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Abstract

In the present paper we study with the convolution surface C = M ?N of a paraboloid
M ⊂ E3 and a parametric surface N ⊂ E3. We take some spacial surfaces for N such as,
surface of revolution, Monge patch and ruled surface and calculate the Gaussian curvature
of the convolution surface C. Further, we give necessary and sufficient conditions for a
convolution surface C to become flat.

1. Introduction

Given two objects A and B in R3, their Minkowski sum A⊕B is defined to be the set

A⊕B := {a+b : a ∈ A,b ∈ B} , (1.1)

where a and b denote position vectors of arbitrary points in A and B. Minkowski sums in two and three dimensions are used in various fields,
for example mathematical morphology, computer graphics, convex geometry, computational geometry motion planning. The algorithmic
problem for polynomial and polyhedral shapes as well as approximations of the convolution and Minkowski sum have been studied, see for
instance ([3], [5]) and the references therein. Let M = ∂A and N = ∂B be boundaries of A and B respectively. Then, the computation of the
boundary ∂ (A⊕B) is related to the computation of the convolution surface M ?N of the two boundary surfaces M and N. We always assume
in the following that M and N are smooth surfaces with normal vector fields−→nM and−→nN , respectively. The convolution surface is defined to be

M ?N := {x+ y : x ∈M,y ∈ N, and −→nM ‖ −→nN} , (1.2)

where −→nM(x) and −→nN(y) are mutually parallel normal vectors at points x and y ([4], [2] ). In particular, if A and B are convex objects, the
boundary ∂ (A⊕B) of the Minkowski sum A⊕B is exactly given by the convolution surface M ?N. Unfortunately, for non-convex objects
this property is no longer true. In general, the boundary ∂ (A⊕B) of the Minkowski sum is contained in the convolution surface M ?N,
formed by the boundaries M = ∂A and N = ∂B, respectively. The boundary ∂ (A⊕B) of the Minkowski sum A⊕B is contained in the
envelope of B with respect to the translations x′ = a+ x,a ∈ A (see, [1]).
In general, the computation of the convolution surface M ?N of two smooth surfaces M and N results in the following way. Assume that
the surfaces M and N are parametrized by x = x(u,v) and y = y(s, t), respectively and that the normal vectors are denoted by −→nM(u,v) and
−→nN(s, t). The convolution surface M ?N is formed by the sums of the position vectors x,y of the surfaces M and N whose normal vectors −→nM
and −→nN are parallel. Thus, we have to find parametrization

x(u(s, t);v(s, t)) = x(s, t) (1.3)

and y(s, t) of parts of M and N over a common parameter domain of the st-plane with the property that the normal vectors −→nM(s, t) and
−→nN(s, t) at x and y are parallel. Let us point out that in case of an arbitrary surface N there is no one-one correspondence between points
x ∈M and y ∈ N with −→nM(x) ‖ −→nN(y) (see, [4]).
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2. Convolution of the surfaces

Let M be a surface given with the regular patch

M : x(u,v) =
(

u,v,u2 + cv2
)
, u,v,c ∈ R, (2.1)

which is either an elliptic or hyperbolic paraboloid depending on whether c > 0 or c < 0. The surface N assumed to admit a local
parametrization

N : y(s, t) = (y1(s, t),y2(s, t),y3(s, t)) , s, t ∈ R, (2.2)

which is a smooth mapping. The points x(u,v) = p and y(s, t) = q are corresponding if the normal vectors −→nM and −→nN at p and q, respectively,
are linearly dependent. That is;

−→nM = λ
−→nN , 0 6= λ ∈ R. (2.3)

Then p+q is a point of the convolution surface M ?N (see, [4]). Assume that the normal vector of N is given with the parametrization of the
form

−→nN = (n1(s, t),n2(s, t),n3(s, t)) . (2.4)

So, the condition (2.3) gives  −2u
−2cv

1

= λ

 n1(s, t)
n2(s, t)
n3(s, t)

 . (2.5)

In the case of n3(s, t) 6= 0 we have

λ =
1

n3(s, t)
,

u(s, t) =
−n1(s, t)
2n3(s, t)

, (2.6)

v(s, t) =
−n2(s, t)
2cn3(s, t)

,

(see, [4]).
Denoting this reparametrization by the mapping

φ : (s, t)→ (u(s, t),v(s, t)),

the surface patch x(φ(s, t)) represents in general the only part of M. If the determinant of the Jacobian matrix of φ does not vanish, then the
equation (2.6) represents a regular parametrization. Consequently, we have the following results;

Proposition 2.1. The determinant of the Jacobian matrix of φ is given by

det(Jφ) =
1

4cn3
det(nN(s, t),nNs(s, t),nNt (s, t)). (2.7)

Proof. By the definition of the Jacobian matrix

det(Jφ) =

∣∣∣∣∣ ∂u
∂ s

∂u
∂ t

∂v
∂ s

∂v
∂ t

∣∣∣∣∣ .
By the use of (2.6), we get

det(Jφ) =

∣∣∣∣∣∣
(n3)sn1−n3(n1)s

2n2
3

(n3)t n1−n3(n1)t

2n2
3

(n3)sn2−n3(n2)s

2cn2
3

(n3)t n2−n3(n2)t

2cn2
3

∣∣∣∣∣∣
=

1
4cn3

det(nN(s, t),nNs(s, t),nNt (s, t)).

This completes the proof of the Proposition 2.1.

Proposition 2.2. The Gaussian curvature of the surface N is given by

K̃ =
1

W̃ 4
det(nN(s, t),nNs(s, t),nNt (s, t)) (2.8)

where W̃ 2 = ẼG̃− F̃2 is the area element of the surface N.
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Proof. Let ẽ, f̃ , g̃ be the coefficients of the second fundamental form of the surface N

e∗ = 〈yss,nN〉=−〈ys,(nN)s〉
f ∗ = 〈yst ,nN〉=−〈ys,(nN)t〉
g∗ = 〈ytt ,nN〉=−〈yt ,(nN)t〉

then

e∗g∗− f ∗2 = 〈ys,(nN)s〉〈yt ,(nN)t〉−〈ys,(nN)t〉〈yt ,(nN)s〉
= 〈ys× yt ,(nN)s× (nN)t〉
= 〈nN ,(nN)s× (nN)t〉(s, t)
= det(nN(s, t),(nN)s (s, t),(nN)t (s, t)).

Hence,

ẽ =
e∗

W̃
,

f̃ =
f ∗

W̃
,

g̃ =
g∗

W̃
,

implies that

K̃ =
1

W̃ 2
(ẽg̃− f̃ 2)

=
1

W̃ 4
(e∗g∗− f ∗2) (2.9)

=
1

W̃ 4
det(nN(s, t),nNs(s, t),nNt (s, t)).

This completes the proof of the Proposition 2.2.

As a consequence of Proposition 2.1 and Proposition 2.2, we get

Corollary 2.3. The determinant of the Jacobian matrix of the mapping φ is given by

det(Jφ) =
1

4cn3
det(nN(s, t),nNs(s, t),nNt (s, t))

=
1

4cn3
W̃ 4K̃. (2.10)

From Corollary 2.3, it is easy to see that the reparametrization (2.6) is not invertible if N is a developable surface.
The final representation of the convolution surface M ?N has the parametrization

(x+ y)(s, t) = (
−n1(s, t)
2n3(s, t)

+ y1(s, t),
−n2(s, t)
2cn3(s, t)

+ y2(s, t),
1

4cn2
3
(cn2

1 +n2
2)+ y3(s, t)). (2.11)

The convolution surface M ?N of a paraboloid M and a parametrized surface N consists of the explicit parametrization (2.11).

3. Some particular surfaces

In the present section we consider the convolution surface of some special surfaces.

I) Assume that N is a local surface given with the Monge patch

N : y(s, t) = (s, t,h(s, t)), (3.1)

then the parametrization (2.6) is obtained by

λ = 1,

u =
hs

2
, (3.2)

v =
ht

2c
,

where hs and ht denote the partial derivatives of h with respect to s and t. So, the convolution surface M ?N has the parametrization

(x+ y)(s, t) = (
hs

2
+ s,

ht

2c
+ t,

1
4

h2
s +

1
4c

h2
t +h)(s, t). (3.3)

If n3(s, t) = 0, then there exists a curve γ ∈ N such that γ is a shadow boundary of N. In this case the convolution surface M ?N consists of
non-connected parts.
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Definition 3.1. In the Monge patch (3.1), if we take h(s, t) = f (s)+g(t), then the resultant surface given with

N : y(s, t) = (s, t, f (s)+g(t)) (3.4)

is called a translation surface.

We obtain the following result.

Theorem 3.2. Let M ?N be a convolution surface of a paraboloid M and a translation surface N given with the parametrization (3.4). Then
the Gaussian curvature of the convolution surface is

KM?N =
8c
(
− f

′′′
f
′
+( f

′′
)2 +2 f

′′
)
( f
′′
+2)g

′′(
g′′ +2c

)(
4( f ′)2 +(g′)2( f ′′)2 +4(g′)2 f ′′ +4(g′)2 +( f ′′)2 +4 f ′′ +4

)2 .

Proof. Let M ?N be a convolution surface of a paraboloid M and a translation surface N given with the parametrization (3.4) For simplicity
we define z = x+ y. Then the tangent space of M ?N is spanned by

xs =

(
f ′′

2
+1,0, f ′

)
xt =

(
0,

g′′

2c
+1,

g′g′′

2c
+g′

)
Hence the coefficients of first and second fundamental forms of the convolution surface M ?N are

E = 〈xs,xs〉=
(

f ′′

2
+1
)2

+
(

f ′
)2

F = 〈xs,xt〉= f ′
(

g′g′′

2c
+g′

)
(3.5)

G = 〈xt ,xt〉=
(

g′′

2c
+1
)2

+

(
g′g′′

2c
+g′

)2

and

e =
〈xss,xs× xt〉√

EG−F2
=

(g′′+2c)
(
− f ′′′ f ′+( f ′′)2 +2 f ′′

)
c
√

EG−F2
(3.6)

f =
〈xst ,xs× xt〉√

EG−F2
= 0,

e =
〈xtt ,xs× xt〉√

EG−F2
=

g′′( f ′′+2)
(
g′′+2c2)

c2
√

EG−F2

respectively. By definition the Gaussian curvature of the convolution surface M ?N is given by

KM?N =
eg− f 2

EG−F2 (3.7)

So, substituting (3.5) and (3.6) into (3.7) we get the result.

Corollary 3.3. Let M ?N be a convolution surface of a paraboloid M and a translation surface (3.4). If the convolution M ?N is a flat
surface, then at least one of the following cases occur;

g(t) = b1t +b2,

f (s) = −s2 +d1s+d2, or

f (s) =
ec1(s+c2)

c2
1

+
2
c1

s+ c2

where bi,c j,dk are real constants.

Proof. If M ?N is a flat surface, then

(− f ′′′(s) f ′(s)+( f ′′(s))2 +2 f ′′(s))( f ′′(s)+2)g′′(t) = 0

holds. So, we have the three possible cases;
i) g′′(t) = 0,
ii) f ′′(s)+2 = 0,
iii) − f ′′′(s) f ′(s)+( f ′′(s))2 +2 f ′′(s) = 0.
Solving these differential equations we get the result. This completes the proof of the corollary.

Corollary 3.4. The convolution surface M ?N given with g(t) = b1t +b2 is a part of a plane.
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II)Assume that N is a surface of revolution given with the surface patch

N : y(s, t) = ( f (s)cos t, f (s)sin t,h(s)), (3.8)

then the equations in (2.6) turns into

λ =
1

f f ′

u =
h′

2 f ′
cos t (3.9)

v =
h′

2c f ′
sin t.

Finally, convolution surface M ?N has the parametrization

(x+ y)(s, t) = (
h′+2 f f ′

2 f ′
cos t,

h′+2c f f ′

2c f ′
sin t,

h′

2c( f ′)2 (ccos2 t + sin2 t)+h(s)). (3.10)

Theorem 3.5. Let M ?N be a convolution surface of a paraboloid M and a surface of revolution given with the parametrization (3.8). Then
the Gaussian curvature of the convolution surface is

KM?N =
4c( f

′
)4h′ ( f ′h′′− f ′′h′)

Ψ(s, t)
; f ′ 6= 0. (3.11)

where Ψ(s, t) is a real valued non-zero differentiable function of the parameters s and t.

Proof. Similar to the proof of Theorem 3.2, we get the result.

Corollary 3.6. Let M ?N be a convolution surface of a paraboloid M and a surface of revolution (3.8). If the convolution surface M ?N is a
flat surface, then one of the following cases occur;
i) N is a part of a plane, or
ii) N is a part of a cone, or
iii) N is a part of a paraboloid.

Proof. If M ?N is a flat surface, then

( f ′)4h′
(

f ′h′′− f ′′h′
)
= 0, f ′ 6= 0 (3.12)

holds. So, we have two possible cases;
i)h′ = 0 , or
ii) f ′h′′− f ′′h′ = 0.
If h′ = 0 then N is a part of a plane. Further, if h′′ = 0 and f ′′ = 0 then N is a part of a cone. Finally for the f ′h′′− f ′′h′ = 0 case with h′′ 6= 0
and f ′′ 6= 0 the surface N is a part of a paraboloid.

III) Assume that N is a conoidal surface given with the parametrization

N : y(s, t) =

 p(s)sins+ p′(s)coss+ t coss
−p(s)coss+ p′(s)sins+ t sins

z(s)

 (3.13)

where p and z are real valued differentiable functions. Then, the parametrization (2.6) is obtained by

λ =
−1
t

u =
−z′(s)

2t
sins (3.14)

v =
z′(s)
2ct

coss.

Finally, the sum M ?N has the parametrization

(x+ y)(s, t) =


(

2t p(s)−z′(s)
2t

)
sins+(p′(s)+ t)coss(

z′(s)−2ct p(s)
2ct

)
coss+(p′(s)+ t)sins(

z′(s)2

4ct2

)(
csin2 s+ cos2 s

)
 (3.15)

If we assume that p(s) = p is a constant function and z(s) = ks, k 6= 0 then the conoidal surface N has the parametrization

N : y(s, t) =

 psins+ t coss
−pcoss+ t sins

ks

 (3.16)
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Consequently, if p(s) = 0, then the N is a right helicoid

y(s, t) =

 t coss
t sins

ks

 (3.17)

which is a minimal surface. We obtain the following result.

Theorem 3.7. Let M ?N be a convolution surface of a paraboloid M and a right helicoid given with the parametrization (3.17). Then, the
Gaussian curvature of the convolution surface is

KM?N =
4t4k2

(k4 + k2t2−4k2t4−4t6)(k2 + t2)
. (3.18)

Proof. Similar to the proof of Theorem 3.2, we get the result.

4. Visualization

Example 4.1. For f (s) := cos(s),g(t) := cos(t);c :=−3; we obtain the following graphs of the Monge patch and the convolute surface
given the parametrization (3.3);

Figure 4.1: Monge patch and its convolute surface

Example 4.2. For f (s) := s,h(s) := 3s−5;c :=−3; we obtain the following graph of the surface of revolution and the convolute surface
given the parametrization (3.10);

Figure 4.2: Surface of revolution and its convolute surface

Example 4.3. For p(s) := 0,z(s) := 2s; we obtain the following graph of the conoidal surface and the convolute surface given the
parametrization (3.15);
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Figure 4.3: The conoidal surface and its convolute surface

5. Conclusion

Modelling with curves and surfaces are important area in applied differential geometry. In the present study we consider Minkowski sum of
two smooth surfaces in 3-dimensional Euclidean space. This process is also called the convolution of two surfaces. We obtain some nice
convolution surfaces by taking some particular surfaces such as Monge patch, surface of revolution and conoidal surfaces. We also plot the
graph of the surfaces.
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