that 0 ≤ P (x) + I(x) + N(x) ≤ 1 and with refusal degree defined as
1 − (P (x), I(x), N(x)). The structure of Cuong [9] PFS is considerably more close
to human nature than that of earlier concepts and is one of the richest research
area now. For undefined terms and notions related to these areas one may refer to
[7, 8, 9, 10]. Based on the combination of interval fuzzy sets extension and fuzzy sets
extension, Jun. work on cubic set was quite remarkable. He establish cubic set with
their operational properties and applied to BCK/BCI-algebras.

In this paper, we extend the structure of cubic sets to the picture fuzzy sets. We
establish the concepts of positive-internal (neutral-internal, negative-internal) cubic
picture fuzzy sets and positive-external (neutral -external, negative-external) cubic
picture fuzzy sets, and explore associated properties. We illustrate that the P-order
union and intersection of positive-internal (neutral-internal, negative-internal) cubic
picture fuzzy sets are also positive-internal (neutral-internal, negative-internal) cubic
picture fuzzy sets. We deliver examples to show that the P-order union and intersec-
tion of positive-external (neutral-external, negative-external) cubic picture fuzzy sets
may not be positive-external (neutral-external, negative-external) cubic picture fuzzy
sets, and the R- order union and intersection of positive-internal (neutral-internal,
negative-internal) cubic picture fuzzy sets may not be positive-internal (neutral-
internal, negative-internal) cubic picture fuzzy sets. By providing some more con-
ditions for the R- order union of two positive-internal (resp. neutral-internal and
negative-internal) cubic picture fuzzy sets to be a positive-internal (resp. neutral-
internal and negative-internal) cubic picture fuzzy set.

2 Preliminary

The paper gives brief discussion on basic ideas associated to FS, IFS, PFS and Cubic
set with their operations and operators utilizing triangular norm and conorm. Also
discuss, more familiarized ideas which utilized in following analysis.

Definition 2.1. [18] Let the universe set be R 6= φ . Then

A = {〈r, PA(r)| r ∈ R〉} ,

is said to be a fuzzy set of R, where PA : R → [0, 1] is said to be the membership
degree of r in R.
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Definition 2.2. [4] Let Ω be the collection of all closed subintervals of [0, 1] and
PA = [PLA, PUA] ∈ Ω, where PLA and PUA are the lower extreme and the upper
extreme, respectively. Let the universe set be R 6= φ . Then

A = {〈r,£PA
(r)| r ∈ R〉} ,

is said to be an interval valued fuzzy set of R, where £PA
: R → Ω is said to be

the membership degree of r in R and £PA
= [£PLA

,£PUA
] is said to be an interval

valued fuzzy number.

Definition 2.3. [4] Let the universe set be R 6= φ . Then

A = {〈r, PA(r), NA(r)| r ∈ R〉} ,

is said to be an intuitionistic fuzzy set of R, where PA : R → [0, 1] and NA : R →
[0, 1] are said to be the degree of positive-membership of r in R and the negative-
membership degree of r in R respectively. Also PA and NA satisfy the following
condition:

(∀r ∈ R) (0 ≤ PA(r) + NA(r) ≤ 1).

Definition 2.4. [7] Let the universe set be R 6= φ . Then the set

A = {〈r, PA(r), IA(r), NA(r)| r ∈ R〉} ,

is said to be a picture fuzzy set of R, where PA : R → [0, 1] , IA : R → [0, 1] and
NA : R → [0, 1] are said to be the degree of positive-membership of r in R, the
neutral-membership degree of r in R and the negative-membership degree of r in R
respectively. Also PA, IA and NA satisfy the following condition:

(∀r ∈ R) (0 ≤ PA(r) + IA(r) + NA(r) ≤ 1).

Definition 2.5. [7] Let the universe set be R 6= φ . Then the set

A = {〈r,£PA
(r),£IA

(r),£NA
(r)| r ∈ R〉} ,

is said to be an interval valued picture fuzzy set of R, where £PA
: R → Ω ,

£IA
: R → Ω and £NA

: R → Ω are said to be the degree of positive-membership
of r in R, the neutral-membership degree of r in R and the negative-membership
degree of r in R respectively. Also £PA

, £IA
and £NA

satisfy the following condition:

(∀r ∈ R) (0 ≤ Sup (£PA
(r)) + Sup (£IA

(r)) + Sup (£NA
(r)) ≤ 1).

Definition 2.6. [11] Let the universe set be R 6= φ . Then the set

A = {〈r,£A(r), eA(r)| r ∈ R〉} ,

is said to be a cubic set of R, where £A(r) is an interval-valued fuzzy set in R and
eA(r) is a fuzzy set in R. For simplicity we denoted the cubic set as, A = 〈£A, eA〉 .
Definition 2.7. [11] Let the universe set be R 6= φ . Then the cubic set A = 〈£A, eA〉
is said to be an internal cubic set. if,

£−
A(r) ≤ eA(r) ≤ £+

A(r) for all r ∈ R.
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Definition 2.8. [11] Let the universe set be R 6= φ . Then the cubic set A = 〈£A, eA〉
is said to be an external cubic set. if,

eA(r) /∈ (
£−

A(r),£+
A(r)

)
for all r ∈ R.

Example 2.9. Let the universe set be R 6= φ .Then A = {〈r,£A(r), eA(r)| r ∈ R〉} ,
be a cubic set of R. If £A(r) = [0.3, 0.6] and eA(r) = 0.5 for all r ∈ R, Then the set
A is called an internal cubic set. If £A(r) = [0.3, 0.6] and eA(r) = 0.8 for all r ∈ R,
Then the set A is called an external cubic set. If £A(r) = [0.3, 0.6] and eA(r) = r for
all r ∈ R, Then the set A do not belong to both classes of an internal & external
cubic sets.

3 Cubic Picture Fuzzy Sets and their Operations

Definition 3.1. Let the universe set be R 6= φ . Then the set

A = {〈r,£A(r), eA(r)| r ∈ R〉} ,

is said to be a cubic picture fuzzy set of R, where

£A(r) = {〈r,£PA
(r),£IA

(r),£NA
(r)| r ∈ R〉}

is an interval-valued picture fuzzy set in R and

eA(r) = {〈r, PA(r), IA(r), NA(r)| r ∈ R〉}

is a picture fuzzy set in R. For simplicity we denoted the cubic picture fuzzy set as,
A = 〈£A, eA〉 .
Example 3.2. Let the universe set be R = {r1, r2, r3} . Then the cubic picture fuzzy
set A = 〈£A, eA〉 with the tabular representation as (below).

cubic picture fuzzy set A = 〈£A, eA〉
R £A eA

r1 ([0.3, 0.4] , [0.0, 0.1] , [0.4, 0.4]) (0.5, 0.1, 0.3)
r2 ([0.2, 0.3] , [0.3, 0.4] , [0.1, 0.2]) (0.4, 0.4, 0.1)
r3 ([0.1, 0.3] , [0.3, 0.3] , [0.2, 0.3]) (0.2, 0.1, 0.6)

Example 3.3. Let the universe set be R 6= φ and any interval valued picture fuzzy
set

£A(r) = {〈r,£PA
(r),£IA

(r),£NA
(r)| r ∈ R〉} ,

in R. Assume that A = 〈£A, eA1〉 and A = 〈£A, eA0〉 are cubic picture fuzzy sets,
where eA1 = {〈r, 1, 0, 0| r ∈ R〉} and eA0 = {〈r, 0, 0, 0| r ∈ R〉} in R. If we take

PA(r) =
£−PA

(r)+£+
PA

(r)

2
, IA(r) =

£−IA
(r)+£+

IA
(r)

2
and NA(r) =

£−NA
(r)+£+

NA
(r)

2
, then A =

〈£A, eA〉 is a cubic picture fuzzy set in R.



Journal of New Theory 24 (2018) 59-72 63

Definition 3.4. Let the universe set be R 6= φ. Then the cubic picture fuzzy set
A = 〈£A, eA〉 in R is said to be:

(1) Positive-internal if

£−
PA

(r) ≤ PA(r) ≤ £+
PA

(r), ∀ r ∈ R.

(2) Neutral-internal if

£−
IA

(r) ≤ IA(r) ≤ £+
IA

(r), ∀ r ∈ R.

(3) Nagative-internal if

£−
NA

(r) ≤ NA(r) ≤ £+
NA

(r), ∀ r ∈ R.

If the cubic picture fuzzy set A = 〈£A, eA〉 in R is satisfies all the above properties
then the cubic picture fuzzy set is said to be an internal cubic picture fuzzy set in
R.

Example 3.5. Let the universe set be R = {r1, r2, r3} . Then the pair A = 〈£A, eA〉
is said to be an internal cubic picture fuzzy set with the tabular representation as
(below).

Internal cubic picture fuzzy set A = 〈£A, eA〉
R £A eA

r1 ([0.20, 0.33] , [0.05, 0.26] , [0.39, 0.41]) (0.25, 0.15, 0.40)
r2 ([0.11, 0.30] , [0.30, 0.40] , [0.15, 0.25]) (0.23, 0.39, 0.24)
r3 ([0.33, 0.43] , [0.15, 0.28] , [0.27, 0.29]) (0.42, 0.27, 0.28)

Definition 3.6. Let the universe set be R 6= φ. Then the cubic picture fuzzy set
A = 〈£A, eA〉 in R is said to be:

(1) Positive-external if

PA(r) /∈ (
£−

PA
(r),£+

PA
(r)

)
, ∀ r ∈ R.

(2) Neutral-external if

IA(r) /∈ (
£−

IA
(r),£+

IA
(r)

)
, ∀ r ∈ R.

(3) Nagative-external if

NA(r) /∈ (
£−

NA
(r),£+

NA
(r)

)
, ∀ r ∈ R.

If the cubic picture fuzzy set A = 〈£A, eA〉 in R is satisfies all the above properties
then the cubic picture fuzzy set is said to be an external cubic picture fuzzy set in
R.

Proposition 3.7. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉
be a cubic picture fuzzy set in R which is not external. Then there exists r ∈
R such that, PA(r) ∈ (

£−
PA

(r),£+
PA

(r)
)
, IA(r) ∈ (

£−
IA

(r),£+
IA

(r)
)

and NA(r) ∈(
£−

NA
(r),£+

NA
(r)

)
.
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Proof. Straightforward.

Proposition 3.8. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be both positive internal and
external, then ∀ r ∈ R

PA(r) ∈ {
£−

PA
(r)|r ∈ R

} ∪ {
£+

PA
(r)|r ∈ R

}
.

Proof. By utilizing the definition 3.4, we have

£−
PA

(r) ≤ PA(r) ≤ £+
PA

(r), ∀ r ∈ R

and utilizing the definition 3.6, we have

PA(r) /∈ (
£−

PA
(r),£+

PA
(r)

)
, ∀ r ∈ R

It follows that
PA(r) = £−

PA
(r) or PA(r) = £+

PA
(r)

and so that
PA(r) ∈ {

£−
PA

(r)|r ∈ R
} ∪ {

£+
PA

(r)|r ∈ R
}

.

Similarly, we have following proposition for other membership degrees.

Proposition 3.9. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be a
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be both neutral internal and
external, then ∀ r ∈ R

IA(r) ∈ {
£−

IA
(r)|r ∈ R

} ∪ {
£+

IA
(r)|r ∈ R

}
.

Proposition 3.10. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be a
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be both negative internal and
external, then ∀ r ∈ R

NA(r) ∈ {
£−

NA
(r)|r ∈ R

} ∪ {
£+

NA
(r)|r ∈ R

}
.

Now we define some operations on the cubic picture fuzzy sets and properties of
defined operations are also examined. These operations will be of great use like in
defining aggregation operators for cubic picture fuzzy sets.

In our further discussion R plays the role of universal set and three pairs A =
〈£A, eA〉 , B = 〈£B, eB〉 & C = 〈£C , eC〉 are the cubic picture fuzzy sets of the form

A = 〈£A, eA〉 = {r, 〈£PA
(r),£IA

(r),£NA
(r)〉 , 〈PA(r), IA(r), NA(r)〉 |r ∈ R} , with

the condition that
0 ≤ Sup

[
£−

PA
(r),£+

PA
(r)

]
+ Sup

[
£−

IA
(r),£+

IA
(r)

]
+ Sup

[
£−

NA
(r),£+

NA
(r)

] ≤ 1
and 0 ≤ PA(r) + IA(r) + NA(r) ≤ 1.

B = 〈£B, eB〉 = {r, 〈£PB
(r),£IB

(r),£NB
(r)〉 , 〈PB(r), IB(r), NN(r)〉 |r ∈ R} , with

the condition that
0 ≤ Sup

[
£−

PB
(r),£+

PB
(r)

]
+ Sup

[
£−

IB
(r),£+

IB
(r)

]
+ Sup

[
£−

NB
(r),£+

NB
(r)

] ≤ 1
and 0 ≤ PB(r) + IB(r) + NB(r) ≤ 1.

and
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C = 〈£C , eC〉 = {r, 〈£PC
(r),£IC

(r),£NC
(r)〉 , 〈PC(r), IC(r), NC(r)〉 |r ∈ R} , with

the condition that
0 ≤ Sup

[
£−

PC
(r),£+

PC
(r)

]
+ Sup

[
£−

IC
(r),£+

IC
(r)

]
+ Sup

[
£−

NC
(r),£+

NC
(r)

] ≤ 1
and 0 ≤ PC(r) + IC(r) + NC(r) ≤ 1.

Definition 3.11. Let for two cubic picture fuzzy sets A = 〈£A, eA〉 and B =
〈£B, eB〉 , we define equality as

A = B ⇔ £A = £B and eA = eB.

Definition 3.12. Let for two cubic picture fuzzy sets A = 〈£A, eA〉 and B =
〈£B, eB〉 , we define P-order as

A ⊆p B ⇔ £A ⊆ £B and eA ≤ eB.

Definition 3.13. Let for two cubic picture fuzzy sets A = 〈£A, eA〉 and B =
〈£B, eB〉 , we define R-order as

A ⊆R B ⇔ £A ⊆ £B and eA ≥ eB.

Definition 3.14. Let Aj =
〈
£Aj

, eAj

〉
be collection of cubic picture fuzzy sets in

R 6= 0. Then we define P-order union as

P⋃
j∈I

Aj =

(⋃
j∈I

£Aj
,
∨
j∈I

eAj

)
,

where I be an index set and
⋃
j∈I

£Aj
=

{〈
r;

(
⋃
j∈I

£PAj

)
(r),

(
⋃
j∈I

£IAj

)
(r),

(
⋃
j∈I

£NAj

)
(r)

〉
|r ∈ R

}
,

∨
j∈I

eAj
=

{〈
r;

(
∨
j∈I

PAj

)
(r),

(
∨
j∈I

IAj

)
(r),

(
∨
j∈I

NAj

)
(r)

〉
|r ∈ R

}
.

Definition 3.15. Let Aj =
〈
£Aj

, eAj

〉
be collection of cubic picture fuzzy sets in

R 6= 0. Then we define R-order union as

R⋃
j∈I

Aj =

(⋃
j∈I

£Aj
,
∧
j∈I

eAj

)
,

where
⋃
j∈I

£Aj
=

{〈
r;

(
⋃
j∈I

£PAj

)
(r),

(
⋃
j∈I

£IAj

)
(r),

(
⋃
j∈I

£NAj

)
(r)

〉
|r ∈ R

}
,

∧
j∈I

eAj
=

{〈
r;

(
∧
j∈I

PAj

)
(r),

(
∧
j∈I

IAj

)
(r),

(
∧
j∈I

NAj

)
(r)

〉
|r ∈ R

}
.

Definition 3.16. Let Aj =
〈
£Aj

, eAj

〉
be collection of cubic picture fuzzy sets in

R 6= 0. Then we define P-order intersection as

P⋂
j∈I

Aj =

(⋂
j∈I

£Aj
,
∧
j∈I

eAj

)
,
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where
⋂
j∈I

£Aj
=

{〈
r;

(
⋂
j∈I

£PAj

)
(r),

(
⋂
j∈I

£IAj

)
(r),

(
⋂
j∈I

£NAj

)
(r)

〉
|r ∈ R

}
,

∧
j∈I

eAj
=

{〈
r;

(
∧
j∈I

PAj

)
(r),

(
∧
j∈I

IAj

)
(r),

(
∧
j∈I

NAj

)
(r)

〉
|r ∈ R

}
.

Definition 3.17. Let Aj =
〈
£Aj

, eAj

〉
be collection of cubic picture fuzzy sets in

R 6= 0. Then we define R-order intersection as

P⋂
j∈I

Aj =

(⋂
j∈I

£Aj
,
∨
j∈I

eAj

)
,

where
⋂
j∈I

£Aj
=

{〈
r;

(
⋂
j∈I

£PAj

)
(r),

(
⋂
j∈I

£IAj

)
(r),

(
⋂
j∈I

£NAj

)
(r)

〉
|r ∈ R

}
,

∨
j∈I

eAj
=

{〈
r;

(
∨
j∈I

PAj

)
(r),

(
∨
j∈I

IAj

)
(r),

(
∨
j∈I

NAj

)
(r)

〉
|r ∈ R

}
.

The complement of A = 〈£A, eA〉 is define as Ac = 〈£c
A, ec

A〉 be also cubic picture
fuzzy set, where £c

A = {〈r,£PA
(r),£IA

(r),£NA
(r)〉 |r ∈ R} be an complement of in-

terval picture fuzzy set and ec
A = {〈r, P c

A(r), Ic
A(r), N c

A(r)〉 |r ∈ R} be an complement
of picture fuzzy set in R.

Obviously,
(
Ac

j

)c
= Aj,

(
P⋃

j∈I

Aj

)c

=
P⋂

j∈I

Ac
j,

(
P⋂

j∈I

Aj

)c

=
P⋃

j∈I

Ac
j,

(
R⋃

j∈I

Aj

)c

=
R⋂

j∈I

Ac
j and

(
R⋂

j∈I

Aj

)c

=
R⋃

j∈I

Ac
j.

Proposition 3.18. Let for any cubic picture fuzzy sets A = 〈£A, eA〉 , B = 〈£B, eB〉
and C = 〈£C , eC〉 in R. For P-order we have

(1) If A ⊆p B and B ⊆p C then A ⊆p C.
(2) If A ⊆p B then BC ⊆p AC .

(3) If A ⊆p B and A ⊆p C then A ⊆p B
P⋂

C.

(3) If A ⊆p B and C ⊆p B then A
P⋃

C ⊆P B.

Proposition 3.19. Let for any cubic picture fuzzy sets A = 〈£A, eA〉 , B = 〈£B, eB〉
and C = 〈£C , eC〉 in R. For R-order we have

(1) If A ⊆R B and B ⊆R C then A ⊆R C.
(2) If A ⊆R B then BC ⊆R AC .

(3) If A ⊆R B and A ⊆R C then A ⊆R B
R⋂

C.

(3) If A ⊆R B and C ⊆R B then A
R⋃

C ⊆R B.

Theorem 3.20. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be
a cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be an positive internal
(resp. positive external), then the complement Ac = 〈£c

A, ec
A〉 of A = 〈£A, eA〉 be an

positive internal (resp. positive external) cubic picture fuzzy set in R.
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Proof. If the pair A = 〈£A, eA〉 be an positive internal (resp. positive external) cubic
picture fuzzy set in R. Then by the definition3.4, we have

£−
PA

(r) ≤ PA(r) ≤ £+
PA

(r)
(
resp., PA(r) /∈ (

£−
PA

(r),£+
PA

(r)
))

, ∀r ∈ R this im-
plies that ∀r ∈ R

1−£+
PA

(r) ≤ 1−PA(r) ≤ 1−£−
PA

(r)
(
resp., 1− PA(r) /∈ (

1−£+
PA

(r), 1−£−
PA

(r)
))

.
Therefore

Ac = 〈£c
A, ec

A〉 be an positive internal (resp. positive external) cubic picture fuzzy
set in R.

Theorem 3.21. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be a
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be an neutral internal (resp.
neutral external), then the complement Ac = 〈£c

A, ec
A〉 of A = 〈£A, eA〉 be an neutral

internal (resp. neutral external) cubic picture fuzzy set in R.

Theorem 3.22. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be a
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be an negative internal (resp.
negative external), then the complement Ac = 〈£c

A, ec
A〉 of A = 〈£A, eA〉 be an

negative internal (resp. negative external) cubic picture fuzzy set in R.

Corollary 3.23. Let the universe set be R 6= φ and the pair A = 〈£A, eA〉 be a
cubic picture fuzzy set in R. If the pair A = 〈£A, eA〉 be an internal (resp., external),
then the complement Ac = 〈£c

A, ec
A〉 of A = 〈£A, eA〉 be an internal (resp., external)

cubic picture fuzzy set in R.

Theorem 3.24. Let Aj =
〈
£Aj

, eAj

〉
be the collection of positive internal cubic

picture fuzzy sets in R 6= 0. Then the P-order union and intersection of Aj =〈
£Aj

, eAj

〉
are also be an positive internal cubic picture fuzzy sets in R.

Proof. Since, Aj =
〈
£Aj

, eAj

〉
be collection of positive internal cubic picture fuzzy

sets in R,we have by definition3.4,

£−
PAj

(r) ≤ PAj
(r) ≤ £+

PAj
(r),∀r ∈ R, j ∈ I.

Then, it follows that(
⋃
j∈I

£PAj

)−

(r) ≤
(

∨
j∈I

PAj

)
(r) ≤

(
⋃
j∈I

£PAj

)+

(r) ,

and(
⋂
j∈I

£PAj

)−

(r) ≤
(

∧
j∈I

PAj

)
(r) ≤

(
⋂
j∈I

£PAj

)+

(r) .

Therefore
P⋃

j∈I

Aj =

(
⋃
j∈I

£Aj
,
∨
j∈I

eAj

)
and

P⋂
j∈I

Aj =

(
⋂
j∈I

£Aj
,
∧
j∈I

eAj

)
are positive internal

cubic picture fuzzy sets in R.

Similarly,

Theorem 3.25. Let Aj =
〈
£Aj

, eAj

〉
be the collection of neutral internal cubic

picture fuzzy sets in R 6= 0. Then the P-order union and intersection of Aj =〈
£Aj

, eAj

〉
are also neutral internal cubic picture fuzzy sets in R.
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Theorem 3.26. Let Aj =
〈
£Aj

, eAj

〉
be the collection of negative internal cubic

picture fuzzy sets in R 6= 0. Then the P-order union and intersection of Aj =〈
£Aj

, eAj

〉
are also negative internal cubic picture fuzzy sets in R.

Corollary 3.27. Let Aj =
〈
£Aj

, eAj

〉
be collection of internal cubic picture fuzzy

sets in R 6= 0. Then the P-order union and intersection of Aj =
〈
£Aj

, eAj

〉
are also

internal cubic picture fuzzy sets in R.

In below example we seen that every P-order union and intersection of negative
external (resp., positive external, neutral external) cubic picture fuzzy sets may not
be negative external (resp., positive external, neutral external) cubic picture fuzzy
sets.

Example 3.28. Let for two cubic picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉
in R, define as

A = {r, 〈[0.32, 0.53] , [0.09, 0.15] , [0.22, 0.31]〉 , 〈0.48, 0.13, 0.36〉 |r ∈ [0, 1]} and
B = {r, 〈[0.29, 0.43] , [0.24, 0.38] , [0.06, 0.18]〉 , 〈0.37, 0.29, 0.33〉 |r ∈ [0, 1]} .

Then A and B are negative external cubic picture fuzzy sets in [0, 1], and A
p⋃

B =
(£A ∪£B, eA ∨ eB) with

£A ∪£B = {r, 〈[0.32, 0.53] , [0.24, 0.38] , [0.22, 0.31]〉 |r ∈ [0, 1]}
eA ∨ eB = {r, 〈0.48, 0.29, 0.36〉 |r ∈ [0, 1]}

is not an negative external cubic picture fuzzy sets in [0, 1].

also, A
p⋂

B = (£A ∩£B, eA ∧ eB) with
£A ∩£B = {r, 〈[0.29, 0.43] , [0.09, 0.15] , [0.06, 0.18]〉 |r ∈ [0, 1]}
eA ∧ eB = {r, 〈0.37, 0.13, 0.33〉 |r ∈ [0, 1]}

is not an negative external cubic picture fuzzy sets in [0, 1].

Example 3.29. Let the universe set be R = {r1, r2, r3} . Then the pairs A =
〈£A, eA〉 and B = 〈£B, eB〉 are said to be a cubic picture fuzzy set with the tabular
representation as (below).

cubic picture fuzzy set A

R £A eA

r1 ([0.20, 0.30] , [0.15, 0.26] , [0.39, 0.41]) (0.51, 0.08, 0.40)
r2 ([0.14, 0.28] , [0.29, 0.39] , [0.18, 0.28]) (0.13, 0.43, 0.24)
r3 ([0.41, 0.43] , [0.09, 0.18] , [0.27, 0.33]) (0.26, 0.27, 0.28)

cubic picture fuzzy set B

R £B eB

r1 ([0.20, 0.33] , [0.05, 0.16] , [0.39, 0.41]) (0.35, 0.19, 0.40)
r2 ([0.11, 0.29] , [0.30, 0.40] , [0.15, 0.25]) (0.32, 0.29, 0.24)
r3 ([0.33, 0.39] , [0.15, 0.23] , [0.27, 0.29]) (0.42, 0.27, 0.28)

A
p⋃

B = (£A ∪£B, eA ∨ eB)

R £A ∪£B eA ∨ eB

r1 ([0.20, 0.33] , [0.15, 0.26] , [0.39, 0.41]) (0.51, 0.19, 0.40)
r2 ([0.14, 0.29] , [0.30, 0.40] , [0.18, 0.28]) (0.32, 0.43, 0.24)
r3 ([0.41, 0.43] , [0.15, 0.23] , [0.27, 0.33]) (0.42, 0.27, 0.28)
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A
p⋂

B = (£A ∩£B, eA ∧ eB)

R £A ∩£B eA ∧ eB

r1 ([0.20, 0.30] , [0.05, 0.16] , [0.39, 0.41]) (0.35, 0.08, 0.40)
r2 ([0.11, 0.28] , [0.29, 0.39] , [0.15, 0.25]) (0.13, 0.29, 0.24)
r3 ([0.33, 0.39] , [0.09, 0.18] , [0.27, 0.29]) (0.26, 0.27, 0.28)

Then A = 〈£A, eA〉 and B = 〈£B, eB〉 are both positive and neutral external cubic

picture fuzzy sets in [0, 1] , and tabular representation of A
p⋃

B , A
p⋂

B are neither
an positive external nor neutral external cubic picture fuzzy sets.

Similarly, we seen that every P-order union and intersection of positive internal
(resp., neutral internal, negative internal) cubic picture fuzzy sets may not be positive
internal (resp., neutral internal, negative internal) cubic picture fuzzy sets.

Example 3.30. Let for two cubic picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉
in R, define as

A = {r, 〈[0.32, 0.53] , [0.09, 0.15] , [0.22, 0.31]〉 , 〈0.48, 0.18, 0.33〉 |r ∈ [0, 1]} and
B = {r, 〈[0.29, 0.43] , [0.24, 0.35] , [0.06, 0.18]〉 , 〈0.37, 0.37, 0.33〉 |r ∈ [0, 1]} .

Then A and B are positive internal cubic picture fuzzy sets in [0, 1], and A
p⋃

B =
(£A ∪£B, eA ∨ eB) with

£A ∪£B = {r, 〈[0.32, 0.53] , [0.24, 0.35] , [0.22, 0.31]〉 |r ∈ [0, 1]}
eA ∨ eB = {r, 〈0.48, 0.37, 0.33〉 |r ∈ [0, 1]}

is not an positive internal cubic picture fuzzy sets in [0, 1].

also, A
p⋂

B = (£A ∩£B, eA ∧ eB) with
£A ∩£B = {r, 〈[0.29, 0.43] , [0.09, 0.15] , [0.06, 0.18]〉 |r ∈ [0, 1]}
eA ∧ eB = {r, 〈0.37, 0.18, 0.33〉 |r ∈ [0, 1]}

is not an positive internal cubic picture fuzzy sets in [0, 1].

Theorem 3.31. Let the universe set be R 6= φ and for two positive internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

max
{
£−

PA
(r),£−

PB
(r)

} ≤ (PA ∧ PB) (r) .

Then R-order union of A and B is a posative internal cubic picture fuzzy set in
R.

Proof. Since A = 〈£A, eA〉 and B = 〈£B, eB〉 are two positive internal cubic picture
fuzzy sets in R. Then by definition 3.4 we have ∀ r ∈ R,

£−
PA

(r) ≤ PA(r) ≤ £+
PA

(r), and £−
PB

(r) ≤ PB(r) ≤ £+
PB

(r),

and so (PA ∧ PB) (r) ≤ (£PA
∪£PB

)+ (r),
it follows that

(£PA
∪£PB

)− (r) = max
{
£−

PA
(r),£−

PB
(r)

} ≤ (PA ∧ PB) (r) ≤ (£PA
∪£PB

)+ (r).
Hence

A
R⋃

B = (£A ∪£B, eA ∧ eB) is a R-order union of A and B is a positive internal
cubic picture fuzzy set in R.
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Theorem 3.32. Let the universe set be R 6= φ and for two neutral internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

max
{
£−

IA
(r),£−

IB
(r)

} ≤ (IA ∧ IB) (r) .

Then R-order union of A and B is a neutral internal cubic picture fuzzy set in
R.

Theorem 3.33. Let the universe set be R 6= φ and for two negative internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

max
{
£−

NA
(r),£−

NB
(r)

} ≤ (NA ∧NB) (r) .

Then R-order union of A and B is a negative internal cubic picture fuzzy set in
R.

Corollary 3.34. Let the universe set be R 6= φ and for two internal cubic picture
fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. If R-order union of A and B is
satisfies all conditions of positive, neutral and negative internal cubic picture fuzzy
sets. Then R-order union of A and B is said to be internal cubic picture fuzzy set
in R.

Theorem 3.35. Let the universe set be R 6= φ and for two positive internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

(PA ∨ PB) (r) ≤ min
{
£+

PA
(r),£+

PB
(r)

}
.

Then R-order intersection of A and B is a positive internal cubic picture fuzzy
set in R.

Proof. Since A = 〈£A, eA〉 and B = 〈£B, eB〉 are two positive internal cubic picture
fuzzy sets in R. Then by definition 3.4 we have ∀ r ∈ R,

£−
PA

(r) ≤ PA(r) ≤ £+
PA

(r), and £−
PB

(r) ≤ PB(r) ≤ £+
PB

(r),

and so (£PA
∩£PB

)− (r) ≤ (PA ∨ PB) (r) ,
it follows that

(£PA
∩£PB

)− (r) ≤ (PA ∨ PB) (r) ≤ min
{
£+

PA
(r),£+

PB
(r)

}
= (£PA

∩£PB
)+ (r).

Hence

A
R⋂

B = (£A ∩£B, eA ∨ eB) is a R-order intersection of A and B is a positive
internal cubic picture fuzzy set in R.

Theorem 3.36. Let the universe set be R 6= φ and for two neutral internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

(IA ∨ IB) (r) ≤ min
{
£+

IA
(r),£+

IB
(r)

}
.

Then R-order intersection of A and B is a neutral internal cubic picture fuzzy
set in R.

Theorem 3.37. Let the universe set be R 6= φ and for two negative internal cubic
picture fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. Then for all r ∈ R such that

(NA ∨NB) (r) ≤ min
{
£+

NA
(r),£+

NB
(r)

}
.

Then R-order intersection of A and B is a negative internal cubic picture fuzzy
set in R.
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Corollary 3.38. Let the universe set be R 6= φ and for two internal cubic picture
fuzzy sets A = 〈£A, eA〉 and B = 〈£B, eB〉 in R. If R-order intersection of A and
B is satisfies all conditions of positive, neutral and negative internal cubic picture
fuzzy sets. Then R-order intersection of A and B is said to be internal cubic picture
fuzzy set in R.
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