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Abstract

We study some aspects of the space QPM(X) of all quasi-
pseudometrics on a set X equipped with the extended Tp-quasi-metric

Ax(f,9) = sup( yyexxx (f(2,y)—g(z,y)) whenever f,g € QPM(X).
We observe that this space is bicomplete and exhibit various closed
subspaces of (QPM (X),7((Ax)?)).

In the second part of the paper, as a rough way to measure the asym-
mety of a quasi-pseudometric f on a set X, we investigate some prop-
erties of the value (Ax)*(f, ™).
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1. Introduction

On the set QPM(X) of all quasi-pseudometrics on the set X we introduce the
extended Ty-quasi-metric Ax defined by

Ax(f,9)= sup  (f(z,y)—g(z,y))
(z,y)eX xX

whenever f,g € QPM(X).*}  Let us immediately mention that obviously the
specialization order <, of Ax is the usual order on QPM (X), that is, for f,g €
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QPM(X) we have f <4, giff Ax(f,g9) =0iff f(x,y) < g(z,y) whenever (z,y) €
X xX.8

1. Remark. We could also consider the bounded counterpart of Ax defined by
min{Ax,1}. In the analogous metric construction this approach was for instance
chosen for the studies [23, 24]. Since however we are mainly interested in large
distance values as they are investigated for instance in the theory of coarse spaces
(e.g. [22]), this is not the approach that we have chosen in this paper.

Below we establish that the space (QPM (X), Ax) is bicomplete. We also show
that various natural subspaces of QPM (X) are 7((Ax)?)-closed and thus bicom-
plete, for instance the set of all totally bounded quasi-pseudometrics on X, the set
of all ultra-quasi-pseudometrics on X and the set of all nonnegatively weightable
quasi-pseudometrics on X.

In the second part of the paper we consider for any quasi-pseudometric f on X
its value of asymmetry defined by Ay := (Ax)*(f, f~!). The definition is obviously
motivated by the fact that f is a pseudometric on X if and only if (Ax)*(f, f~!) =
0.9

We discuss some properties of the introduced concept and consider various
inequalities that are useful to compute it for suitable quasi-pseudometric spaces

(X, f)-
2. The space QPM(X) of all quasi-pseudometrics

After recalling the main definitions of the notions used in this paper, we shall es-
tablish bicompleteness of the space (QPM(X), Ax) and exhibit various 7((Ax)*)-
closed subspaces of (QPM(X), Ax). For a more detailed discussion of the basic
concepts dealt with in this paper the reader may want to consult [7, 13].

1. Definition. Let X be a set and let d : X x X — [0, 00) be a function mapping
into the set [0, 00) of the nonnegative reals. Then d is called a quasi-pseudometric
on X if

(a) d(z,z) = 0 whenever z € X, and

(b) d(z,2) < d(z,y) + d(y, z) whenever x,y,z € X.

We shall say that d is a Ty-quasi-metric provided that d also satisfies the fol-
lowing condition (c): For each z,y € X

d(z,y) =0 =d(y, ) implies that z = y.

The specialization order <; of d is defined by = <; y iff d(z,y) = 0 whenever
z,y € X.

2. Remark. In some cases it is more natural to assume that a quasi-pseudometric
d indeed maps into [0, co]. We shall then speak of an extended quasi-pseudometric. !
It should also be mentioned that the terminology in the literature is fairly diverse
(compare for instance [10, Chapter 6]).

8For later use we note that the extended To-quasi-metric Ax can indeed be defined for
arbitrary functions f,g: X x X — [0,00). Let us mention that we shall however not define Ax
in the case of extended functions f and g in this paper.
TWe remark that in the paper [21] a measure of asymmetry is considered that is based on the
Y. Yy
quotient f%l instead of the difference f=f~1 .
IFor extended quasi-pseudometrics the triangle inequality is interpreted in the obvious way.
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1. Example. (compare for instance [8, Example 2]) On the set R of the reals set
u(x,y) = v—y whenever z,y € R. Then u is the standard Ty-quasi-metric on R.

3. Remark. Let d be a quasi-pseudometric on a set X. Then d~! : X x
X — [0,00) defined by d~!(z,y) = d(y,x) whenever z,y € X is also a quasi-
pseudometric on X, called the conjugate or dual quasi-pseudometric of d. As usual,
a quasi-pseudometric d on X such that d = d~ 1! is called a pseudometric. Note that
for any (Tp-)quasi-pseudometric d, d* = sup{d,d~'} = d Vv d~! is a pseudometric
(metric).

The following auxiliary result is well known. Its proof is included here for the
convenience of the reader.

1. Lemma. (see for instance [14, Lemma 8]) Let (X, d) be a quasi-pseudometric
space and a,b,z,y € X. Then |d(x,y) — d(a,b)| < d*(z,a) + d*(y,b).

Proof. We have that d(z,y) < d(x,a)+d(a,b) + d(b,y), and therefore d(z,y) —
d(a,b) < d(z,a)+d(b,y). Similarly d(a,b) < d(a,z)+d(x,y)+d(y,b), and therefore
d(a,b) = d(z,y) < d(a,x) +d(y,b). Thus |d(z,y) - d(a,b)| < d*(z,a) + d*(y,b). D

As we have announced above, we equip the set Q PM (X) of all quasi-pseudometrics
on X with the (extended) function

Ax(f,9)= sup  (f(z,y)—g(z,y))

(z,y)eX XX
whenever f,g € QPM(X).

1. Proposition. We have that (QPM(X), Ax) is an extended Tp-quasi-metric
space.

Proof. The argument is obvious and left to the reader. O

4. Remark. Note that by definition Ax(d,e) = Ax(d~', e~1) whenever d,e €
QPM(X). In particular for any quasi-pseudometric d on a set X we have that
Ax(d, d_l) = Ax(d_17d) = (Ax)s(d7 d_l).

5. Remark. Let X be a set, d a quasi-pseudometric on X and 0 the con-
stant quasi-pseudometric equal to 0. Then Ax(d,0) is equal to the diameter

0d = SUP (5 y)ex xx A, y) of (X, d).

2. Lemma. Let d, e, f, g be quasi-pseudometrics on a set X.

(a) Then Ax(d+e, f+9g) < Ax(d, f)+ Ax(e,g), where d+ e, f + g are quasi-
pseudometrics on X.

(b) Furthermore Ax(ad,af) = aAx(d, f) whenever « is a nonnegative real,
where ad and «af are quasi-pseudometrics on X.

(c)If f >gand h > e, then Ax(f,e) > Ax(g,h).

Proof. All these computations are straightforward. O

In the following A x will denote the diagonal {(z,z) : z € X} of the set X.
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2. Example. Let < be a partial order on a set X. Set, for each z,y € X, d<(x,y) =
0if x < y and d<(z,y) = 1 otherwise. Then d< is a Ty-quasi-metric on X, which
is called the natural To-quasi-metric of (X, <) (compare for instance [2, Section
4]). We now consider the following specific example of this construction: Let X
be the set of integers Z. Set

<=AzU{(@n,2n+1):neZ}U{(2n,2n—1) :n € Z}.

Then < is a partial order on Z. Of course, >= (<)~! = Az U {(2n + 1,2n) :
n € Z}U{(2n—1,2n) : n € Z}. We have that d< A (d<)™ = 0, since < U(>
)={(z,y) €ZXZ: |z —y| <1}. Here we have (d<)~! = d> and d< A d> is the
largest quasi-pseudometric which is < d< and <d>. **

It follows that d< A (d<)™' < min{d<, (d<)™'}. Obviously min{d<, (d<)~'}
does not satisfy the triangle inequality.

3. Lemma. Let X be a set and functions dj,ds : X x X — [0,00) be given. Set
b:= min{dl, dz} and s := dl \Y dQ = max{dl,dg}. ft
Then (Ax)*®(dy,d2) = (Ax)*(s,b). (Of course, Ax(b,s) =0.)

Proof. By Lemma 2(c) we have that Ax(s,b) > Ax(di,ds) and analogously
Ax(s,b) > Ax(da,dy). Therefore Ax(s,b) > (Ax)*(d1,ds).

Let x,y € X. By considering the various possibilities in any case we have that
S($7y) - b(x,y) < (d1($7y) - dg(.T,y)) v (dQ(x7y) - dl(xvy» < AX(dth) v
Ax(dg,dl) = (Ax)s(dl,dz). Hence Ax(S,b) < (Ax)s(dhdg). We conclude that
Ax(S,b) = (Ax)s(d1,d2). O

1. Corollary. Let X be a set and functions dy,ds : X x X — [0,00) be given,

and s and b as defined in Lemma 3.
Then Ax(S,dg) = Ax(dl,dg) and Ax(d1,b) = Ax(dl,dg).

Proof. By Lemma 2(c) we have that Ax(s,d2) > Ax(dy,ds).

Let z,y € X. By considering the various possibilities, in any case we have
s(z,y)—da(z,y) < di(x,y)—da(z,y) < Ax(d1,dz) and thus Ax(s,d2) < Ax(d1,d2).

The second part of the proof is similar: Ax(dq,b) > Ax(di,d2) by Lemma
2(c). Let z,y € X. Then by considering the various possibilities, in any case we
have dy(x,y) — b(x,y) < di(z,y) — do(z,y) < Ax(dy,ds2). Therefore Ax(dy,b) <
Ax (d1, dg). O

2. Proposition. Let X be a set and functions d,e, f,g : X x X — [0,00) be
given. Then Ax(dVe,fVg) <Ax(d, f)V Ax(e,g).

Proof. Let z,y € X. Then we consider the four cases:

Case 1: (dVe)(x,y) =d(z,y) and (f V g)(x,y) = f(z,y). Then (dV e)(z,y) —
(fVg)(z,y) < Ax(d, ).

Case 2: (dV e)(x,y) = d(z,y) and (f V g)(x,y) = g(z,y). Then (dV e)(z,y) —
(fV9)(,y) <d(z,y) — flz,y) < Ax(d, f), because f(z,y) < g(z,y).

**The general construction of the infimum of two quasi-pseudometrics will be discussed briefly
below in the last section of this paper.

TtNote that if di,d2 are quasi-pseudometrics, then s is a quasi-pseudometric, while b need
not satisfy the triangle inequality, as Example 2 shows.
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Case 3: (dVe)(v,y) = e(x,y) and (f V g)(z,y) = f(x,y). Then (dVe)(z,y) —
(fVg)z,y) <e(z,y) —g(z,y) < Ax(e, g), because g(z,y) < f(z,y).

Case 4: (dVe)(z,y) = e(z,y) and (ng)(ff y) = g(z,y). Then (dVe)(z,y) —
(fVg)(z,y) < Ax(e 9)

The assertion follows. O

2. Corollary. Let X be a set and functions d, e, f,g: X x X — [0,00) be given.
Then Ax(min{d, e}, min{f,g}) < Ax(d, )V Ax(e, g).

Proof. Let z,y € X. Then we consider the four cases:

Case 1: (min{d, e})(z,y) = d(z,y) and (min{f, g})(z,y) = f(z,y).
Then (min{d, e})(z,y) — (min{f, 9})(z,y) < Ax(d, f).

Case 2: (min{d, e})(z,y) = d(z, ) and (min{f, g})(z,y) = g(z,).
Then (min{d, e})(z, y) — (min{ £, g})(z,y) = d(z,y) — g(z,y) < Ax e, 9), because
e(z,y) = d(z,y).

Case 3: (min{d, e})(z,y) = e(z,y) and (min{f, g})(z,y) = f(z,y).
Then (min{d, e})(z,y) — (min{f, g})(z,y) = e(z,y) — f(z,y) < Ax(d, f), because
d(z,y) = e(z,y).

Case 4: (min{d, e})(z,y) = e(z,y) and (min{f, 9})(z, ) = g(z,1).
Then (mm{d, 6})(1’, y) - (mll’l{f, g})(xa y) § AX (6, g)

The assertion follows. O

4. Lemma. Let d,, (n € N) and d be quasi-pseudometrics on a set X such that
lim,, o0 Ax(d,d,) = 0. Then lim,, o Ax(d%, (d,)"!) =0 and

HILH;OAX(d ,(dn)?) =0.

Proof. The first statement follows from Remark 4. The second statement
is a consequence of Proposition 2: Indeed we conclude that Ax(d®, (d,)®) <
Ax(d,d,)V Ax(d=1,(d,)~t) whenever n € N. The assertion now is a consequence
of the first statement. O

3. Example. Let X be a set and for each A € [0,1] set K(f,g,A) = Af+(1—N)g
where f,g € QPM(X) (compare [19]).
Note that K(f,g,A\) = K(g, f,1 — A) whenever f,g € QPM(X) and X € [0,1].
Furthermore, obviously, each K (f, g, \) is a quasi-pseudometric on X, K(f, g,0) =

g and K(f,g,1) = f.
Let A\, M € [0, 1]. Suppose that X' < A.
Then by a straightforward computation we see that

AX(K(fag7)‘)7K(fagv>‘/)) = ()‘_)‘/)AX(fag)
and
AX(K(faga)‘/)7K(fag7)‘)) = (AiA,)AX(gaf)

In particular, since for any quasi-pseudometric d on a set X we have that
Ax(d,d™1) = Ax(d~1,d) by Remark 4, for any A\, \' € [0,1] we get that

Ax(K(d,d™Y,\), K(d,d™1, N)) = Ax (K (d,d"*,\), K(d,d!,\)) =
A= N|Ax(d,d™Y).
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3. Corollary. Let X be a set and let d be a quasi-pseudometric on X. Set d* =
d+ d~!. Then d* is a quasi-pseudometric on X.

We have Ax(d, %) = Ax (K (d,d~*,1),K(d,d™",3)) = 1 Ax(d,d"") and simi-
larly AX(%? dil) = AX(K(da dilv %)a K(d7 dila 0)) = %AX(dv dil)
Indeed o+ o+
A ) = A _ -1 =
X(d7 2 ) X( 2 .d )
1 oy 1 1 = dr dr
Proof. The assertion follows from Remark 4 and Example 3. a

3. The d,-construction

In the following we recall a modification of a Tp-quasi-metric d studied in [8,
Section 5]. Below we give some of the details of the proofs that were omitted in
8, 9].

3. Proposition. (compare [8, Lemma 2]) Given a Tp-quasi-metric d on X and
a,b € X besuch that d(a,b) > 0 and d(b,a) > 0, we define dop(x, y) = min{d(z, a)+
d(b,y),d(z,y)} whenever z,y € X. Then d; is the largest To-quasi-metric satis-
fying e < d on X such that e(a,b) = 0.

Proof. The statement that d,;, < d is obvious by definition of d,;. Furthermore
dap(a,b) = 0, hence dyp < d. It is easy to see that d,yp is a quasi-pseudometric: We
only have to show that dgp(x, 2) < dep(x,y) + das(y, 2) whenever z,y, z € X.

We consider the four cases:

(1) dap(z,y) = d(z,y) and dap(y, 2) = d(y, 2).

(2) dap(@,y) = d(z,a) + d(b,y) and das(y, 2) = d(y, 2).

(3) dap(z,y) = d(z,y) and daup(y, z) = d(y, a) + d(b, 2).

(4) dus(z,y) = d(z, ) +d(b,y) and day(y, 2) = d(y,a) + d(b, 2)

In Case (1) we obtain dgp(z, 2) < d(z,z) < d(z,y) + d(y, 2).

In Case (2) we obtain dgp(z, 2) < d(z,a) + d(b, z) < d(z,a) + d(b,y) + d(y, )

In Case (3) we obtain du,(z, 2) < d(z,a) + d(b, z) < d(z,y) + d(y,a) + d(b, z)

In Case (4) we obtain dgp(z, z) < d(z,a) +d(b, z) < d(x,a) +d(b,y) + d(y,a) +
d(b, z).

Hence we are done. In the proof of [8, Lemma 2] it is argued that d,; satisfies
the Ty-condition (c), because d does so and because d(b,a) > 0.

Let us now note that if e < d is a quasi-pseudometric on X such that e(a,b) = 0,
then we have that for any z,y € X, e(z,y) < e(z,a) + e(a,b) + e(b,y) < d(z,a) +
d(b,y) and e(z,y) < d(z,y). Therefore e < dp. O

6. Remark. Let (X,d) be a Ty-quasi-metric space and let a,b € X be <4
incomparable. Then (dqy) ™! = (d7!)pe according to [9, Remark 1]: Indeed let
x,y € X. Then (dgp) " (2,y) = min{d(y,a) + d(b,x),d(y,x)} = min{d~!(z,b) +
dil(avy)vdil(xvy)} = (dil)b(l(xvy)'

4. Proposition. Let d be a Tp-quasi-metric on a set X and let a,b € X be
incomparable with respect to the specialization order of d, that is, d(a,b) > 0 and
d(b,a) >0
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(a) We have that Ax(dgp,d) = 0.
(b) Moreover the equation Ax(d,d.) = d(a,b) holds.

Proof. (a) The statement immediately follows from d,;, < d.

(b) By definition Ax(d,day) = sup(, e xxx(d(z,y)—dap(2,y)). We need to
consider two possible differences in the latter expression: d(x,y)—d(z,y) = 0 or
d(z,y)—(d(x,a) + d(b,y)). But d(z,y) — d(z,a) — d(b,y) < d(a,b) by the triangle
inequality. Note that equality in the latter inequality holds for (z,y) = (a,b).
Indeed d(a,b)—das(a,b) = d(a,b) — 0. We conclude that Ax(d,ds) = d(a,b). O

5. Proposition. Let (X,d) be a Tp-quasi-metric space and let a,b € X be <y4-
incomparable. Then d(b,a) < Ax (dap, (dap) ™) < d(a,b) + Ax(d,d™1).

Proof. The first inequality follows from the fact that duy(b, a) — (day) ~1(b,a) =
d(b,a) — 0 =d(b,a).

We then have the following chain of inequalities: By the triangle inequal-
ity, Remark 6 and Proposition 4 we see that Ax(dap, (dap)™!) < Ax(dap,d) +
Axl(d7 d" D+ Ax(d™Y, (dep) 1) = 0+Ax (d,d )+ Ax (d™ L (d7pa) = Ax(d, d7 1)+
d=1(b,a). O

4. Corollary. Let (X, m) be a metric space and let a,b € X be two distinct points
in X. Then Ax(map, (Mmap) 1) = m(a,b).

Proof. The result follows from Proposition 5, since m is a metric and Ax (m, m~1) =
0. O

4. Some bicomplete subspaces of the space of all quasi-pseudometrics

An (extended) quasi-pseudometric space (X,d) is called bicomplete if the (ex-
tended) pseudometric space (X, d?) is complete, that is, each d*-Cauchy sequence
in X converges with respect to the pseudometric topology 7(d*).

5. Lemma. The extended metric space (QPM(X), (Ax)®) is complete, hence
(QPM(X), Ax) is bicomplete.

Proof. The standard proof that the set of real-valued functions on a set X with
the uniform sup-metric is complete shows that each Cauchy sequence (d,)nen of
quasi-pseudometrics in (QPM (X), (Ax)*) has a [0, 00)-valued limit function a on
X x X to which it converges uniformly. Therefore we only need to show that a is a
quasi-pseudometric on X. But this follows from the observation that the pointwise
limit of a sequence of quasi-pseudometrics is a quasi-pseudometric: Indeed for each
x € X we have d(z,z) = lim,,— o dn (2, 2) = lim, o 0 = 0. Furthermore we see
that for any z,y,z € X we have that d,,(z,2) < d,(z,y) + dn(y,z). Therefore
taking limits in the reals equipped with the usual topology, we get that d(z,z) <
d(x,y) + d(y, z) whenever z,y,z € X. O

A quasi-pseudometric d on a set X is called bounded if there is b € [0, 00) such
that d(x,y) < b whenever z,y € X, that is, its diameter §; < co. By BQPM (X)
we shall denote the set of bounded quasi-pseudometrics on X.
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6. Proposition. The set BQPM(X) of bounded quasi-pseudometrics is closed
in (QPM(X),7((Ax)"))-

Proof. Suppose that (d,)nen is a sequence of bounded quasi-pseudometrics on
X such that (Ax)*(d,d,) — 0 where d € QPM(X). There is n € N such that
(Ax)®(dn,d) < 1. By assumption there is a € [0, 00) such that d4, < a. Then for
any (z,y) € X x X we have that d(z,y) < (d(z,y) — dn(x,y)) + dn(z,y) <1+ a.
Therefore the quasi-pseudometric d is bounded, too. O

6. Lemma. Given a set X with at least 2 points, the set of all Ty-quasi-metrics
is not closed in (QPM(X),7((Ax)®)).

Proof. For any fixed Ty-quasi-metric d on X, the indiscrete quasi-pseudometric
i(z,y) = 0 whenever (x,y) € X x X is obviously the uniform limit of the sequence
(Ld)nen in (QPM(X),7((Ax)®)), but i is not a Ty-quasi-metric in case that X
contains at least two points. O

7. Proposition. Let X be a set and PM (X) the set of all pseudometrics belonging
to QPM(X). Then PM(X) is closed in (QPM(X),7((Ax)?)).

Proof. Suppose that the sequence (m,)nen of pseudometrics on X converges
to the quasi-pseudometric d on X in the sense that (Ax)*(my,d) — 0. Therefore
d(z,y) = lim, 0o my(x,y) = lim, o My (y, x) = d(y,x) whenever z,y € X. The
statement follows. O

Recall that a quasi-pseudometric d on a set X is called totally bounded provided
that given any e > 0, there is a finite subset F. of X such that for each z € X
there is f € F, such that d°(z, f) < e.

Of course, the standard proof shows that each totally bounded quasi-pseudometric
is bounded: Indeed given a totally bounded quasi-pseudometric d on X choose a
finite subset F} of X as given by the definition. Then for any x,y € X we have
that d(z,y) < 14+maxy ser, d(f, f')+1 by an obvious application of the triangle
inequality.

8. Proposition. Let X be a set and let TQPM(X) be the set of all totally
bounded quasi-pseudometrics on X.
Then TQPM (X)) is closed in (QPM(X),7((Ax)®)).

Proof. Let (d,,)nen be a sequence of totally bounded quasi-pseudometrics on X
converging to a quasi-pseudometric d in (QPM(X),7((Ax)*)).

Let € > 0. There is m € N such that (Ax)*(d,d,,) < e. Furthermore there
is a finite subset F' of X such that for any = € X there is an f € F such that
(dm)*(z, f) < e. Thus for any x € X there is f € F such that d(z, f) < (d(z, f) —
A (z, ) +dm(z, f) < (Ax)%(d,d,) + € = 2¢ and similarly, d(f,z) < (d(f,z) —
A (f,2)) + dn(f,2) < (Ax)®(d,dm) + € = 2e. We conclude that d is totally
bounded. O

Recall that a quasi-pseudometric d on a set X is called an ultra-quasi-pseudometric
provided that d(z, z) < max{d(x,y),d(y, z)} whenever z,y,z € X. The latter in-
equality is called the strong triangle inequality for d.
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9. Proposition. The set of all ultra-quasi-pseudometrics on a set X is 7((Ax)*)-
closed in QPM (X).

Proof. Let (uy,)nen be a sequence of ultra-quasi-pseudometrics on X converging
to the quasi-pseudometric d with respect to the topology 7((Ax)?).

Using (uniform) convergence, the existence of z,y,z € X such that d(z,z) >
max{d(z,y),d(y, z)} would imply the existence of an n € N such that d,(z,z) >
max{d,(x,y),d,(y, z)} —a contradiction. The assertion follows. O

7. Lemma. Each quasi-pseudometric space (X, d) with d having a finite range is
bicomplete.

Proof. The statement obviously holds for the indiscrete quasi-pseudometric on
X. So we can assume that d is not indiscrete. Suppose that (z,),en is a d°-Cauchy
sequence in X. Then there is € > 0 such that € < min(d(X x X) \ {0}). Hence we
have that there is N. € N such that 0 = d(x,, z,,) < € whenever n,m € N with
n,m > N.. We conclude that (z,),en converges to zy, in (X,d*) and thus d is
bicomplete. O

Our next example shows that the subset of complete pseudometrics need not be
closed in (QPM(X),7((Ax)*®)), which also shows that the subset of bicomplete
quasi-pseudometrics need not be closed in (QPM (X),7((Ax)*)).

4. Example. Let X =[0,1) C R and let d(z,y) = |z — y| whenever z,y € X be
the usual metric on X.

Furthermore for any € X suppose that p(x) = 0.ejeges...€, ... is a fixed
decimal representation of 2 with infinitely many digits. Of course, d(z,y) = |p(z)—
p(y)| whenever z,y € X.

For each n € N let p,(x) = 0.ejes...e,. Of course, for each n € N, d,,(z,y) =
|pn(2) — pn(y)| whenever z,y € X is a pseudometric. Note that each d,, has a
finite range.

Obviously lim, o (Ax)*(d,,d) = 0, since by Lemma 1

(Ax)*(dn,d) = sup |dn(z,y) — d(z,y)|
(z,y)eX XX

= sup |pn(x) —pu(y)| — [p(x) — p(y)||
(z,y)eEX XX

2
< sup [p(z) — pu(x)| + sup [p(y) — pu(y)| < o
reX yeX

Furthermore (1 — 1),cn is a d-Cauchy sequence that is not convergent in
(X,7(d)) and thus d not complete. However by Lemma 7 each pseudometric
dy, is complete and (Ax)*(dn,d) — 0.

The following concept was introduced by Steve Matthews.

2. Definition. (see for instance [5, 18, 15]) Let (X, f) be a quasi-pseudometric
space. If there exists a function w : X — [0,00) such that f(z,y) + w(z) =
f(y,z) +w(y) whenever x,y € X, then f is called nonnegatively weightable and w
is said to be a nonnegative weight for (X, f).
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7. Remark. Note that the weight of a nonnegatively weightable quasi-pseudometric
is not unique; for instance for a given metric space (X, m) any nonnonegative real
constant function yields a nonnegative weight function.

That is why in the proof given below, if n € N and w, is a weight function
for a nonnegatively weightable quasi-pseudometric space (X,d,), we cannot ex-
pect that the sequence (wy,),en converges to some nonnegative weight function of
lim, .o d,, even if the latter limit exists. O

10. Proposition. The set WQPM (X) of all nonnegatively weightable quasi-
pseudometrics on X is 7((Ax)®)-closed in QPM(X).

Proof. Suppose that (d,,)nen is a sequence of nonnegatively weightable quasi-
pseudometrics on X and (Ax)*(d,d,) — 0 where d € QPM(X). For each n € N
and z,y € X set F,(z,y) := d,(z,y) — dn(y,x), that is, F,, is the disymmetry
function of d,, in the sense of [5].

Then |Fn(.%', y)—Fm(a:, y)' < |dn($(}, y)—dm(:v, y>‘+|dn(y7 x)—dm(y, $)| whenever
z,y € X and n,m € N.

Since (dy,)nen is a Cauchy sequence in (QPM (X), (Ax)*), we conclude that for
each (z,y) € X X X, (Fo.(z,9))nen is a Cauchy sequence in (R, u®).

For each (z,y) € X x X set F(z,y) = lim, o F(z,y). By the previous argu-
ment we see that indeed lim,, o (Ax)*(Fyn, F) = 0.

It is known by [5, Theorem 3.5] and readily checked that, by the weightability
of dy,, F(z,2) = Fy(z,y) + F.(y, 2) whenever n € N and z,y, 2 € X. By taking
limits we have therefore F(z,z) = F(x,y) + F(y,z) whenever z,y,z € X. We
deduce that F(x,y) = d(z,y) — d(y,x) = ¢(y) — ¢(z) for some function ¢ : X — R
by Sincov’s functional equation [11].

It remains to be seen that we can choose the function ¢ in such a way that
#(y) > 0 whenever y € X.

By the argument above we can find n € N such that |F,(z,y) — F(z,y)| < 1
whenever (z,y) € X x X.

Fix z € X. Since F,, stems from a nonnegatively weightable quasi-pseudometric
d,, with a nonnegative weight ¢, : X — [0,00), we have F,(z,y) = dn(z,y) —
Qn(y,2) = G (y) — 6u(2) > — 6 (x) Whenever y € X.

Hence —¢,(x) < F,(x,y) whenever y € X and therefore —¢,,(z) — F(z,y) <
Fn(xay) - F(:Cay) < 1. Thus 7¢n(1’) -1 < F(Ivy) = ¢(y) - (b(l’) whenever
y € X. We conclude that —¢,(z) + ¢(x) — 1 < ¢(y) whenever y € X. Therefore
w(y) = ¢(y) + dn(z) — #(x) + 1 whenever y € X is a nonnegative weight for d. O

5. The difference approach to the skewness of a quasi-pseudometric

In this section we are interested in measuring the asymmetry or skewness of a
Th-quasi-metric f on a set X. Several methods suggest themselves.

For instance we could compare the specialization orders <y and <;-1, or we
could compare the topologies 7(f) and 7(f~*). Observe that <;=<,-: iff the
specialization order <y is equality, that is, f is a Tj-quasi-metric. (A quasi-
pseudometric d on X satisfying the condition that d(z,y) # 0 whenever z,y €
X with x # y is called a Tj-quasi-metric.) Of course, 7(f) = 7(f~!) if and
only if for any z € X and sequence (z)neny in X, lim, o f(2,2,) = 0 iff
lim, o0 f~ 1 (2, 2,) = 0.
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We could also study relationships between the induced quasi-uniformities Uy
and U1, or the induced totally bounded quasi-uniformities (U¢),, and (Up-1),,.H
Observe that Uy = Uy-1 iff Uy is a uniformity. Similarly (Uy), = (Us-1), iff
(Uy)., is a uniformity (compare [7, Corollary 1.40]).

In the following we shall consider a metric approach to asymmetry that is
more in the spirit of paper [5] where the function F(z,y) = d(z,y) — d(y,x)
(whenever z,y € X) of disymmetry is considered. The following sets might be of
special interest for a more detailed study on asymmetry, which will be conducted
elsewhere.

5. Example. Let (X, d) be a Tp-quasi-metric space and let k,r € [0, 00).

(a) Let Sgr = {(z,y) € X x X : |d(z,y) — d(y,z)] < k}. Then Sqy is a
7(d®) x 7(d®)-closed symmetric reflexive relation. We can call it the set of k-
symmetric pairs.

(b) Agr = {(z,y) € X x X : |d(z,y) — d(y,z)| > k} is a 7(d®) x 7(d*)-closed
symmetric relation. We can call it the set of k-asymmetric pairs.

(c) Further interesting tools to measure asymmetry could be the sets of reals
Oakr = {d(z,y) : (z,y) € X x X and |d(y,z) — r| < k} and agr, = {d(z,y) :
(x,y) € X x X and |d(y,x) —r| > k}.

In particular we can speak of a symmetric pair (z,y) € X x X if d(z,y) = d(y, x)
and call x € X a symmetric point of (X, d) provided that d(x,y) = d(y, ) whenever
yeX.

In the present paper we shall concentrate on investigating the following much
simpler concept.
3. Definition. Let (X,d) be a quasi-pseudometric space. We define A, :=
Ax (d, dil) = Sup(m,y)GXxX(d(xa y)_d(yv LE)) = SUP(z,y)exXxX ‘d(l‘, y) - d(yv l’)‘
8. Remark. Of course if X is finite, it may be more reasonable to consider the
To-quasi-metric Sx(d, ) == 32, e xxx (d(z, y)—e(w,y)) for d,e € QPM(X) and
then for instance to investigate the value

_ 1
SRdd™ ) =5 Y ldlwy) - dy, )|
(z,y)EX XX

in order to make sure that all the relevant differences can contribute to the value
of asymmetry.

But we shall restrict our study in the following to the value Ax(d,d~!), which
is much easier to handle.

Let us consider some examples.

6. Example. Let X = [a, )] be the closed interval with endpoints a and b of the
set R. Then A, = Ax(u,u™') > u(b,a) — u=t(b,a) = b — a, where u denotes also
the restriction of u to [a, b].

The following observation was already stated in the introduction.

HHere as usual, for any quasi-uniformity U on a set X, U, will denote the finest totally
bounded quasi-uniformity coarser than U on X.
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9. Remark. Let f be a quasi-pseudometric on a set X. Then A; = 0 if and only
if f is a pseudometric on X.

7. Example. Let (X, d, w) be a nonnegatively weighted quasi-pseudometric space,
that is, d(x,y) + w(z) = d(y, z) + w(y) whenever z,y € X where w : X — [0, 00)
is the weight function. Therefore Ay = sup(, ,)exxx [w(y) — w(z)].

8. Example. Let X = [0,00) and for all z,y € X set d(z,y) = 0 if < y and
d(z,y) = z if x £ y, where < is the usual order on X. We first note that d is
a Ty-ultra-quasi-metric on X : Observe that if x,y € X such that x < y, then
d*(z,y) >y, which shows that the Typ-condition (c) is satisfied by d.

We next verify that d satisfies the strong triangle inequality: Otherwise there
are z,y,z € X such that d(z,z) £ max{d(z,y),d(y,z)}. Then & £ z and thus
d(z,z) = z. Note that the case that x <y and y < z is impossible, since = £ z.

If « € y, then d(x,y) = x and the strong triangle inequality for d is satisfied.

On the other hand, if x < y and y € z, then d(y, z) = y and the strong triangle
inequality is satisfied for d, because d(z, z) < d(y, z). Hence d is a Tp-ultra-quasi-
metric.

We now conclude the following: Let z,y € [0,00). If y < x, then d(z,y)—d(y, ) =
r—0=z.Ify = 2, then d(z,y)—d(y,z) = 0—-0 = 0. If y > z, then d(z,y)—d(y,z) =
0—y =0.

Therefore for each = € X, sup, ¢ x(d(z,y)—d(y,z)) = 2 and for each y € X,
sup,c x (d(x,y)—d(y, z)) = oo. In particular A5 = occ. O

8. Lemma. Let (X,d) be a quasi-pseudometric space. Then A; < §; where 04
denotes the diameter of (X, d).

Proof. For any (x,y) € X x X we have that d(z,y) — d(y,z) < d(z,y). O

9. Lemma. Let d,d’ be quasi-pseudometrics on a set X and A € [0, 00). Then the
following inequalities hold:

(a) A>\d = )\Ad

(b) Agrar < Ag+ Ag.

(¢) Agvar < AqV Ay . Furthermore Apingg ) < AqV Ay (where min{d, d'} in
general is not a quasi-pseudometric on X).

(d) Ag = Ag-.

Proof. The statements follow from Lemma 2(b), Lemma 2(a), Proposition 2,
Corollary 2 and Remark 4. O

10. Remark. Given a quasi-pseudometric d on a set X, we cannot establish any
nontrivial lower bounds for A4, 41 and Ay, 4-1 in (b) and (c) above: Note that for
any quasi-pseudometric d on X we have that A4, 4-1 = 0 = Ayyq-1. Considering
the space (R,u), we observe that u A u=' = min{u,u~'} = 0 is the constant
indiscrete quasi-pseudometric equal to 0 on R x R. Since 4y = 0, we deduce that
there is also no nontrivial lower bound for A ng-1.

The following result shows that quasi-pseudometrics that are close to each other
have asymmetry values that are close to each other, too.
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(P, q)

10. Lemma. For any quasi-pseudometrics p and ¢ on a set X such that (Ax)*
oo we have that either (Ax)*(p,p~') = (Ax)*(¢,¢7") = oo or |(Ax)*(p,p~
(Ax)*(g;07 )| < 2(Ax)*(p, q)-

Proof. Suppose that (Ax)*(p,p~!) = oo. Then by the triangle inequality we
have that (Ax)*(p,p~!) < (Ax)*(p.q) + (Ax)*(¢,¢"") + (Ax)*(¢"',p™"). By
Remark 4 and our assumption we see that (Ax)*(q,q¢~!) = oo, too. The case that
(Ax)*(q,q7 ') = co implies similarly that (Ax)*(p,p~1) = .

ok

So assume that both (Ax)*(p,p~!) and (Ax)%(¢q,q~!) are < co. By Remark 4
we conclude analogously as in Lemma 1 that [(Ax)*(p,p™Y) — (Ax)*(g,¢7 )| <
(AX)S(pvq)+(AX)S(p_lvq_l) ZQ(AX)S(pvq) O

According to [21, p. 131] a costfunction is an arbitrary function ¢ : [0,—) —
[0,—) with g(0) = 0 that is concave (so g((1 — X)s + At) > (1 — A)g(s) + Ag(t)
whenever s,¢ € [0,00) and A € [0,1]).* For instance g(z) = /= whenever x €
[0, 00) defines such a costfunction.

11. Proposition. Let d be a quasi-pseudometric on a set X and let g be a
costfunction on [0, 00). Then Aoy < g(Aq).

Proof. We first note that g o d is a quasi-pseudometric on X (compare [21,
Theorem 5, Lemma 3 (2) and (3)]). Now we are going to establish the stated
inequality.

Case 1: Let o,y € X. If g(d(z,y)) — g(d(y,z)) < 0, then obviously g(d(z,y)) —
g(d(y,x)) <0 =g(0) < g(Aq), because g is nondecreasing [21, Lemma 3 (3)] and
0< Ay

Case 2: Suppose now that g(d(z,y)) — g(d(y,z)) > 0. Thus g(d(z,y)) >
9(d(y,x)). Then d(z,y) < d(y,x) is impossible, since g is nondecreasing |21,
Lemma 3 (3)]. Thus necessarily d(z,y) > d(y, ). Therefore g(d(x,y)) = g(d(z,y)—
d(y,x) + d(y, =) < g(d(z,y) — d(y,z)) + g(d(y,x)) using [21, Lemma 3 (2)]. It
follows that g(d(z,y)) — g(d(y,z)) < g(d(x,y) — d(y,z)) < g(Aq), since g is non-
decreasing and d(z,y) — d(y,z) < Ag. We conclude that Agoq < g(Aq). O

9. Example. Let (X, d) be a quasi-pseudometric space. It is well known that #‘ld
is a bounded quasi- pseudometric on X. See for instance [21, Example 1]: Indeed

1+
thatA < Ad 1fAd<ooandA <11fAd_

6. Asymmetrically normed real vector spaces

We next recall the concept of an asymmetric norm (see for instance [6]; compare
[21, Section 2.5] or [20, p. 183]), which leads to many interesting examples of quasi-
pseudometrics.

4. Definition. Let X be a real vector space and let || - | — [0, 00) be a map such
that
(1) [[0] = 0.

(2) [z + y| < ||z| + ||y| whenever z,y € X.

* For possible use in our two next results we also set g(00) := supgco,00) 9(2)-
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(3) ||ax| = «||x| whenever € X and « > 0. Furthermore suppose that ||z| =
|| — | = 0 implies that z = 0.

The function || - | is called an asymmetric norm on X. It is known that each
asymmetrically normed vector space X induces a Ty-quasi-metric d on X by setting
d(z,y) = ||z — y| whenever z,y € X.

To motivate the preceding definition we recall the concept of the asymmetric
segment.

10. Example. [1, Remark 2] Let X = [0, 1]. Find a,b € [0, 00) such that a+b # 0.
Set djap(7,y) = (z —y)a if © > y and dj,4)(v,y) = (y — 2)b if y > . Then
([0,1], dap)) is a Tp-quasi-metric space induced by the asymmetric norm n on
R defined by njq () = za if x > 0 and njg(z) = —abif 2 < 0.

The following related example then yields another illustration of Proposition
11.

11. Example. Let X = [—1, 1] be the real interval and set for z,y € X d(z,y) =
| —y| if x > y and d(z,y) = 2|z — y| if < y. Then by Example 10 d is a
Ty-quasi-metric on X.

Using the costfunction g(x) = /= (z € [0,00)) we compute that

Ag =Sup(, yyexxx |7 — y| =2 and hence VAg = V2,
while A 7 = sup(z,y)e)(XX(\@ —1)/]z — y| = 2 — /2, which is indeed < v/2.
11. Remark. Given a set X, it is often useful to abuse the notation and write
Ax(f,g9) = ||f — g| where f,g € QPM(X), although in this case obviously not all
conditions of Definition 4 are satisfied, since the vector space structure is missing.

12. Proposition. Let X be a non-trivial real vector space, let ||-| be an asymmet-
ric norm on X and let d be the induced Ty-quasi-metric as defined above. Then
Ag =sup,ex ||| — x| — ||z||. Hence Ay = oo if || - | is not a norm. O

Proof. The first statement is obvious. For the second statement, without loss
of generality there is zo € X such that || —zg| > ||zo|. Let @ > 0. Then d(0, axg) —
d(axg,0) = |0—axg|—||aze—0] = a(|| —zo| —||zo|), which can be made arbitrarily
large by choosing a appropriately. O

12. Remark. In [21] a multiplicative approach to an asymmetry measure o4 of a
To-quasi-metric d on a set X (with at least two elements) is chosen: o4 is computed

as
d(z,y)
sup
(@yeXxx)N\ax AY,T)
where the latter expression is defined to be infinite in case that d(y,z) = 0 for
some (x,y) € (X x X)\ Ax. Hence this definition is mainly suitable for a T3-
quasi-metric. We also note that this approach is very useful in an asymmetrically
normed space (X, | - |), since in this case for an induced Tj-quasi-metric d the
value o4 does not depend on the length ||z| of the vector z € X and thus can be
determined on the unit sphere {z € X : ||z| = 1} (see Proposition 12 and compare
[21, Lemma 10]).
We refer the reader to [4, Section 4] for a short discussion of connections between
additive and multiplicative approaches to distance functions.

)
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7. Some properties of A; where d is a quasi-pseudometric

Given a quasi-pseudometric d on a set X, in this section we prove two simple
facts about the asymmetry value Ay of d.

13. Proposition. Let (X, d) be a quasi-pseudometric space such that the topology
7(d?) is compact. Then there is (a,b) € X x X such that A; = d(a,b) — d(b, a),
that is, the supremum A, is attained.

Proof. We sketch the standard argument. By compactness of the pseudomet-
ric topology 7(d®), we see that d is bounded. Hence A; < oo by Lemma 8.
Therefore there is a sequence (., Yn)nen in X X X such that the real sequence
(F(2n,Yn))nen, where for each n € N F(xy,,yn) = d(@n, Yn) — d(Yn, ), converges
to the value A4. By compactness of 7(d®) there is a subsequence (ny)ken of (n)nen
and z,y € X such that (z,,)ken resp. (Yn, )ken T(d®)-converges to x resp. y in
X. Since lim, 00 F(zp, yn) = Ag, we conclude that F(x,y) = Ay by continuity of
don (X x X,7(d?) x 7(d%)). O

11. Lemma. Let (X,d) be a quasi-pseudometric space and Y C X. Then

sup |d((E,y) —d(y,(EN < sSup ‘d(xay) - d(y7$)|
(z,y) €Y XY (z,y)eX xX

Proof. The argument is obvious. O

Our next result considers a density condition under which the inverse inequality
also holds.

14. Proposition. Let Y be a subspace of a quasi-pseudometric space (X, d) such
that ClT(ds)Y = X. Then Ay(d|y><y, d_1|y><y) = Ax(d, d_l).

Proof. Let x,y € cl;(4+)Y. Then there are sequences (z,)nen and (Yn)nen in X
such that d*(z,z,) — 0 and d*(y,,y) — 0. Fix n € N. Then |d(x,y) — d(y,z)| <

ld(z,y) — d(@n, yn)| + (@0, Yn) — d(Yn, T0)| + |d(Yn, v0) — d(y, 7)| < d*(z,2,) +
d*(Y, yn) +1d(@n, Yn) = A(Yns n) | +d° (Yn, y) +d° (20, ) < 2d° (20, 2) +2d° (Yn, y) +
SUP(y yyey xy [d(@,y) — d(y,z)| by Lemma 1. Therefore
sup |d(z,y) —d(y,z)| < sup |d(z,y) —d(y, )]
(z,y)eX XX (z,y)€Y XY
Hence the stated equality is established. O

5. Corollary. Let (X,d) be a Ty-quasi-metric with bicompletion ()?, CT) (see [13,
Example 2.7.1]). Then Ax(d,d™') = Ag(d, (d)~1).

Proof. It is known that X is 7((d)®)-dense in X. O

8. The ¢-hyperconvex hull of a Ty-quasi-metric space

We first recall some basic facts about the g-hyperconvex hull of a Ty-quasi-
metric space. For additional information we refer the reader to [12, 17] and the
literature cited in these papers.

Let (X,d) be a Typ-quasi-metric space. We consider the set Qx of all function
pairs f = (f1, f2) on (X, d), where f; : X — [0,00) (i = 1,2), satisfying



48

fi(z) = sup{d(y,z)~ f2(y) : y € X} and fo(z) = sup{d(z,y)—fi(y) : y € X}
whenever x € X.
We equip Qx with the Ty-quasi-metric D defined by

D(f.g) = sup (f1(2)=g1(x)) = sup (g2(x) = fa())

whenever f, g € Qx.

Then the map e defined for each © € X by z — e(x) = f, where (f.)1(y) =
d(z,y) and (fz)2(y) := d(y,x) whenever y € X yields an isometric embedding of
(X,d) into (Qx, D). The To-quasi-metric space (Qx, D) is called the ¢-hyperconvex
hull of (X, d).

Let us mention that for each f,g € Qx, we have

D(fvg) = Sup{(D(fwwfIz) - D(flnf) - D(Q:fﬂi2)) VO:zy, 20 € X} (*)
according to [12, Remark 7].

15. Proposition. Let (X,d) be a Tp-quasi-metric space and let (Qx, D) be its
g-hyperconvex hull. Then 64 = Ap = d0p.

Proof. We first show that the diameter dp of the g-hyperconvex hull (Qx, D)
of a Ty-quasi-metric space (X, d) is equal to the diameter ¢4 of (X, d).

Obviously ép > 44, since (X, d) embeds as an isometric subspace into (Qx, D).
Note that for any f,g € Qx we have that by the result (x) stated above,

D(fag): sup {D(l‘,y)—D(l‘,f)—D(g,y),O}: Sup D(‘T7y)§5d-
(z,y)eX xX (z,y)eXxX

Thus dp < d4. Hence the equality of the two diameters ép and §4 is established.

We next consider now the case that the diameter d; < oo. Define a function pair
1L by setting L1(x) = 0 and La(z) = sup,cx d(z,a) whenever z € X. Further-
more define a function pair T by setting Ti(z) = sup,cx d(a,z) and Ta(z) =0
whenever z € X.

One verifies that L, T € Qx by checking the defining equations: Indeed for
each r € X,

Li(z) = 0 = sup(d(y,z)—La(y)) = sup(d(y, z)— sup d(y,a))
yeX yeX aceX

and similarly
Lo(a) = sup(d(z, y)—Li(y)) = sup(d(z,y)-0).
yeX yeX
Analogously for each = € X,
T1(x) = sup d(y, z) = sup(d(y,z)~T2(y)) = sup(d(y, z)—0)
yeX yeX yeX

and

Ta(z) = 0= sup(d(z,y)—T1(y)) = sup(d(z,y)— sup d(a,y)).
yeX yeX acX

Hence 1, T € QQx, as asserted.
Furthermore one computes

D(L,f)= jzg(h(w)#l(x)) = msg@{(oifl(w)) =0
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and similarly D(f, T) = sup,cx(T2(x)—f2(z)) = supyex(0—fa(x)) = 0 when-
ever f € Qx. Hence L is the bottom and T the top of Qx with respect to the
specialization order <p of D on Qx.

Thus D(T, L) — D(L, T)=D(T, L) —0=sup,ex(T1(z)=Li(x))
= Sup,c x (Sup,e x d(a, £)—0) = 6. We conclude that Ap > 4.

Hence we know by Lemma 8 that Ay < 04 < Ap < dp < d4 and conclude that
04 =Ap =9dp.

Suppose now that (X, d) is an unbounded Ty-quasi-metric space and let (Qx, D)
be the ¢-hyperconvex hull of (X, d).

Choose 2o € X. For each n € Nset X,, = {x € X : d°(x0,2) < n} and denote
the restriction of d to X,, x X, by d,.

Note that for each n € N we have that 64, < 2n, thus (X, d,) is bounded. We
also observe that UneN X, = X where the sequence (X, )nen of subspaces of X is
increasing.

Let (Qx,,, Dy) denote the g-hyperconvex hull of the subspace (X,,, d,,) of (X, d).
Denote by T, resp. L,, the top resp. bottom element of (Qx, , D), as constructed
in the first part of the present proof.

For each n € N consider an isometry 7, : Qx, — Qx as given in [1, Proposition
4].*

For each n € N set f,, := 7,(T,) and g¢,, := 7,(L,,). We have that

84, = sup (sup dp(a,2)) = Dp(Th, Lyn) = D(1n(Th), Tn(Ln)) = D(frn, gn)

xeX, aeX,
and 0 = D, (L,, Ty) = D(1n(Ln), 7n(Tr)) = D(gn, fn) whenever n € N, as we
have noted above.

Thus Ap > D(fn,9n) — D(gn, fn) = D(fn,gn) — 0 = 64, whenever n € N and
therefore Ap > sup,,cnd4, = 6q. Consequently in the unbounded case A4 < §q <
Ap < dp < dq4, too. Hence the stated equality is also established in the case that
dq = 00. O

n?

12. Example. Let (X, m) be a metric space and let (Qx, D) be its g-hyperconvex
hull. Then A,, =0, but Ap = 0,,.

Proof. The assertion follows from the previous result and the trivial fact that
A, =0. O

9. The Hausdorff quasi-pseudometric

In this section we consider a Ty-quasi-metric space (X, d) with associated Haus-
dorff quasi-pseudometric space (Bo(X),dy) where Bo(X) denotes the set of all
bounded nonempty subsets of (X, d).

Recall that for any A, B € Bo(X) we define dy- (A, B) = sup,c 4 d(a, B) and
dp+(A,B) = sup,cpd(A,b). It is known that dy- and dy+ are both quasi-
pseudometrics on By (X). Finally we set dy = d+Vdg-. Then dg is the Hausdorff
quasi-pseudometric on Bo(X) (compare for instance [3, 16]).

* The latter result states that if (Z, d) is a To-quasi-metric space and S is a nonempty subspace
of (Z,d), then there exists an isometric embedding 7 : Qs — Qz such that 7(f)|s = f whenever

f€Qs.
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Below we shall make use of the fact that (dg+)™' = (d=')g-, which can be
verified by a straightforward computation with the help of the definitions of dg+
and dy-1.

16. Proposition. Let (X,d) be a Ty-quasi-metric space. Then Ay, = d4.

Proof. By Lemma 8 we have AdH+ < 5dH+' Furthermore the inequality 5dH+ <
&4 holds by the definition of dg+ : Indeed in order to reach a contradiction suppose
that for some A, B € By(X) we have dg+ (A, B) > d4. Then there must be b € B
such that d(A,b) > 04 and so for each a € A we have that d(a,b) > §; —a
contradiction. Hence 64, , < dg.

Let (2, yn)nen be a sequence in X x X such that (d(x,,y,))nen converges to
04, where §4 could possibly be infinite.

Set for each n € N, A, = {zn,yn} and B, = {z,}. Obviously all these sets
belong to Bo(X). Then dy+(Bn, An) — dg+(An, Bn) = d(xn,yn) — 0 whenever
n € N. We conclude that AdH+ > by4.

Hence the stated equality Aq,, = dq is established. O

6. Corollary. Let (X,d) be a Ty-quasi-metric space. Then Ay, = = dq.

Proof. We conclude by Proposition 16 and Lemma 9(d) that
Adyo = Ay = Ay, = 0a1 = da. -

7. Corollary. Let (X, d) be a To-quasi-metric space. Then Agq,, < Ag_, VAq, =
dq.

Proof. The statement follows from the definition dy = dy+ V dy- and Lemma
9(c), Corollary 6 and Proposition 16. O

13. Remark. Let (X, m) be a metric space. Then mpy is a pseudometric, since
(my+)~t=(mY)y- =mpy-. Thus A,,, = 0.

10. The infimum-problem

We finish this paper by stating a problem. Given two quasi-pseudometrics f
and g on a set X, f A g denotes the largest quasi-pseudometric which is < f and
<g.

Indeed the following explicit form of f A g is well known (compare [21, Lemma

6]).
12. Lemma. Let X be a set and let f, g be quasi-pseudometrics on X. For any
x,y € X set (fAg)(x,y) = inf{zzzol h(Ziy@iv1) 1 T = T, Ty = Y5 X1, ..., L1 €
X;n € N;h € {f,g}}. Then f A g is the largest quasi-pseudometric which is < f
and < g.

Proof. The standard proof is left to the reader. O
14. Remark. Note that for any d € QPM(X), d Ad~! is indeed a pseudometric.

Proof. For any x,y € X, by definition we clearly have that (d A d=%)(z,y) =
(@nd ) (y,a). 0

Of course, d1 Ady < min{d;, d>} and the two functions can be distinct, as Exam-
ple 2 above shows. The authors have only been able to establish the upper bound
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for A4, ad, given in Lemma 13 below. It should be mentioned that on the other
hand Plastria obtained an interesting upper bound for o4, r4,, the corresponding
multiplicative counterpart of A4 a4, : He namely proved that o4, nd, < 04, V 04,
[21, Lemma 14.6].

13. Lemma. Let d;, ds be quasi-pseudometrics on a set X. Then Ay, ag, < 0g, A
Ody -
Proof. We have that Ag,ady < 0dy;nds < 0a; whenever ¢ € {1,2} by Lemma 8.
O

1. Problem. Let d; and d> be quasi-pseudometrics on a set X. Is it possible that
Adl/\dz > Ad1 \Y Ad2?
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