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Abstract
Variable exponent spaces and Hardy operator space have played an important role in recent harmonic
analysis because they have an interesting norm including both local and global properties. The variable
exponent Lebesgue spaces are of interest for their applications to modeling problems in physics, and to the
study of variational integrals and partial differential equations with non-standard growth conditions. This
studies also has been stimulated by problems of elasticity, fluid dynamics, calculus of variations,

and differential

equations with non-standard growth

conditions. In this study, we will discuss a

characterization of approximation of Hardy operators in variable Lebesgue spaces.
Keywords: Variable exponent, Hardy operator, Sobolev space.

1. Introduction

Theory of approximation with linear integral operators
started with Bernstein operators [1], Bernstein operators
in the space C([0,1] defined by B,f(x)=
ZZ=0f(§)pn,k(x) for x € [0,1] with the Bernstein basis,

Prse) = (1) 2*(1 = )"

Previously, we have been working on the approach in

C[0,1] or LP[0,1] space functions with Bernstein type

linear positive operators (see [2, 3, 4, 5])

In this paper we study a characterization of

approximation of functions by Hardy operators on

variable LPO) spaces. Hardy type operator is defined by
X

HG) = [ fode (L.1)
0

Functions are defined on an explicit subset A of R<.
LPO space, LPO(A) is associated with a measurable
function p: A = [1, ). The variable exponent Lebesgue
space LPO) be composed of all measurable functions f

on A such that
p(x)
f ( ) dx
A

for any A>0. The norm in LPO space is the
generalization of the norm in LP space (p is constant).
The norm in LPO space is defined in the following
manner

If Gl

<1
A
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lf (0l
A

p(x)
1l o = inf[/l > o:j ( ) dx < 1} (1.2)
A

At the same time LP®) becomes a Banach space. The
idea of variable exponent LP®) spaces was popularized
by Orlicz (see [6]). Inspired by relations to variational
integrals with non-standard growth linked to design of
electrorheological fluids (e.g., [7, 8, 9, 10, 11]),

2. Materials and Methods

Definition 2.1. (see Definition 1, [5]) The exponent
function p: A - [1,) is log-Holder continuous. if
there exist a positive constants Ep > 0 such that

p(x) —p)| < XY EA,

I
—log|x — }1|
=yl <3 1)

and p is log-Holder continuous at infinity if there holds

lp(x) —p()| < X,y €Q,

(2.2)

- P
—log(e + [x])’
Iyl = |x|

Denote, p_

inf p(y), p, = sup p(y). Itis clear that
yEA yEA

1<p_ <p; <o

Uniformly of approximated functions on the variable
exponent Lebesgue space LP® can be illustrated by the
variable Sobolev space WPV (A ) (e.g., [12, 13]) with
a uniformly index h € N which is the Banach space of
measurable  functions f such that for a=
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(ay,az,...,a) €Z2  with |a|l;, =2, a;<h, the
partial derivative

alali
Bof = feLPO®).

0x,%1...0xp%d

The norm in Sobolev space W*?O(A) by
I lhpey = Ifllwreoay = Z 1B flIpy

laly<h
It is clear that WOPO(A) = LPO(A).

Denote the seminorm,

Flup = ) IBSF @l
a,=r
Linear operators for approximating functions on R” take
the form

T(f,x) = fK(x, t)f(t)dt, x € R? (2.3)
RD
where K : R? x R? — R is a kernel function
f K(x, t)dt = 1 (2.4)
RD

and any conditions for degenerations of K(x,t) as
|x — t| increases. Lets assume that the integral operator
degenerations polynomially speed in the feel that for
any non-negative integer m and a constant C,, there
holds

[ e —

<— " Vx,tERY
A+ lx—tpm '~

(2.5)

Definition 2. 2. (see Definition 2, [5]) Let a positive
integer m, we say that a linear integral operator T on
LP (R?) defined by (2.3) holds approximation order m €
N if for every sufficiently smooth function f € LP(RP?),
ITaf = fllpy < Cd™, as d >0 (26)
where the constant C is independent of d.

Herewith the measuring operator with a measuring
parameter d > 0 defined by o, f = f (3)’ T}, is the linear

operator a,T o,/d.

Lemma 2. 3. (see Lemma 1, [5]) If g € L},.(R?)
satisfies |Ag| € L},.(R?) , then for any x,t € R? and H
is Hardy operator, there holds

6b
lg(x) —g(®)] < 7(H(IA9I)(X) +H(lagD(@®)1x — t|
2.7
Lemma 2. 4. (see Lemma 2, [5]) Let s>b. If g€
L}, (RP) satisfies |Ag| € L},.(R?) and H is Hardy
operator, then

1900 — g(O] < cop [HAGIHD T |x — t], ¥, t € R
2.8)
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Lemma 2. 5. (see Lemma 3, [5]) If A is an open subset
of R and p:A - [1,00) satisfies 1 <p_ < p, < o,
and the log-Hoélder conditions (2.1) and (2.2), there exist
a constant B, > 0 depending only on p such that

IHlpey < Bylifllpy VY €LPOW)  (2.9)

Lemma 2. 6. (see Lemma 4, [5]) If A is an open subset
of R? and p:A - [1,00) satisfies 1 <p_ <p, < oo,
then for any h >0 with hp_ > 1 and f € L"?O(A),
there holds

A1 = I ke
3. Results and Discussion

Theorem 3.1. We assume that the exponent function
p:R? — (1, ) satisfies 1 < p_ < p, < o0, and the log-
Holder conditions (2.1) and (2.2). If the kernel function

K holds conditions (2.4) and (2.5) with m > b + pp:l’

then the operators {T;}4-, on LPO(R?) are regularity
bounded by a positive constant ﬁp

IT,ll < H,, VR >0

(3.1)
Proof.. Step 1. We will prove the regular boundedness
of {T;} on LPO(R?).

1

db

R
By the condition

T,(f)(x) = f K (xd 1, td V) f(t)dt,x € R? (3.2)

d

(2.5), we have

<Cm d

ST x—1 = I f(®)]de
o (1+ )

= CKg. If1(x),x € R

ITa () ()]

(3.3)

1
————. From [14] we say that
(i o A e s
there exists a constant B depending on b and m such
that
Ky If1(x) < BH(f)(x),Vx € R?,d > 0,
and from Lemma 2.5, we have

ITa(Pllpey < CaBIHPlpo) < CuBBylIf ey (3:5)

where K, (x, t) = d—lb.
(3.4).

As a result, the operators {T;} are regular limited with
T4l < C,,BB, ,forany d > 0.

Step 2. From [, K(x, t)dt = 1, we have T,(1,x) = 1.
So for any f € LPO(R?) and g € WP | by the
uniform boundedness of the operators {T,;}, we have

ITa(f — Dllpey < WTallllf — gllpe
Thus for any g € WPO,

ITa()) = fllpy = ITa(f — 8) + Ta(g) — g+ g —fllp)
< UITall + DIf = gllpoy + 1ITa(@) — gl
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_ 1p0) _
Il [ e otaagd @at
By Lemma 2.3, for any x € R”, we have A
. PO
|Td(gl‘x) _g(x)l 1/k %
) I [ *ex 0 1gD O e
=7 fK(xd Ltd™ ™)) [f () — f(x)]dt Rb 20
RD 1 ) &
: < (55y) " NriaglIE,, = (557) " Irriagl
6 - < p p :
< 7| [ Ruceomaagheole - xide ; I o = (7% 9l
1
Rb /x
N < (BBz) " Bylliaglllyg
2| [ Rate0H(agh@le - xlat N
b Combining this estimate with (3.7) and (3.8), we get
1
6 /k A/
=2 (Ea () + Era() 120Gl < (BB2) ~ B,C. ¥ dllagllyn  (39)
Consequently,

IT4(g) — gllp0

6b
s F(”Em(x)”p(.) + ”Ez,d(x)“p(_)) (3.6)

Sincem > b + 2—
p_—1

p—‘l such that m > b + k'.

We first estimate ||Ez al|,,-

Let a positive number k' >

Here k' is conjugate of k. % + % =1.Thenl <k <p_.
Then there hold pi <1 and kp_ > 1. By the Holder
inequality, E, 4(x) is bounded by

1/k
| Reomaaghorac | x
1/k’
X fﬁd(x,t)|t—x|k’dt (3.7)
Rb

Since m > b + k', we set the constant

C}n _'kazleasg;jylit and get
/k’
fﬁd(x,t)|t—x|k’dt
RD
1/k’
Ci_b
cof |

x—t

(1+ 3

_ A b
=C,  ,VXER

)

(3.8)

RD

By Lemma 2.5 and Lemma 2.6, from estimates (3.4)
and (3.5), we have
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The first term [|E; o ()|, is easier to estimate.

1
|

RD

[t — x|
———mdt H(|AgD) (%)

()"
%dm(mgnm
1+ d

dt H(|Ag)(x)

Ejq(x) =

J

RD

d
=

1
=d f @+ e
Rb

Hence, Ey4(x) < CndH(|AgD)(x), Vx €RP Thus,
we have
|Eva@)| o = < CrdllH(1AGDIlpe)

< CnBydlllAglllyg) (3.10)

Putting (3.9) and (3.10) into (3.6), we finally conclude

6° [ .
ITa(g) — gllp0 < > (CmB

Y
¥ <33p) B,C,, T )dlllAg”lp(.)

for some f € LPO(R?), we have
)"

60 [ .
ITa(F) = fll o0 < ?(cmsp + (58,

1/k’

m

By

FIT I+ 1) <,
with the constant,
6b
b
depending only on p(.), b, m and C,,.

1/k 1 ,
C, = <mep + (BBE) chm/k + CnBB, + 1)
k

Theorem 3.1 has been completed.
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4. Conclusion

We showed a characterization of approximation of
Hardy operators in variable Lebesgue spaces
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