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On the Lifts of 𝑭(𝒑, −(𝒑 − 𝒒)) −Structure Satisfying 𝑭𝒑 − 𝑭𝒑−𝒒 = 𝟎, (𝑭 ≠ 𝟎; 𝒑, 𝒒 

odd; 𝑰) on Tangent and Cotangent Bundle 

Haşim ÇAYIR1  Selcan AKSOY2 Melike DUZCİ3  

Abstract 

This paper consists of three main sections. In the first part, we obtain the complete lifts of the 𝐹(𝑝, −(𝑝 −
𝑞)) −structure satisfying 𝐹𝑝 − 𝐹𝑝−𝑞 = 0, (𝐹 ≠ 0; 𝑝, 𝑞 odd; 𝐼) on tangent bundle. We have also obtained the 

integrability conditions by calculating the Nijenhuis tensors of the complete lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure. 

Later, we get the conditions of to be the almost holomorphic vector field with respect to the complete lifts of 

𝐹(𝑝, −(𝑝 − 𝑞)) −structure. Finally, we obtained the results of the Tachibana operator applied to the vector fields 

with respect to the complete lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure on tangent bundle. In the second part, all results 

obtained in the first section investigated according to the horizontal lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure in tangent 

bundle 𝑇(𝑀𝑛). In the final section, all results obtained in the first and second section were investigated according 

to the horizontal lifts of the 𝐹(𝑝, −(𝑝 − 𝑞)) −structure in cotangent bundle 𝑇∗(𝑀𝑛).  
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Tanjant ve Kotanjant Demet Üzerinde F^p-F^(p-q)=0, (F≠0;p,q odd; I) şartını 

sağlayan F(p,-(p-q))-Yapısının Liftleri 

 
                                                               Özet 

Bu makale üç ana bölüm içerir. İlk bölüm içerisinde tanjant demet üzerinde 𝐹𝑝 − 𝐹𝑝−𝑞 = 0, (𝐹 ≠ 0; 𝑝, 𝑞 odd; 𝐼) 

şartını sağlayan 𝐹(𝑝, −(𝑝 − 𝑞)) −yapısının tam lifleri elde edildi. Ayrıca 𝐹(𝑝, −(𝑝 − 𝑞)) −yapısının tam 

liflerinin Nijenhuis tensörü hesaplanarak integrallenebilme şartları da elde idildi. Daha sonra 𝐹(𝑝, −(𝑝 −
𝑞)) −yapısının tam liflerine göre hemen hemen holomorfik olma şartları elde edildi. Son olarak tanjant demet 

üzerinde 𝐹(𝑝, −(𝑝 − 𝑞)) −yapısının tam liftlerine göre vektör alanlarına uygulanan Tachibana operatörünün 

sonuçları elde edildi. İkinci bölüm içerisinde tanjant demet 𝑇(𝑀𝑛) içerisende 𝐹(𝑝, −(𝑝 − 𝑞)) −yapısının yatay 

liftlerine göre ilk bölüm içerisinde araştırılan tüm sonuçlar elde edilmiştir. En son bölümde ise kotanjant demet 

𝑇∗(𝑀𝑛) içersinde 𝐹(𝑝, −(𝑝 − 𝑞)) −yapısının yatay liftlere göre ilk ve ikinci bölümde araştırılan tüm sonuçları 

elde edildi. 

Anahtar Kelimeler: İntegrallenebilirlik; Tachibana operatörleri; liftler; Sasaki metriği; tanjant demet; kotanjant 

demet. 

 

 
  
1 Prof. Dr Haşim ÇAYIR, Giresun University, Department of Mathematics, Faculty of Arts and Sciences, 

hasım.cayir@giresun.edu.tr, Orcid no: 0000 0003 0348 8665. 
2 Selcan AKSOY, Giresun University, Department of Mathematics, Faculty of Arts and Sciences, 

selcan.aksoy@giresun.edu.tr, Orcid no: 0000-0001-7853-0624. 
3 Melike DUZCİ, Giresun University, Department of Mathematics, Faculty of Arts and Sciences, melikeduzci@gmail.com. 

mailto:selcan.aksoy@giresun.edu.tr
mailto:melikeduzci@gmail.com


On the Lifts of F(p,-(p-q))-Structure Satisfying F^p… 

41 

 

Introduction 

The investigation of the integrability of tensorial structures on manifolds and extension to the 

tangent or cotangent bundle, whereas the defining tensor field satisfies a polynomial identity 

has been an active research topic in the last 50 years, initiated by the fundamental works of 

Kentaro Yano and his collaborators, see for example (Yano & Ishihara, 1973). Also, the idea 

of 𝐹 −structure manifold on a differentiable manifold developed by Yano (1963), Ishihara and 

Yano (1964), Goldberg (1971) and among others. Moreover, Yano and Patterson (1967a , 

1967b) studied the horizontal and complete lifts from a differentiable manifold 𝑀𝑛 of class 𝐶∞ 

to its cotangent bundles. Later, Upadhyay and Gupta (1976) obtained some integrability 

conditions of 𝐹(𝐾, −(𝐾 − 2)) −structure, satisfying 𝐹𝐾 − 𝐹𝐾−2 = 0, where 𝐹 is a tensor field 

of type (1,1).  

In 1985, Upadhyay and  Grag have obtained some integrability conditions of 𝐹(𝑝, −(𝑝 −
𝑞)) −structure satisfying 𝐹𝑝 − 𝐹𝑝−𝑞 = 0, (𝐹 ≠ 0; 𝑝, 𝑞 odd; 𝐼), where 𝐹 is a tensor of type 

(1,1). 

This paper consist of three main sections. In the first part, we obtain the complete lifts of the 

𝐹(𝑝, −(𝑝 − 𝑞)) −structure satisfying 𝐹𝑝 − 𝐹𝑝−𝑞 = 0, (𝐹 ≠ 0; 𝑝, 𝑞 odd; 𝐼) on tangent bundle. 

We have also obtained the integrability conditions by calculating the Nijenhuis tensors of the 

complete lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure. Later, we get the conditions of to be the almost 

holomorphic vector field with respect to the complete lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure. 

Finally, we obtained the results of the Tachibana operator applied to the vector fields with 

respect to the complete lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure on tangent bundle.  

2000 Mathematics Subject Classification: 15A72, 53A45, 47B47, 53C15  

Key words and phrases: Integrability; Tachibana operators; lifts; Sasakian metric; tangent 

bundle; cotangent bundle. 

In the second part, all results obtained in the first section investigated according to the horizontal 

lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure in tangent bundle 𝑇(𝑀𝑛). In finally section, all results 

obtained in the first and second section were investigated according to the horizontal lifts of the 

𝐹(𝑝, −(𝑝 − 𝑞)) −structure in cotangent bundle 𝑇∗(𝑀𝑛). 

Let 𝑀𝑛 be 𝑛 −differentiable manifold of class 𝐶∞, equipped with a (1,1) tensor field 𝐹 (𝐹 ≠
0, 𝐼) and of class 𝐶∞ satisfying 

 𝐹𝑝 − 𝐹𝑝−𝑞 = 0(2rank𝐹 − rank𝐹𝑝−𝑞) = dim𝑀𝑛, (1.1) 

operators 𝑠 and 𝑡 have been defined as follows: 

 𝑠 = 𝐹𝑝−𝑞: 𝑡: 𝐼 − 𝐹𝑝−𝑞 (1.2) 

𝐼 denoting identity operator and 𝑝 > 𝑞 and 𝑞 is any odd integral number. 

In view of equations (1.1) and (1.2), we have (Upadhyay & Grag, 1985). 

 𝑠2 = 𝑠, 𝑡2 = 𝑡  and  𝑠 + 𝑡 = 𝐼, (1.3) 

 

where 𝑘 is same integral value such that 𝑘𝑞 = 𝑝, i.e. 

For a tensor field 𝐹(≠ 0) of type (1,1) satisfying (1.1) the operators 𝑠 and 𝑡 defined by (1.2), 

when applied to the tangent space of 𝑀𝑛 at a point, are complementary projection operators. 

Let 𝑆 and 𝑇 complementary distributions correspending to the projection operators 𝑠 and 𝑡 

respectively. Let the rank of 𝐹 be constant and be equal to 𝑟, then from (1.1) we have 

 dim𝑆 = (2𝑟 − 𝑛)  and  dim𝑇 = (2𝑛 − 2𝑟) (1.4) 
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Here dimension 𝑇 is even but dim 𝑆 is not necessarily even. Obviously 𝑛 ≤ 2𝑟 ≤ 2𝑛. Such a 

structure has been called a generalised 𝐹(𝑝, −(𝑝 − 𝑞)) −structure of rank 𝑟 and the manifold 

𝑀𝑛 with this structure a ‘𝜉(𝑝, −(𝑝 − 𝑞)) −manifold’. 

In the manifold 𝑀𝑛 endowed with 𝐹(𝑝, −(𝑝 − 𝑞)) −structure, the (1,1) tensor field 𝜓 given 

by 𝜓 = 𝑠 − 𝑡 = −𝐼 + 2𝐹𝑝−𝑞 gives an almost product structure (Upadhyay & Grag, 1985). 

1.1 Complete Lift of 𝑭(𝒑, −(𝒑 − 𝒒)) −Structure on Tangent Bundle 

Let 𝑀𝑛 be an 𝑛 −dimensional differentiable manifold of class 𝐶∞ and 𝑇𝑃(𝑀𝑛) the tangent 

space at a point 𝑝 of 𝑀𝑛 and 

 𝑇(𝑀𝑛) = 𝑈
𝑝∈𝑀𝑛

𝑇𝑃(𝑀𝑛) (1.5) 

is the tangent bundle over the manifold 𝑀𝑛. 

Let us denote by 𝑇𝑠
𝑟(𝑀𝑛), the set of all tensor fields of class 𝐶∞ and of type (𝑟, 𝑠) in 𝑀𝑛 and 

𝑇(𝑀𝑛) be the tangent bundle over 𝑀𝑛. The complete lift of 𝐹𝐶 of an element of 𝑇1
1(𝑀𝑛) with 

local components 𝐹𝑖
ℎ  has components of the form (Yano & Patterson, 1967b) 

 

 𝐹𝐶 = [
𝐹𝑖

ℎ 0

𝛿𝑖
ℎ 𝐹𝑖

ℎ]. (1.6) 

Now we obtain the following results on the complete lift of 𝐹 satisfying 𝐹𝑝 − 𝐹𝑝−𝑞 = 0, (𝐹 ≠
0; 𝑝, 𝑞 odd; 𝐼). 

Let 𝐹, 𝐺 ∈ 𝑇1
1(𝑀𝑛). Then we have (Yano & Patterson, 1967b) 

 (𝐹𝐺)𝐶 = 𝐹𝐶𝐺𝐶 . (1.7) 

Replacing 𝐺 by 𝐹 in (1.7) we obtain  

 (𝐹𝐹)𝐶 = 𝐹𝐶𝐹𝐶or(𝐹2)𝐶 = (𝐹𝐶)2. (1.8) 

Now putting 𝐺 = 𝐹4 in (1.7) since 𝐺 is (1,1) tensor field therefore 𝐹4 is also (1,1) so we obtain 

(𝐹𝐹4)𝐶 = 𝐹𝐶(𝐹4)𝐶 which in view of (1.8) becomes 

 (𝐹5)𝐶 = (𝐹𝐶)5. (1.9) 

and so on. Taking complete lift on both sides of equation 𝐹𝑝 − 𝐹𝑝−𝑞 = 0 we get 

 (𝐹𝑝)𝐶 − (𝐹𝑝−𝑞)𝐶 = 0 

which in consequence of equation (1.9) gives 

 (𝐹𝐶)𝑝 − (𝐹𝐶)𝑝−𝑞 = 0. (1.10) 

Let 𝐹 satisfying (1,1) be an 𝐹 −structure of rank 𝑟 in 𝑀𝑛. Then the complete lifts 𝑠𝐶 =
(𝐹𝑝−𝑞)𝐶 of 𝑠 and 𝑡𝐶 = 𝐼 − (𝐹𝑝−𝑞)𝐶 of 𝑡 are complementary projection tensors in 𝑇(𝑀𝑛). Thus 

there exist in 𝑇(𝑀𝑛) two complementary distributions 𝑆𝐶 and 𝑇𝐶 determined by 𝑠𝐶 and 𝑡𝐶, 

respectively. 

Proposition 1 The (1,1) tensor field ψ̃ given by ψ̃ = sC − tC = −I + 2(Fp−q)C gives an 

almost product structure on T(Mn).  

Proof. For 𝑠𝐶 = (𝐹𝑝−𝑞)𝐶 and 𝑡𝐶 = 𝐼 − (𝐹𝑝−𝑞)𝐶 , we have  

  𝜓̃2 = 𝐼 − 4(𝐹𝑝−𝑞)𝐶 + 4(𝐹2𝑝−2𝑞)𝐶 

      = 𝐼 − 4(𝐹𝑝−𝑞)𝐶 + 4(𝐹𝑝𝐹𝑝−2𝑞)𝐶 

      =. . . . . . . . . . . . . . . . . . . . . . . . . . .. 
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      = 𝐼 − 4(𝐹𝑝−𝑞)𝐶 + 4(𝐹𝑝𝐹𝑝−𝑘𝑞)𝐶 

      = 𝐼 − 4(𝐹𝑝−𝑞)𝐶 + 4(𝐹𝑝)𝐶(𝐹𝑝−𝑝)𝐶 

      = 𝐼 − 4(𝐹𝑝−𝑞)𝐶 + 4(𝐹𝑝−𝑞)𝐶 

      = 𝐼 

 1.2  Horizontal Lift of 𝑭(𝒑, −(𝒑 − 𝒒)) −Structure on Tangent Bundle 

Let 𝐹𝑖
ℎ be the component of 𝐹 at 𝐴 in the coordinate neighbourhood 𝑈 of 𝑀𝑛. Then the 

horizontal lift 𝐹𝐻 of 𝐹 is also a tensor field of type (1,1) in 𝑇(𝑀𝑛)  whose components 𝐹̃𝐵
𝐴 in 

𝜋−1(𝑈) are defined as 

 𝐹𝐻 = 𝐹𝐶 − 𝛾(∇𝐹) = (
𝐹𝑖

ℎ 0

−Γ𝑡
ℎ𝐹𝑖

𝑡 + Γ𝑖
𝑡𝐹𝑡

ℎ 𝐹𝑖
ℎ). 

Let 𝐹, 𝐺 be two tensor fields of type (1,1) on the manifold 𝑀. If 𝐹𝐻 denotes the horizontal lift 

of 𝐹, we have 

 (𝐹𝐺)𝐻 = 𝐹𝐻𝐺𝐻 . (1.11) 

 

Taking 𝐹 and 𝐺 identical, we get  

 (𝐹𝐻)2 = (𝐹2)𝐻 . (1.12) 

 

Multiplying both sides by 𝐹𝐻 and making use of the same (1.12) , we get 

 (𝐹𝐻)3 = (𝐹3)𝐻 

Thus it follows that 

 (𝐹𝐻)4 = (𝐹4)𝐻 , (𝐹𝐻)5 = (𝐹5)𝐻 (1.13) 

 

and so on. Taking horizontal lift on both sides of equation 𝐹𝑝 − 𝐹𝑝−𝑞 = 0 we get 

 (𝐹𝑝)𝐻 − (𝐹𝑝−𝑞)𝐻 = 0 

 

view of (1.13), we can write 

 (𝐹𝐻)𝑝 − (𝐹𝐻)𝑝−𝑞 = 0. (1.14) 

2.  Main Results 

2.1  The Nijenhuis Tensor 𝑵(𝑭𝒑)𝑪(𝑭𝒑)𝑪(𝑿𝑪, 𝒀𝑪) of the Complete Lift 𝑭𝒑 on Tangent 

       Bundle 𝑻(𝑴𝒏) 

Definition 1 Let F be a tensor field of type (1,1) admitting Fp − Fp−q = 0, (F ≠ 0; p, q odd; 

I) in Mn. The Nijenhuis tensor of a (1,1) tensor field F of Mn is given by  

 

 𝑁𝐹 = [𝐹𝑋, 𝐹𝑌] − 𝐹[𝑋, 𝐹𝑌] − 𝐹[𝐹𝑋, 𝑌] + 𝐹2[𝑋, 𝑌] (2.1) 

                      

for any 𝑋, 𝑌 ∈ ℑ0
1(𝑀𝑛) (Çayır, 2015; Salimov, 2013; Salimov & Çayır, 2013). The condition 

of 𝑁𝐹(𝑋, 𝑌) = 𝑁(𝑋, 𝑌) = 0 is essential to integrability condition in these structures. The 

Nijenhuis tensor 𝑁𝐹 is defined local coordinates by 

 𝑁𝑖𝑗
𝑘𝜕𝑘 = (𝐹𝑖

𝑠𝜕𝑠
𝑘𝐹𝑗

𝑘 − 𝐹𝑗
𝑙𝜕𝑙𝐹𝑖

𝑘 − 𝜕𝑖𝐹𝑗
𝑙𝐹𝑙

𝑘 + 𝜕𝑗𝐹𝑖
𝑠𝐹𝑠

𝑘)𝜕𝑘, 

where 𝑋 = 𝜕𝑖 , 𝑌 = 𝜕𝑗 , 𝐹 ∈ ℑ1
1(𝑀𝑛). 

Definition 2 Let   X and Y be any vector fields on a Riemannian manifold (Mn, g), we have 

(Yano & Ishihara, 1973). 
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                  [𝑋𝐻 , 𝑌𝐻] = [𝑋, 𝑌]𝐻 − (𝑅(𝑋, 𝑌)𝑢)𝑉, (2.2) 

                  [𝑋𝐻 , 𝑌𝑉] = (∇𝑋𝑌)𝑉, 
                  [𝑋𝑉 , 𝑌𝑉] = 0, 
    

where 𝑅 is the Riemannian curvature tensor of 𝑔 defined by 

 

 𝑅(𝑋, 𝑌) = [∇𝑋, ∇𝑌] − ∇[𝑋,𝑌]. (2.3) 

In particular, we have the vertical spray 𝑢𝑉 and the horizontal spray 𝑢𝐻 on 𝑇(𝑀𝑛) defined by 

 𝑢𝑉 = 𝑢𝑖(𝜕𝑖)𝑉 = 𝑢𝑖𝜕𝑖 , 𝑢𝐻 = 𝑢𝑖(𝜕𝑖)𝐻 = 𝑢𝑖𝛿𝑖 , (2.4)  

 

where 𝛿𝑖 = 𝜕𝑖 − 𝑢𝑗Γ𝑗𝑖
𝑠𝜕𝑠. 𝑢𝑉 is also called the canonical or Liouville vector field on 𝑇(𝑀𝑛). 

Theorem 1 The Nijenhuis tensor N(Fp)C(Fp)C(XC, YC) of the complete lift of Fp vanishes if the 

Nijenhuis tensor of Fp−q is zero.  

Proof. In consequence of Definition 1 the Nijenhuis tensor of (𝐹𝑝)𝐶 is given by 

 

 𝑁(𝐹𝑝)𝐶(𝐹𝑝)𝐶(𝑋𝐶 , 𝑌𝐶) = [(𝐹𝑝)𝐶𝑋𝐶 , (𝐹𝑝)𝐶𝑌𝐶] − (𝐹𝑝)𝐶[(𝐹𝑝)𝐶𝑋𝐶 , 𝑌𝐶] 

                        −(𝐹𝑝)𝐶[𝑋𝐶 , (𝐹𝑝)𝐶𝑌𝐶] + (𝐹𝑝)𝐶(𝐹𝑝)𝐶[𝑋𝐶 , 𝑌𝐶] 
                      = {[(𝐹𝑝−𝑞𝑋)𝐶 , (𝐹𝑝−𝑞𝑌)𝐶] − (𝐹𝑝−𝑞)𝐶[(𝐹𝑝−𝑞𝑋)𝐶 , 𝑌𝐶] 
                        −(𝐹𝑝−𝑞)𝐶[𝑋𝐶 , (𝐹𝑝−𝑞𝑌)𝐶] + (𝐹𝑝−𝑞)𝐶(𝐹𝑝−𝑞)𝐶[𝑋𝐶 , 𝑌𝐶]} 

                     = {[𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌] − 𝐹𝑝−𝑞[𝐹𝑝−𝑞𝑋, 𝑌] − 𝐹𝑝−𝑞[𝑋, 𝐹𝑝−𝑞𝑌] 
                        +(𝐹𝑝−𝑞)2[𝑋, 𝑌]}𝐶 

                     = 𝑁𝐹𝑝−𝑞(𝑋, 𝑌)𝐶 

 Theorem 2 The Nijenhuis tensor N(Fp)C(Fp)C(XC, YV) of the complete lift of Fp vanishes if the 

Nijenhius tensor Fp−q is zero.  

Proof.  

 𝑁(𝐹𝑝)𝐶(𝐹𝑝)𝐶(𝑋𝐶 , 𝑌𝑉) = [(𝐹𝑝)𝐶𝑋𝐶 , (𝐹𝑝)𝐶𝑌𝑉] − (𝐹𝑝)𝐶[(𝐹𝑝)𝐶𝑋𝐶 , 𝑌𝑉] 

                        −(𝐹𝑝)𝐶[𝑋𝐶 , (𝐹𝑝)𝐶𝑌𝑉] + (𝐹𝑝)𝐶(𝐹𝑝)𝐶[𝑋𝐶 , 𝑌𝑉] 
                      = {[(𝐹𝑝−𝑞𝑋)𝐶 , (𝐹𝑝−𝑞𝑌)𝑉] − (𝐹𝑝−𝑞)𝐶[(𝐹𝑝−𝑞𝑋)𝐶 , 𝑌𝑉] 
                        −(𝐹𝑝−𝑞)𝐶[𝑋𝐶 , (𝐹𝑝−𝑞𝑌)𝑉] + ((𝐹𝑝−𝑞)2)𝐶[𝑋, 𝑌]𝑉} 

                      = {[𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌]𝑉 − (𝐹𝑝−𝑞[𝐹𝑝−𝑞𝑋, 𝑌])𝑉 

                        −(𝐹𝑝−𝑞[𝑋, 𝐹𝑝−𝑞𝑌])𝑉 − ((𝐹𝑝−𝑞)2[𝑋, 𝑌])𝑉} 

                      = 𝑁𝐹𝑝−𝑞(𝑋, 𝑌)𝑉 

Theorem 3 The Nijenhuis tensor N(Fp)C(Fp)C(XV, YV) of the complete lift of Fp vanishes.  

Proof. Thus [𝑋𝑉 , 𝑌𝑉] = 0 for all 𝑋, 𝑌 ∈ ℑ0
1(𝑀𝑛), easily we get 

 

 𝑁(𝐹𝑝)𝐶(𝐹𝑝)𝐶(𝑋𝑉 , 𝑌𝑉) = 0. 

2.2  The Purity Conditions of Sasakian Metric with Respect to (𝑭𝒑)𝑪 on 𝑻(𝑴𝒏) 

Definition 3 The Sasaki metric  Sg is a (positive definite) Riemannian metric on the tangent 

bundle T(Mn) which is derived from the given Riemannian metric on M as follows: 

 

                        𝑆𝑔(𝑋𝐻 , 𝑌𝐻) = 𝑔(𝑋, 𝑌), (2.5) 
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                        𝑆𝑔(𝑋𝐻 , 𝑌𝑉) =𝑆 𝑔(𝑋𝑉 , 𝑌𝐻) = 0, 
                        𝑆𝑔(𝑋𝑉 , 𝑌𝑉) = 𝑔(𝑋, 𝑌) 

 

for all 𝑋, 𝑌 ∈ ℑ0
1(𝑀𝑛). 

Theorem 4 The Sasaki metric  Sg is pure with respect to (Fp)C if ∇Fp−q = 0 and Fp−q = I , 
where I=identity tensor field of type (1,1).  

Proof. 𝑆(𝑋̃, 𝑌̃) =𝑆 𝑔((𝐹𝑝)𝐶𝑋̃, 𝑌̃)−𝑆𝑔(𝑋̃, (𝐹𝑝)𝐶𝑌̃) if 𝑆(𝑋̃, 𝑌̃) = 0 for all vector fields 𝑋̃ and 𝑌̃ 

which are of the form 𝑋𝑉 , 𝑌𝑉 or 𝑋𝐻 , 𝑌𝐻 then 𝑆 = 0. 

𝑖) 

 𝑆(𝑋𝑉 , 𝑌𝑉) =𝑆 𝑔((𝐹𝑝)𝐶𝑋𝑉 , 𝑌𝑉)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝)𝐶𝑌𝑉) 

            =𝑆 𝑔((𝐹𝑝−𝑞𝑋)𝑉 , 𝑌𝑉)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝−𝑞𝑌)𝑉) 

            = (𝑔(𝐹𝑝−𝑞𝑋, 𝑌))
𝑉

− (𝑔(𝑋, 𝐹𝑝−𝑞𝑌))
𝑉

 

 

𝑖𝑖) 

 𝑆(𝑋𝑉 , 𝑌𝐻) =𝑆 𝑔((𝐹𝑝)𝐶𝑋𝑉 , 𝑌𝐻)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝)𝐶𝑌𝐻) 

            = −𝑆𝑔(𝑋𝑉 , (𝐹𝑝−𝑞𝑌)𝐻 + (∇𝛾𝐹𝑝−𝑞)𝑌𝐻) 

            = −𝑆𝑔(𝑋𝑉 , (∇𝛾𝐹𝑝−𝑞)𝑌𝐻) 

            = −𝑆𝑔(𝑋𝑉 , (((∇𝐹𝑝−𝑞)𝑢)𝑌)
𝑉

) 

            = −𝑔(𝑋, ((∇𝐹𝑝−𝑞)𝑢)𝑌)
𝑉

 

 

𝑖𝑖𝑖) 

 𝑆(𝑋𝐻 , 𝑌𝐻) =𝑆 𝑔((𝐹𝑝)𝐶𝑋𝐻 , 𝑌𝐻)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝)𝐶𝑌𝐻) 

            =𝑆 𝑔((𝐹𝑝−𝑞)𝐶𝑋𝐻 , 𝑌𝐻)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞)𝐶𝑌𝐻) 

            =𝑆 𝑔((𝐹𝑝−𝑞𝑋)𝐻 + (∇𝛾𝐹𝑝−𝑞)𝑋𝐻 , 𝑌𝐻) 

               −𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞𝑌)𝐻 + (∇𝛾𝐹𝑝−𝑞)𝑌𝐻) 

            = 𝑔((𝐹𝑝−𝑞𝑋), 𝑌)
𝑉

− 𝑔(𝑋, (𝐹𝑝−𝑞𝑌))
𝑉

 

 Definition 4 Let φ ∈ ℑ1
1(Mn), and ℑ(Mn) = ∑∞

r,s=0 ℑs
r(Mn) be a tensor alebra over R. A map 

ϕφ| r+s〉0
: ℑ

∗

(Mn) → ℑ(Mn) is called as Tachibana operator or ϕφoperator on Mn if  

 

𝑎) 𝜙𝜑 is linear with respect to constant coefficient, 

𝑏) 𝜙𝜑: ℑ
∗

(𝑀𝑛) → ℑ𝑠+1
𝑟 (𝑀𝑛) for all 𝑟 and 𝑠, 

𝑐) 𝜙𝜑(𝐾 ⊗
𝐶

𝐿) = (𝜙𝜑𝐾) ⊗ 𝐿 + 𝐾 ⊗ 𝜙𝜑𝐿 for all 𝐾, 𝐿 ∈ ℑ
∗

(𝑀𝑛), 

𝑑) 𝜙𝜑𝑋𝑌 = −(𝐿𝑌𝜑)𝑋 for all   𝑋, 𝑌 ∈ ℑ0
1(𝑀𝑛), where 𝐿𝑌  is the Lie derivation with 

respect to 𝑌 (see Çayır, 2016a, Çayır ve Köseoğlu, 2016, Kobayashi & Nomizu, 1963), 

 

 𝑒) (𝜙𝜑𝑋𝜂)𝑌 = (𝑑(𝚤𝑌𝜂))(𝜑𝑋) − (𝑑(𝚤𝑌(𝜂𝑜𝜑)))𝑋 + 𝜂((𝐿𝑌𝜑)𝑋) 

           = 𝜙𝑋(𝚤𝑌𝜂) − 𝑋(𝚤𝜑𝑌𝜂) + 𝜂((𝐿𝑌𝜑)𝑋) 

for all 𝜂 ∈ ℑ1
0(𝑀𝑛) and 𝑋, 𝑌 ∈ ℑ0

1(𝑀𝑛), where 𝚤𝑌𝜂 = 𝜂(𝑌) = 𝜂 ⊗
𝐶

𝑌, ℑ𝑠
𝑟

∗

(𝑀𝑛) the module of 

all pure tensor fields of type (𝑟, 𝑠) on 𝑀𝑛 with respect to the affinor field, ⊗
𝐶

 is a tensor product 

with a contraction 𝐶 (Çayır, 2015; Çayır, 2016b; Salimov, 2013 )(see Salimov & Çayır; 2013, 

for applied to pure tensor field). 
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Remark 1 If r = s = 0, then from c), d) and e) of Definition4 we have ϕφX(ıYη) = ϕX(ıYη) −

X(ıφYη) for ıYη ∈ ℑ0
0(Mn), which is not a well-defined ϕφ −operator. Different choices of Y 

and η leading to same function f = ıYη do get the same values. Consider Mn = R2 with standard 

coordinates x, y. Let φ = (
0 1
1 0

). Consider the function f = 1. This may be written in many 

different ways as ıYη. Indeed taking η = dx, we may choose Y =
∂

∂x
 or Y =

∂

∂x
+ x

∂

∂y
.  Now the 

right-hand side of ϕφX(ıYη) = ϕX(ıYη) − X(ıφYη) is (ϕX)1 − 0 = 0 in the first case, and 

(ϕX)1 − Xx = −Xx in the second case. For X =
∂

∂x
, the latter expression is −1 ≠ 0. Therefore, 

we put r + s > 0 (Salimov, 2013).  

Remark 2 From d) of Definition4 we have 

 𝜙𝜑𝑋𝑌 = [𝜑𝑋, 𝑌] − 𝜑𝑋, 𝑌]. 

  

By virtue of  

 𝑓𝑋, 𝑔𝑌] = 𝑓𝑔[𝑋, 𝑌] + 𝑓(𝑋𝑔)𝑌 − 𝑔(𝑌𝑓)𝑋 

 

for any 𝑓, 𝑔 ∈ ℑ0
0(𝑀𝑛), we see that 𝜙𝜑𝑋𝑌 is linear in 𝑋, but not 𝑌 (Salimov; 2013). 

Theorem 5 Let ϕφ be the Tachibana operator and the structure (Fp)C − (Fp−q)C = 0 defined 

by Definition 4 and (1.10), respectively. If LYFp−q = 0, then all results with respect to (𝐹𝑝)𝐶 

are zero, where 𝑋, 𝑌 ∈ ℑ0
1(𝑀), the complete lifts 𝑋𝐶 , 𝑌𝐶 ∈ ℑ0

1(𝑇(𝑀)) and the vertical lift 

𝑋𝑉 , 𝑌𝑉 ∈ ℑ0
1(𝑇(𝑀)). 

𝑖)𝜙(𝐹𝑝)𝐶𝑋𝐶𝑌𝐶 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝐶

 

𝑖𝑖)𝜙(𝐹𝑝)𝐶𝑋𝐶𝑌𝑉 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

 

𝑖𝑖𝑖)𝜙(𝐹𝑝)𝐶𝑋𝑉𝑌𝐶 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

 

𝑖𝑣)𝜙(𝐹𝑝)𝐶𝑋𝑉𝑌𝑉 = 0 

 

 

Proof. 𝑖) 

𝜙(𝐹𝑝)𝐶𝑋𝐶𝑌𝐶       = −(𝐿𝑌𝐶(𝐹𝑝)𝐶)𝑋𝐶 

                = −𝐿𝑌𝐶(𝐹𝑝−𝑞𝑋)𝐶 + (𝐹𝑝−𝑞)𝐶𝐿𝑌𝐶𝑋𝐶 

 = −((𝐿𝑌𝐹)𝑋)
𝐶

 

 

𝑖𝑖) 

𝜙(𝐹𝑝)𝐶𝑋𝐶𝑌𝑉       = −(𝐿𝑌𝑉(𝐹𝑝)𝐶)𝑋𝐶 

 = −𝐿𝑌𝑉(𝐹𝑝)𝐶𝑋𝐶 + (𝐹𝑝)𝐶𝐿𝑌𝑉𝑋𝐶 

 = −𝐿𝑌𝑉(𝐹𝑝−𝑞𝑋)𝐶 + (𝐹𝑝−𝑞)𝐶𝐿𝑌𝑉𝑋𝐶 

 = −((𝐿𝑌𝐹)𝑋)
𝑉

 

 𝑖𝑖𝑖) 

 𝜙(𝐹𝑝)𝐶𝑋𝑉𝑌𝐶 = −(𝐿𝑌𝐶(𝐹𝑝)𝐶)𝑋𝑉 

 = −𝐿𝑌𝐶(𝐹𝑝)𝐶𝑋𝑉 + (𝐹𝑝)𝐶𝐿𝑌𝐶𝑋𝑉 

 = −𝐿𝑌𝐶(𝐹𝑝−𝑞𝑋)𝑉 + (𝐹𝑝−𝑞)𝐶𝐿𝑌𝐶𝑋𝑉 
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 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

 

𝑖𝑣) 

𝜙(𝐹𝑝)𝐶𝑋𝑉𝑌𝑉      = −(𝐿𝑌𝑉(𝐹𝑝)𝐶)𝑋𝑉 

 = −𝐿𝑌𝑉(𝐹𝑝)𝐶𝑋𝑉 + (𝐹𝑝)𝐶𝐿𝑌𝑉𝑋𝑉 

 = 0 

Theorem 6 If LYFp−q = 0 for Y ∈ M , then its complete lift YC to the tangent bundle is an 

almost holomorphic vector field with respect to the structure (Fp)C − (Fp−q)C = 0.  

Proof.  

𝑖) 

 (𝐿𝑌𝐶(𝐹𝑝)𝐶)𝑋𝐶 = 𝐿𝑌𝐶(𝐹𝑝)𝐶𝑋𝐶 − (𝐹𝑝)𝐶𝐿𝑌𝐶𝑋𝐶 

                 = 𝐿𝑌𝐶(𝐹𝑝−𝑞𝑋)𝐶 − (𝐹𝑝−𝑞)𝐶𝐿𝑌𝐶𝑋𝐶 

                 = ((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝐶

 

 

𝑖𝑖) 

 (𝐿𝑌𝐶(𝐹𝑝)𝐶)𝑋𝑉 = 𝐿𝑌𝐶(𝐹𝑝)𝐶𝑋𝑉 − (𝐹𝑝)𝐶𝐿𝑌𝐶𝑋𝑉 

                 = 𝐿𝑌𝐶(𝐹𝑝−𝑞𝑋)𝑉 − (𝐹𝑝−𝑞)𝐶𝐿𝑌𝐶𝑋𝑉 

                 = ((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

 

 2.3  The Structure (𝑭𝒑)𝑯 − (𝑭𝒑−𝒒)𝑯 = 𝟎 on Tangent Bundle 𝑻(𝑴𝒏) 

Theorem 7 The Nijenhuis tensor N(Fp)H(Fp)H(XH, YH) of the horizontal lift of Fp vanishes if 

the Nijenhuis tensor of the Fp−q is zero and {−(𝑅̂(𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌)𝑢) +

(𝐹𝑝−𝑞(𝑅̂(𝐹𝑝−𝑞𝑋, 𝑌)𝑢)) + (𝐹𝑝−𝑞(𝑅(𝑋, 𝐹𝑝−𝑞𝑌)𝑢)) − ((𝐹𝑝−𝑞)2(𝑅̂(𝑋, 𝑌)𝑢))}𝑉 = 0.  

Proof.  

𝑁(𝐹𝑝)𝐻(𝐹𝑝)𝐻(𝑋𝐻, 𝑌𝐻) = [(𝐹𝑝)𝐻𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻] − (𝐹𝑝)𝐻[(𝐹𝑝)𝐻𝑋𝐻, 𝑌𝐻] 

         −(𝐹𝑝)𝐻[𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻] + (𝐹𝑝)𝐻(𝐹𝑝)𝐻[𝑋𝐻, 𝑌𝐻] 
       = ([𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌] − (𝐹𝑝−𝑞)[𝐹𝑝−𝑞𝑋, 𝑌] 
         −(𝐹𝑝−𝑞)[𝑋, 𝐹𝑝−𝑞𝑌] − (𝐹𝑝−𝑞)(𝐹𝑝−𝑞)[𝑋, 𝑌])𝐻 

         −(𝑅̂(𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌)𝑢)𝑉 + (𝐹𝑝−𝑞(𝑅̂(𝐹𝑝−𝑞𝑋, 𝑌)𝑢))𝑉 

         +(𝐹𝑝−𝑞(𝑅̂(𝑋, 𝐹𝑝−𝑞𝑌)𝑢))𝑉 − ((𝐹𝑝−𝑞)2(𝑅̂(𝑋, 𝑌))𝑢)𝑉 

       = (𝑁𝐹𝑝−𝑞𝐹𝑝−𝑞(𝑋, 𝑌))
𝐻

− (𝑅̂(𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌)𝑢)𝑉 

         +(𝐹𝑝−𝑞(𝑅̂(𝐹𝑝−𝑞𝑋, 𝑌)𝑢))𝑉 + (𝐹𝑝−𝑞(𝑅̂(𝑋, 𝐹𝑝−𝑞𝑌)𝑢))𝑉 

         −((𝐹𝑝−𝑞)2(𝑅̂(𝑋, 𝑌)𝑢))𝑉 . 

 If 𝑁𝐹𝑝−𝑞𝐹𝑝−𝑞(𝑋, 𝑌) = 0 and {−(𝑅̂(𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌)𝑢) + (𝐹𝑝−𝑞(𝑅̂(𝐹𝑝−𝑞𝑋, 𝑌)𝑢)) +

(𝐹𝑝−𝑞(𝑅(𝑋, 𝐹𝑝−𝑞𝑌)𝑢)) − ((𝐹𝑝−𝑞)2(𝑅̂(𝑋, 𝑌)𝑢))}𝑉 = 0, 

then we get 𝑁(𝐹𝑝)𝐻(𝐹𝑝)𝐻(𝑋𝐻, 𝑌𝐻) = 0. The theorem is proved. 

where 𝑅̂ denotes the curvature tensor of the affine connection ∇̂ defined by ∇̂𝑋𝑌 = ∇𝑌𝑋 + [𝑋, 𝑌] 
(see Yano & Ishihara; 1973, p.88-89). 

Theorem 8 The Nijenhuis tensor N(Fp)H(Fp)H(XH, YV) of the horizontal lift of Fp vanishes if 

the Nijenhuis tensor of the Fp−q is zero and ∇Fp−q = 0.  

Proof. 𝑁(𝐹𝑝)𝐻(𝐹𝑝)𝐻(𝑋𝐻 , 𝑌𝑉) = [(𝐹𝑝)𝐻𝑋𝐻, (𝐹𝑝)𝐻𝑌𝑉] − (𝐹𝑝)𝐻[(𝐹𝑝)𝐻𝑋𝐻, 𝑌𝑉] 
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         −(𝐹𝑝)𝐻[𝑋𝐻, (𝐹𝑝)𝐻𝑌𝑉] + (𝐹𝑝)𝐻(𝐹𝑝)𝐻[𝑋𝐻, 𝑌𝑉] 
        = [𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌]𝑉 − (𝐹𝑝−𝑞[𝐹𝑝−𝑞𝑋, 𝑌])𝑉 

         −(𝐹𝑝−𝑞[𝑋, 𝐹𝑝−𝑞𝑌])𝑉 + ((𝐹𝑝−𝑞)2[𝑋, 𝑌])𝑉 

         +(∇𝐹𝑝−𝑞𝑌𝐹𝑝−𝑞𝑋)𝑉 − (𝐹𝑝−𝑞(∇𝑌𝐹𝑝−𝑞𝑋))
𝑉

 

         −(𝐹𝑝−𝑞(∇𝐹𝑝−𝑞𝑌𝑋))
𝑉

+ ((𝐹𝑝−𝑞)2∇𝑌𝑋)𝑉 

       = (𝑁𝐹𝑝−𝑞𝐹𝑝−𝑞(𝑋, 𝑌))
𝑉

+ (∇𝐹𝑝−𝑞𝑌𝐹𝑝−𝑞)𝑋 

         − (𝐹𝑝−𝑞((∇𝑌𝐹𝑝−𝑞)𝑋))
𝑉

 

Theorem 9 The Nijenhuis tensor N(Fp)H(Fp)H(XV, YV) of the horizontal lift of Fp vanishes.  

Proof. Because of [𝑋𝑉 , 𝑌𝑉] = 0 for 𝑋, 𝑌 ∈ 𝑀, easily we get 

 

 𝑁(𝐹𝑝)𝐻(𝐹𝑝)𝐻(𝑋𝑉, 𝑌𝑉) = 0. 

Theorem 10 The Sasakian metric  Sg is pure with respect to (Fp)H if Fp−q = I, where 

I =identity tensor field of type (1,1).  

Proof. 𝑆(𝑋̃, 𝑌̃) =𝑆 𝑔((𝐹𝑝)𝐻𝑋̃, 𝑌̃)−𝑆𝑔(𝑋̃, (𝐹𝑝)𝐻𝑌̃) if 𝑆(𝑋̃, 𝑌̃) = 0 for all vector fields 𝑋̃ and 𝑌̃ 

which are of the form 𝑋𝑉 , 𝑌𝑉 or 𝑋𝐻 , 𝑌𝐻 then 𝑆 = 0. 

𝑖) 

 𝑆(𝑋𝑉 , 𝑌𝑉) =𝑆 𝑔((𝐹𝑝)𝐻𝑋𝑉, 𝑌𝑉)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝)𝐻𝑌𝑉) 

            =𝑆 𝑔((𝐹𝑝−𝑞𝑋)𝑉 , 𝑌𝑉)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝−𝑞𝑌)𝑉) 

            = (𝑔(𝐹𝑝−𝑞𝑋, 𝑌))
𝑉

− (𝑔(𝑋, 𝐹𝑝−𝑞𝑌))
𝑉

} 

𝑖𝑖) 

 𝑆(𝑋𝑉 , 𝑌𝐻) =𝑆 𝑔((𝐹𝑝)𝐻𝑋𝑉 , 𝑌𝐻)−𝑆𝑔(𝑋𝑉 , (𝐹𝑝)𝐻𝑌𝐻) 

            = −𝑆𝑔(𝑋𝑉 , (𝐹𝑝−𝑞𝑌)𝐻) 

            = 0 

𝑖𝑖𝑖) 

 𝑆(𝑋𝐻 , 𝑌𝐻) =𝑆 𝑔((𝐹𝑝)𝐻𝑋𝐻, 𝑌𝐻)−𝑆𝑔(𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻) 

             = (𝑆𝑔(𝐹𝑝−𝑞𝑋)𝐻 , 𝑌𝐻)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞𝑌)𝐻) 

             = (𝑔(𝐹𝑝−𝑞𝑋), 𝑌)𝑉 − (𝑔(𝑋, (𝐹𝑝−𝑞𝑌)𝐻))𝑉 

Theorem 11 Let ϕφbe the Tachibana operator and the structure (Fp)H − (Fp−q)H = 0 defined 

by Definition 4 and (1.14), respectively. if LYFp−q = 0 and Fp−q = I, then all results with 

respect to (Fp)H are zero, where X, Y ∈ ℑ0
1(M), the horizontal lifts XH, YH ∈ ℑ0

1(T(Mn)) and 

the vertical lift XV, YV ∈ ℑ0
1(T(Mn)) 

 

𝑖)𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝐻 = ((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝐻

− (𝑅̂(𝑌, 𝐹𝑝−𝑞𝑋)𝑢)𝑉 

 +(𝐹𝑝−𝑞(𝑅̂(𝑌, 𝑋)𝑢))𝑉 , 

𝑖𝑖)𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝑉 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

+ ((∇𝑌𝐹𝑝−𝑞)𝑋)
𝑉

, 

𝑖𝑖𝑖)𝜙(𝐹𝑝)𝐻𝑋𝑉𝑌𝐻 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

− (∇𝐹𝑝−𝑞𝑋𝑌)𝑉 + (𝐹𝑝−𝑞(∇𝑋𝑌))
𝑉

, 

𝑖𝑣)𝜙(𝐹𝑝)𝐻𝑋𝑉𝑌𝑉 = 0, 
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Proof. 𝑖) 

𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝐻     = −(𝐿𝑌𝐻(𝐹𝑝)𝐻)𝑋𝐻 

 = −𝐿𝑌𝐶(𝐹𝑝)𝐻𝑋𝐻 + (𝐹𝑝)𝐻𝐿𝑌𝐻𝑋𝐻 

 = −[𝑌, 𝐹𝑝−𝑞𝑋]𝐻 + 𝛾𝑅̂[𝑌, 𝐹𝑝−𝑞𝑋] 
   +(𝐹𝑝−𝑞[𝑌, 𝑋])𝐻 − (𝐹𝑝−𝑞)𝐻(𝑅̂(𝑌, 𝑋)𝑢)𝑉 

 = ((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝐻

− (𝑅̂(𝑌, 𝐹𝑝−𝑞𝑋)𝑢)𝑉 

   +(𝐹𝑝−𝑞(𝑅̂(𝑌, 𝑋)𝑢))𝑉 , 
  

𝑖𝑖) 

𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝑉     = −(𝐿𝑌𝑉(𝐹𝑝)𝐻)𝑋𝐻 

 = −𝐿𝑌𝑉(𝐹𝑝𝑋)𝐻 + (𝐹𝑝)𝐻𝐿𝑌𝑉𝑋𝐻 

 = −[𝑌, 𝐹𝑝−𝑞𝑋]𝑉 + (∇𝑌𝐹𝑝−𝑞𝑋)𝑉 

   +(𝐹𝑝−𝑞[𝑌, 𝑋])𝑉 − (𝐹𝑝−𝑞(∇𝑌𝑋))
𝑉

 

 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

+ ((∇𝑌𝐹𝑝−𝑞)𝑋)
𝑉

 

 

𝑖𝑖𝑖) 

𝜙(𝐹𝑝)𝐻𝑋𝑉𝑌𝐻      = −(𝐿𝑌𝐻(𝐹𝑝)𝐻)𝑋𝑉 

 = −𝐿𝑌𝐻(𝐹𝑝𝑋)𝑉 + (𝐹𝑝)𝐻𝐿𝑌𝐻𝑋𝑉 

 = [𝑌, 𝐹𝑝−𝑞𝑋]𝑉 − (∇𝐹𝑝−𝑞𝑋𝑌)𝑉 

    +(𝐹𝑝−𝑞[𝑌, 𝑋])𝐻 + (𝐹𝑝−𝑞(∇𝑋𝑌))
𝑉

 

 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)
𝑉

− (∇𝐹𝑝−𝑞𝑋𝑌)𝑉 + (𝐹𝑝−𝑞(∇𝑋𝑌))
𝑉

 

 

𝑖𝑣) 

𝜙(𝐹𝑝)𝐻𝑋𝑉𝑌𝑉      = −(𝐿𝑌𝑉(𝐹𝑝)𝐻)𝑋𝑉 

 = −𝐿𝑌𝑉(𝐹𝑝−𝑞𝑋)𝑉 + (𝐹𝑝−𝑞)𝐻𝐿𝑌𝑉𝑋𝑉 

 = 0 

2.4  The Structure (𝑭𝒑)𝑯 − (𝑭𝒑−𝒒)𝑯 = 𝟎 on Cotangent Bundle 

In this section, we establish by calculating Nijenhuis tensors of the horizontal lifts of 

𝐹(𝑝, −(𝑝 − 𝑞)) −structure. Later, we get the results of Tachibana operators applied to vector 

and covector fields according to the horizontal lifts of 𝐹(𝑝, −(𝑝 − 𝑞)) −structure in cotangent 

bundle 𝑇∗(𝑀𝑛). Finally, we have studied the purity conditions of Sasakian metric with respect 

to the lifts of the structure. 

Let 𝐹, 𝐺 be two tensor fields of type (1,1) on the manifold 𝑀. If 𝐹𝐻 denotes the horizontal lift 

of 𝐹, we have (Yano & Ishihara; 1973). 

 

 𝐹𝐻𝐺𝐻 + 𝐺𝐻𝐹𝐻 = (𝐹𝐺 + 𝐺𝐹)𝐻 

Taking 𝐹 and 𝐺 identical, we get 

 

 (𝐹𝐻)2 = (𝐹2)𝐻 (2.6) 

 

Multiplying both sides by 𝐹𝐻 and making use of the same (2.6), we get 

 (𝐹𝐻)3 = (𝐹3)𝐻 

 

and so on. Thus it follows that  
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 (𝐹𝐻)4 = (𝐹4)𝐻      and    (𝐹𝐻)5 = (𝐹5)𝐻 (2.7) 

 

and so on. Since 𝐹 gives on 𝑀 the 𝐹(𝑝, −(𝑝 − 𝑞)) −structure, we have 

 𝐹𝑝 − 𝐹𝑝−𝑞 = 0 (2.8) 

 

Taking horizontal lift, we obtain 

 (𝐹𝑝)𝐻 − (𝐹𝑝−𝑞)𝐻 = 0 (2.9) 

 

In view of (2.7), we can write 

 (𝐹𝐻)𝑝 − (𝐹𝐻)𝑝−𝑞 = 0. (2.10) 

Theorem 12 The Nijenhuis tensor N(Fp)H(Fp)H(XH, YH) of the horizontal lift Fp vanishes if 

Fp−q = I on M.  

Proof. The Nijenhuis tensor 𝑁(𝑋𝐻 , 𝑌𝐻) for the horizontal lift of 𝐹𝑝 is given by 

𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝑋𝐻, 𝑌𝐻) = [(𝐹𝑝)𝐻𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻] − (𝐹𝑝)𝐻[(𝐹𝑝)𝐻𝑋𝐻, 𝑌𝐻] 

         −(𝐹𝑝)𝐻[𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻] + (𝐹𝑝)𝐻(𝐹𝑝)𝐻[𝑋𝐻, 𝑌𝐻] 
        = [(𝐹𝑝−𝑞)𝐻𝑋𝐻 , (𝐹𝑝−𝑞)𝐻𝑌𝐻] − (𝐹𝑝−𝑞)𝐻[(𝐹𝑝−𝑞)𝐻𝑋𝐻 , 𝑌𝐻] 
         −(𝐹𝑝−𝑞)𝐻[𝑋𝐻, (𝐹𝑝−𝑞)𝐻𝑌𝐻] + (𝐹𝑝−𝑞)𝐻(𝐹𝑝−𝑞)𝐻[𝑋𝐻, 𝑌𝐻] 
        = {[𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌] − 𝐹𝑝−𝑞[(𝐹𝑝−𝑞𝑋), 𝑌] − 𝐹𝑝−𝑞[𝑋, 𝐹𝑝−𝑞𝑌] 
         +(𝐹𝑝−𝑞)2[𝑋, 𝑌]}𝐻 + 𝛾{𝑅(𝐹𝑝−𝑞𝑋, 𝐹𝑝−𝑞𝑌) 

         −𝑅((𝐹𝑝−𝑞𝑋), 𝑌)𝐹𝑝−𝑞 − 𝑅(𝑋, 𝐹𝑝−𝑞𝑌)(𝐹𝑝−𝑞)2 

         +𝑅(𝑋, 𝑌)(𝐹𝑝−𝑞)2} 

 

Let us suppose that 𝐹𝑝−𝑞 = 𝐼 on 𝑀. Thus, the equation becomes 

𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝑋𝐻, 𝑌𝐻) = {[𝑋, 𝑌] − [𝑋, 𝑌] − [𝑋, 𝑌] + [𝑋, 𝑌]}𝐻 

         +𝛾{𝑅(𝑋, 𝑌) − 𝑅(𝑋, 𝑌) − 𝑅(𝑋, 𝑌) + 𝑅(𝑋, 𝑌). 
Therefore, it follows 

 𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝑋𝐻, 𝑌𝐻) = 0 

Theorem 13 The Nijenhuis tensor N(Fp)H(Fp)H(XH, ωV) of the horizontal lift Fp vanishes if 

∇Fp−q = 0.  

Proof.  

𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝑋𝐻, 𝜔𝑉) = [(𝐹𝑝)𝐻𝑋𝐻 , (𝐹𝑝)𝐻𝜔𝑉] − (𝐹𝑝)𝐻[(𝐹𝑝)𝐻𝑋𝐻, 𝜔𝑉] 

          −(𝐹𝑝)𝐻[𝑋𝐻, (𝐹𝑝)𝐻𝜔𝑉] + (𝐹𝑝)𝐻(𝐹𝑝)𝐻[𝑋𝐻 , 𝜔𝑉] 
      = (∇𝐹𝑝−𝑞𝑋(𝜔 ∘ 𝐹𝑝−𝑞))𝑉 − ((∇𝐹𝑝−𝑞𝑋) ∘ 𝐹𝑝−𝑞)𝑉 

        −((∇𝑋(𝜔 ∘ 𝐹𝑝−𝑞)) ∘ 𝐹𝑝−𝑞)𝑉 + ((∇𝑋𝜔) ∘ (𝐹𝑝−𝑞)2)𝑉 

      = {(𝜔 ∘ (∇𝐹𝑝−𝑞𝑋𝐹𝑝−𝑞) − (𝜔 ∘ (∇𝑋𝐹𝑝−𝑞)𝐹𝑝−𝑞}𝑉 

 

where 𝐹 ∈ ℑ1
1(𝑀), 𝑋 ∈ ℑ0

1(𝑀), 𝜔 ∈ ℑ1
0(𝑀). The theorem is proved.  

Theorem 14 The Nijenhuis tensor 𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝜔𝑉 , 𝜃𝑉) of the horizontal lift 𝐹𝑝 vanishes.  

Proof. Because of [𝜔𝑉 , 𝜃𝑉] = 0 and 𝜔 ∘ 𝐹𝑝−𝑞 ∈ ℑ1
0(𝑀𝑛) on 𝑇∗(𝑀𝑛), the equation becomes 

 𝑁(𝐹𝑝)𝐻,(𝐹𝑝)𝐻(𝜔𝑉 , 𝜃𝑉) = 0. 

Theorem 15 Let (Fp)H be a tensor field of type (1,1) on T∗(Mn). If the Tachibana operator 

ϕφ applied to vector and covector fields according to horizontal lifts of Fp defined by (2.10) 
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on T∗(Mn), then we get the following results. 

 

𝑖)𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝐻 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)𝐻 − (𝑝𝑅(𝑌, 𝐹𝑝−𝑞𝑋))𝑉 (2.11) 

   +((𝑝𝑅(𝑌, 𝑋))𝐹𝑝−𝑞)𝑉 , 
  

𝑖𝑖)𝜙(𝐹𝑝)𝐻𝑋𝐻𝜔𝑉 = (∇𝐹𝑝−𝑞𝑋𝜔)𝑉 − ((∇𝑋𝜔) ∘ 𝐹𝑝−𝑞)𝑉 , 

  

𝑖𝑖𝑖)𝜙(𝐹𝑝)𝐻𝜔𝑉𝑋𝐻 = −(𝜔 ∘ (∇𝑋𝐹𝑝−𝑞))𝑉 , 

  

𝑖𝑣)𝜙(𝐹𝑝)𝐻𝜔𝑉𝜃𝑉 = 0, 

  

where horizontal lifts 𝑋𝐻, 𝑌𝐻 ∈ ℑ0
1(𝑇∗(𝑀𝑛)) of 𝑋, 𝑌 ∈ ℑ0

1(𝑀𝑛) and the vertical lift 𝜔𝑉 , 𝜃𝑉 ∈
ℑ0

1(𝑇∗(𝑀𝑛)) of 𝜔, 𝜃 ∈ ℑ1
0(𝑀𝑛) are given, respectively. 

Proof. 𝑖) 

𝜙(𝐹𝑝)𝐻𝑋𝐻𝑌𝐻     = −(𝐿𝑌𝐻(𝐹𝑝)𝐻)𝑋𝐻 

 = −𝐿𝑌𝐻(𝐹𝑝)𝐻𝑋𝐻 + (𝐹𝑝)𝐻𝐿𝑌𝐻𝑋𝐻 

 = −((𝐿𝑌𝐹𝑝−𝑞)𝑋)𝐻 − (𝑝𝑅(𝑌, 𝐹𝑝−𝑞𝑋))𝑉 

   +((𝑝𝑅(𝑌, 𝑋))𝐹𝑝−𝑞)𝑉 

 

𝑖𝑖) 

𝜙(𝐹𝑝)𝐻𝑋𝐻𝜔𝑉     = −(𝐿𝜔𝑉(𝐹𝑝)𝐻)𝑋𝐻 

 = −𝐿𝜔𝑉(𝐹𝑝)𝐻𝑋𝐻 + (𝐹𝑝)𝐻𝐿𝜔𝑉𝑋𝐻 

 = −𝐿𝜔𝑉(𝐹𝑝−𝑞𝑋)𝐻 − (𝐹𝑝−𝑞)𝐻(∇𝑋𝜔)𝑉 

 = (∇𝐹𝑝−𝑞𝑋𝜔)𝑉 − ((∇𝑋𝜔) ∘ 𝐹𝑝−𝑞)𝑉 , 
 

𝑖𝑖𝑖) 

𝜙(𝐹𝑝)𝐻𝜔𝑉𝑋𝐻     = −(𝐿𝑋𝐻(𝐹𝑝)𝐻)𝜔𝑉 

 = −(∇𝑋(𝜔 ∘ 𝐹𝑝−𝑞))𝑉 + ((∇𝑋𝜔) ∘ 𝐹𝑝−𝑞)𝑉 

 = −(𝜔 ∘ (∇𝑋𝐹𝑝−𝑞))𝑉 

 

𝑖𝑣) 

𝜙(𝐹𝑝)𝐻𝜔𝑉𝜃𝑉     = −(𝐿𝜃𝑉(𝐹𝑝)𝐻)𝜔𝑉 

 = −𝐿𝜃𝑉(𝐹𝑝)𝐻𝜔𝑉 + (𝐹𝑝)𝐻𝐿𝜃𝑉𝜔𝑉 

 = 0 

 Definition 5 A Sasakian metric  Sg is defined on T∗(Mn) by the three equations  

 

  𝑆𝑔(𝜔𝑉 , 𝜃𝑉) = (𝑔−1(𝜔, 𝜃))𝑉 = 𝑔−1(𝜔, 𝜃)𝑜𝜋, (2.12) 

 

  𝑆𝑔(𝜔𝑉 , 𝑌𝐻) = 0, (2.13) 

 

  𝑆𝑔(𝑋𝐻 , 𝑌𝐻) = (𝑔(𝑋, 𝑌))𝑉 = 𝑔(𝑋, 𝑌) ∘ 𝜋. (2.14) 

  

For each 𝑥 ∈ 𝑀𝑛 the scalar product 𝑔−1 = (𝑔𝑖𝑗) is defined on the cotangent space 𝜋−1(𝑥) =
𝑇𝑥

∗(𝑀𝑛) by  

 𝑔−1(𝜔, 𝜃) = 𝑔𝑖𝑗𝜔𝑖𝜃𝑗 , (2.15) 
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where 𝑋, 𝑌 ∈ ℑ0
1(𝑀𝑛) and 𝜔, 𝜃 ∈ ℑ1

0(𝑀𝑛). Since any tensor field of type (0,2) on 𝑇∗(𝑀𝑛) is 

completely determined by its action on vector fields of type 𝑋𝐻 and 𝜔𝑉 (see [15], p.280), it 

follows that  𝑆𝑔 is completely determined by equations (2.12), (2.13) and (2.14). 

Theorem 16 Let (T∗(Mn),S g) be the cotangent bundle equipped with Sasakian metric  Sg and 

a tensor field (F5)H of type (1,1) defined by (2.11). Sasakian metric  Sg is pure with respect 

to (Fp)H if Fp−q = I (I = identity tensor field of type (1,1)).  

Proof. We put 

 𝑆(𝑋̃, 𝑌̃) =𝑆 𝑔((𝐹𝑝)𝐻𝑋̃, 𝑌̃)−𝑆𝑔(𝑋̃, (𝐹𝑝)𝐻𝑌̃). 

If 𝑆(𝑋̃, 𝑌̃) = 0, for all vector fields 𝑋̃ and 𝑌̃ which are of the form 𝜔𝑉 , 𝜃𝑉 or 𝑋𝐻 , 𝑌𝐻 , then 𝑆 =
0. By virtue of (𝐹𝑝)𝐻 − (𝐹𝑝−𝑞)𝐻 = 0 and (2.12), (2.13), (2.14), we get 

𝑖) 

 𝑆(𝜔𝑉 , 𝜃𝑉) =𝑆 𝑔((𝐹𝑝)𝐻𝜔𝑉 , 𝜃𝑉)−𝑆𝑔(𝜔𝑉 , (𝐹𝑝)𝐻𝜃𝑉) 

     =𝑆 𝑔((𝐹𝑝−𝑞)𝐻𝜔𝑉 , 𝜃𝑉)−𝑆𝑔(𝜔𝑉 , (𝐹𝑝−𝑞)𝐻𝜃𝑉) 

     = (𝑆𝑔((𝜔 ∘ 𝐹𝑝−𝑞)𝑉 , 𝜃𝑉)−𝑆𝑔(𝜔𝑉 , (𝜃 ∘ 𝐹𝑝−𝑞)𝑉)). 
 

𝑖𝑖) 

         𝑆(𝑋𝐻 , 𝜃𝑉) =𝑆 𝑔((𝐹𝑝)𝐻𝑋𝐻, 𝜃𝑉)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝)𝐻𝜃𝑉) 

      =𝑆 𝑔((𝐹𝑝−𝑞)𝐻𝑋𝐻, 𝜃𝑉)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞)𝐻𝜃𝑉) 

      = (𝑆𝑔((𝐹𝑝−𝑞𝑋)𝐻 , 𝜃𝑉)−𝑆𝑔(𝑋𝐻 , (𝜔 ∘ 𝐹𝑝−𝑞)𝑉)) 

      = 0. 
 

𝑖𝑖𝑖) 

 𝑆(𝑋𝐻 , 𝑌𝐻) =𝑆 𝑔((𝐹𝑝)𝐻𝑋𝐻, 𝑌𝐻)−𝑆𝑔(𝑋𝐻, (𝐹𝑝)𝐻𝑌𝐻) 

     =𝑆 𝑔((𝐹𝑝−𝑞)𝐻𝑋𝐻, 𝑌𝐻)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞)𝐻𝑌𝐻) 

     = (𝑆𝑔((𝐹𝑝−𝑞𝑋)𝐻 , 𝑌𝐻)−𝑆𝑔(𝑋𝐻 , (𝐹𝑝−𝑞𝑌)𝐻)). 
 

Thus, 𝐹𝑝−𝑞 = 𝐼, then  𝑆𝑔 is pure with respect to (𝐹𝑝)𝐻.  
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