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Abstract

This paper consists of three main sections. In the first part, we obtain the complete lifts of the F(p,—(p —
q)) —structure satisfying FP — FP~9 = 0, (F # 0;p,q odd; I) on tangent bundle. We have also obtained the
integrability conditions by calculating the Nijenhuis tensors of the complete lifts of F(p, —(p — q)) —structure.
Later, we get the conditions of to be the almost holomorphic vector field with respect to the complete lifts of
F(p,—(p — q)) —structure. Finally, we obtained the results of the Tachibana operator applied to the vector fields
with respect to the complete lifts of F(p, —(p — q)) —structure on tangent bundle. In the second part, all results
obtained in the first section investigated according to the horizontal lifts of F (p, —(p — q)) —structure in tangent
bundle T(M™). In the final section, all results obtained in the first and second section were investigated according
to the horizontal lifts of the F (p, —(p — q)) —structure in cotangent bundle 7*(M™).
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Tanjant ve Kotanjant Demet Uzerinde FAp-F~(p-q)=0, (F£0;p,q odd; I) sartim1
saglayan F(p,-(p-q))-Yapisinin Liftleri

Ozet

Bu makale {i¢ ana boliim igerir. Ilk bdliim igerisinde tanjant demet iizerinde FP — FP~4 = 0, (F # 0;p, q odd; I)
sartin1 saglayan F(p,—(p —q)) —yapisinin tam lifleri elde edildi. Ayrica F(p,—(p —q)) —yapisinin tam
liflerinin Nijenhuis tensorii hesaplanarak integrallenebilme sartlar1 da elde idildi. Daha sonra F(p,—(p —
q)) —yapisinin tam liflerine gére hemen hemen holomorfik olma sartlar1 elde edildi. Son olarak tanjant demet
iizerinde F(p,—(p — q)) —yapisinin tam liftlerine gore vektor alanlarina uygulanan Tachibana operatdriiniin
sonuglari elde edildi. Ikinci boliim icerisinde tanjant demet T(M™) icerisende F(p, —(p — q)) —yapisinin yatay
liftlerine gore ilk boliim igerisinde arastirilan tiim sonuglar elde edilmistir. En son boliimde ise kotanjant demet
T*(M™) igersinde F(p,—(p — q)) —yapisinin yatay liftlere gore ilk ve ikinci boliimde arastirilan tiim sonuglari
elde edildi.

Anahtar Kelimeler: integrallenebilirlik; Tachibana operatdrleri; liftler; Sasaki metrigi; tanjant demet; kotanjant
demet.
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Introduction

The investigation of the integrability of tensorial structures on manifolds and extension to the
tangent or cotangent bundle, whereas the defining tensor field satisfies a polynomial identity
has been an active research topic in the last 50 years, initiated by the fundamental works of
Kentaro Yano and his collaborators, see for example (Yano & Ishihara, 1973). Also, the idea
of F —structure manifold on a differentiable manifold developed by Yano (1963), Ishihara and
Yano (1964), Goldberg (1971) and among others. Moreover, Yano and Patterson (1967a ,
1967b) studied the horizontal and complete lifts from a differentiable manifold M™ of class C*
to its cotangent bundles. Later, Upadhyay and Gupta (1976) obtained some integrability
conditions of F (K, —(K — 2)) —structure, satisfying FX — FX=2 = 0, where F is a tensor field
of type (1,1).

In 1985, Upadhyay and Grag have obtained some integrability conditions of F(p, —(p —
q)) —structure satisfying FP — FP~9 =0, (F # 0;p,q odd; I), where F is a tensor of type
(1,1).

This paper consist of three main sections. In the first part, we obtain the complete lifts of the
F(p,—(p — q)) —structure satisfying FP — FP~% = 0, (F # 0;p, q odd; I) on tangent bundle.
We have also obtained the integrability conditions by calculating the Nijenhuis tensors of the
complete lifts of F(p, —(p — q)) —structure. Later, we get the conditions of to be the almost
holomorphic vector field with respect to the complete lifts of F(p, —(p — q)) —structure.
Finally, we obtained the results of the Tachibana operator applied to the vector fields with
respect to the complete lifts of F(p, —(p — q)) —structure on tangent bundle.

2000 Mathematics Subject Classification: 15472, 53445, 47B47, 53C15
Key words and phrases: Integrability; Tachibana operators, lifts; Sasakian metric, tangent
bundle; cotangent bundle.

In the second part, all results obtained in the first section investigated according to the horizontal
lifts of F(p,—(p — q)) —structure in tangent bundle T(M™). In finally section, all results
obtained in the first and second section were investigated according to the horizontal lifts of the
F(p,—(p — q)) —structure in cotangent bundle T*(M™).

Let M™ be n —differentiable manifold of class C*, equipped with a (1,1) tensor field F (F #
0, I) and of class C* satisfying

FP — FP~1 = 0(2rankF — rankF?P~%) = dimM™", (1.1)
operators s and t have been defined as follows:
s=FP 4 t:] — FP~14 (1.2)

I denoting identity operator and p > g and q is any odd integral number.
In view of equations (1.1) and (1.2), we have (Upadhyay & Grag, 1985).
s?=s,t?=tand s+t=1, (1.3)

where k is same integral value such that kg = p, i.e.

For a tensor field F(# 0) of type (1,1) satisfying (1.1) the operators s and t defined by (1.2),
when applied to the tangent space of M™ at a point, are complementary projection operators.

Let S and T complementary distributions correspending to the projection operators s and ¢t
respectively. Let the rank of F be constant and be equal to r, then from (1.1) we have
dimS = (2r —n) and dimT = (2n — 2r) (1.4)
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Here dimension T is even but dim S is not necessarily even. Obviously n < 2r < 2n. Such a
structure has been called a generalised F (p, —(p — q)) —structure of rank r and the manifold
M™ with this structure a ‘¢ (p, —(p — q)) —manifold’.

In the manifold M™ endowed with F(p, —(p — q)) —structure, the (1,1) tensor field ¥ given
by Y =s—t = —I+ 2FP71 gives an almost product structure (Upadhyay & Grag, 1985).

1.1 Complete Lift of F(p, —(p — q)) —Structure on Tangent Bundle

Let M™ be an n —dimensional differentiable manifold of class C* and Tp(M™") the tangent
space at a point p of M™ and
TM™) = U Tp(M") (15)
p n

is the tangent bundle over the manifold M™.

Let us denote by Ty (M™), the set of all tensor fields of class C* and of type (r,s) in M™ and
T(M™) be the tangent bundle over M™. The complete lift of F¢ of an element of T (M™) with
local components F* has components of the form (Yano & Patterson, 1967b)

Fl o
Fczlaih Fihl' (1.6)

Now we obtain the following results on the complete lift of F satisfying FP — FP~9 = 0, (F #
0;p,q odd; I).

Let F,G € T{(M™). Then we have (Yano & Patterson, 1967b)
(FG)¢ = F¢G©. (1.7)

Replacing G by F in (1.7) we obtain
(FF)¢ = FCFCor(F?)¢ = (F©2 (1.8)

Now putting G = F* in (1.7) since G is (1,1) tensor field therefore F* is also (1,1) so we obtain
(FF%¢ = FC(F*)¢ which in view of (1.8) becomes
(F°)° = (F°)°. (1.9)

and so on. Taking complete lift on both sides of equation FP — FP~7 = (0 we get

(FP)C = (FP9) =0
which in consequence of equation (1.9) gives

(FOP — (F&P~1 = 0. (1.10)
Let F satisfying (1,1) be an F —structure of rank r in M™. Then the complete lifts s¢ =
(FP~0)C of s and t¢ = I — (FP~9)¢ of t are complementary projection tensors in T(M™). Thus
there exist in T(M™) two complementary distributions S¢ and T¢ determined by s¢ and t¢,
respectively.

Proposition 1 The (1,1) tensor field {y given by |y = s¢ — t¢ = —I + 2(FP~9)C gives an
almost product structure on T(M").
Proof. For s¢ = (FP~9)¢ and t¢ = I — (FP~9)¢ | we have
P2 =1 —4(FP~9)C + 4(F2P20)¢
= [ — 4(FP=9)C 4 4(FPFP-24)C
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=1 — 4(FP~9)C 4+ 4(FPFP~ka)C
=1 —4(FP~9)C + 4(FP)C (FP~P)C
=1 —4(FP~9)¢ + 4(FP~9)¢

=1

1.2 Horizontal Lift of F(p, —(p — q)) —Structure on Tangent Bundle

Let F* be the component of F at A in the coordinate neighbourhood U of M™. Then the
horizontal lift F# of F is also a tensor field of type (1,1) in T(M™) whose components % in
(V) are defined as

h
FH = F¢ —y(VF) = d %)
—TAFE + TEFR FP

L

Let F, G be two tensor fields of type (1,1) on the manifold M. If F¥ denotes the horizontal lift

of F, we have
(FG)H = FHGH, (1.11)

Taking F and G identical, we get
(F!HZ = (FH)H, (1.12)

Multiplying both sides by F# and making use of the same (1.12) , we get
(FH)3 — (F3)H
Thus it follows that
(Ff* = (FHH, (F1)* = (F)" (1.13)

and so on. Taking horizontal lift on both sides of equation F? — FP~9 = 0 we get
(FPYH — (FP=aYH = 0

view of (1.13), we can write

(FHYP — (FHyP=a = 0, (1.14)
2. Main Results
2.1 The Nijenhuis Tensor N pyc gpyc(X¢, Y©) of the Complete Lift FP on Tangent

Bundle T(M™)

Definition 1 Let F be a tensor field of type (1,1) admitting FP — FP~™4 = 0, (F # 0; p, q odd;
[) in M™. The Nijenhuis tensor of a (1,1) tensor field F of M" is given by

Ny = [FX,FY] — F[X,FY] — F[FX,Y] + F2[X, Y] 2.1)

for any X,Y € I5(M™) (Cayir, 2015; Salimov, 2013; Salimov & Cayir, 2013). The condition
of Np(X,Y) =N(X,Y) =0 is essential to integrability condition in these structures. The
Nijenhuis tensor N is defined local coordinates by

NKO, = (FFOKFF — Flo,FF — 0,F/Ff + 0;FfF¥)dy,
where X = 9;,Y = 0;, F € 31 (M™).

Definition 2 Let X and Y be any vector fields on a Riemannian manifold (M", g), we have
(Yano & Ishihara, 1973).
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[XH YH] = [X,Y]" — (R(X,)w)Y, (2.2)
[XH,Y7] = (VyY)Y,
XV, Y] =0,

where R is the Riemannian curvature tensor of g defined by
R(X' Y) = [VX; VY] - V[X,Y]' (23)

In particular, we have the vertical spray u" and the horizontal spray uf’ on T(M™) defined by
u¥ =ul(9;)" = uloy, uf = ul(9)" = u's, (2.4)

where §; = 9; — u/ [ 0s. uV is also called the canonical or Liouville vector field on T(M™).
Theorem 1 The Nijenhuis tensor N (FPYC(FP)C (X, YS) of the complete lift of FP vanishes if the
Nijenhuis tensor of FP~4 is zero.

Proof. In consequence of Definition 1 the Nijenhuis tensor of (FP)¢ is given by

N gpyceryc (X, YC) = [(FP)CXC, (FP)CYC] — (FP)C[(FP)°XC,YC]
—(FP)C[XC, (FP)CYC] + (FP)C(FP)C[XC,Y¢]
= {[(FP79X)C, (FP79Y)¢] — (FP~D)C[(FP~IX), Y]
—(FP=)C[XC, (FPIY)C] + (FP~ D) (FP~)C[XC, Y]}
— {([FP-aX, FP=4Y] — FP-4[FP-ax,Y] — FP-4[X, FP=1Y]
+(FP=9)2[X, Y]}¢
= Npp-a(X,Y)¢

Theorem 2 The Nijenhuis tensor Nppycppyc (X, YY) of the complete lift of FP vanishes if the
Nijenhius tensor FP~1 is zero.

Proof.
Nemycqeme (X, YY) = [(FPIEXE, (FPYYV] = (FP)C[(FP)°XC, Y]

—(FP)C[XS, (FP)TYV] + (FP)° (FPYC[XC, Y]

= {[(FP79X), (FP~1Y)"] — (FP~)C[(FP~9X)¢, ¥V]
—(FP=DXC, (FPY)Y] + (FP~D®)C[X, Y]"}

= {[FP—LIX, FIJ—CIy]V — (FP-a[fp-ay, y])V
—(FP7[X, FP=OY])V = ((FP=D2[X,YD"}

= Npp—q (X, Y)V

Theorem 3 The Nijenhuis tensor N gpyc gpyc (XV, YY) of the complete lift of FP vanishes.
Proof. Thus [XV,YV] = 0 forall X,Y € J{(M™), easily we get

N(Fp)C(Fp)C(XV, YV) = 0
2.2 The Purity Conditions of Sasakian Metric with Respect to (FP)¢ on T(M™)

Definition 3 The Sasaki metric Sg is a (positive definite) Riemannian metric on the tangent
bundle T(M") which is derived from the given Riemannian metric on M as follows:

Sg(X",YH) = g(X,Y), (2.5)
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Sg(XI YY) =% g(x¥,vH) =0,
Sg(X", YY) = g(X,Y)

for all X,Y € I (M™).

Theorem 4 The Sasaki metric Sg is pure with respect to (FP)¢ if VFP~4 = 0 and FP~4 =1 ,
where I=identity tensor field of type (1,1).

Proof. S(X,¥) =5 g((FP)¢X,V)-Sg(X, (FP)‘Y) if S(X,Y) = 0 for all vector fields X and ¥
which are of the form XV, YV or X, Y" then S = 0.

i)

S(XV, YV) _S g((Fp)CXV, YV)—Sg(XV, (FP)CYV)
=5 g((FP=1X)V,YV)=Sg(X", (FP~9Y)")
= (g(Fr1x,7)) — (9(X, FP=17))"

i)

SXV,YH)y =5 g((FP)C XV, Y")=Sg(X", (FP)CYH)
= —Sg(X¥,(FPaY)H 4 (v, FP-9)YH)
=—Sg(x", (v, FP~9)Y")
= —Sg(x", (((VFp‘q)u)Y)V)
= —g(X, (VFP-Du)Y)"

iii)

SXH,YH) =5 g((FP) X", YH)y=Sg(XH, (FP)CYH)
= g((FP=) X", Y=g (X", (FP~)CYH)
=5 g((FP~IX)H + (v, FP~a)xH, yH)

—Sg(XH, (FPay)H + (v, FP-a)yH)
= g((FP-1x),v)" - g(x, (FP-Y))’

Definition 4 Let ¢ € I1(M"), and I(M™) = Y% I5(M™) be a tensor alebra over R. A map

Pl 101 S(M™) = J(MP) is called as Tachibana operator or ¢p0perator on M™ if

a) ¢, is linear with respect to constant coefficient,
b) ¢yp: I(M™) = I 1 (M™) for all 7 and s,
C *
€) Pp(K QL) = (oK) ®L+KQ ¢p,L forall K,L € I(M™),

d) ¢oxY = —(Lyp)X for all X,Y € I3(M™), where Ly is the Lie derivation with
respect to Y (see Cayir, 2016a, Cayir ve Koseoglu, 2016, Kobayashi & Nomizu, 1963),

e) (Dpxm)Y = (d(ym)(@X) — (d(ty(mo9)))X + n((Ly®)X)
= X (yn) = X(yn) + n((Ly@)X) .
for all n € IY(M™) and X,Y € IF(M™), where 1,7 =n(Y) =n ® Y, I5(M™) the module of
c

all pure tensor fields of type (7, s) on M™ with respect to the affinor field, & is a tensor product
with a contraction C (Cayir, 2015; Cayir, 2016b; Salimov, 2013 )(see Salimov & Cayir; 2013,
for applied to pure tensor field).
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Remark 1Ifr = s = 0, then from c), d) and e) of Definition4 we have ¢,x(1yn) = $X(yn) —
X(1pyn) foryn € I (M™), which is not a well-defined ¢, —operator. Different choices of Y
and 1 leading to same function f = 1y1 do get the same values. Consider M® = R? with standard

coordinates X,y. Let ¢ = ((1) é) Consider the function f = 1. This may be written in many

different ways as 1y1. Indeed taking n = dx, we may choose Y = ai orY = ai + Xai‘ Now the
X X y

right-hand side of ¢x(1yn) = ¢X(yn) — X(1pyn) is ($pX)1 — 0 = 0 in the first case, and

(dX)1 — Xx = —Xx in the second case. For X = ai the latter expression is —1 # 0. Therefore,

we put r + s > 0 (Salimov, 2013).

Remark 2 From d) of Definition4 we have
boxY = [@X, Y] — @X,Y].

By virtue of
fX,gY1=fglX,Y] + f(Xg)Y —g(Y)X

for any f,g € I9(M™), we see that $oxY is linear in X, but not Y (Salimov; 2013).

Theorem 5 Let ¢, be the Tachibana operator and the structure (FP)C — (FP~9)¢ = 0 defined
by Definition 4 and (1.10), respectively. If LyFP~4 = 0, then all results with respect to (F?)¢
are zero, where X,Y € I§(M), the complete lifts X¢, Y€ € I(T(M)) and the vertical lift
XV,YV e 34(T(M)).

i)¢(Fp)CXCYC = _((LYFp_q)X)C
ii)¢(Fp)CXCYV = _((LYFp_q)X)V
ii0) P erycxv Y€ = —((LyFP~DX)"
iv)¢(Fp)CXVYV =0

Proof. i)
¢ poycycY € = —(L,c(FP)"X¢
(FP)Cx Y
= —L,c(FP71X)¢ + (FP9) L, cX¢
= —(LyF)X)"
i)
¢(Fp)CXCYV - _(LyV(Fp)C)XC

= —L,v(FP)CXC + (FP)‘L,vX€
= —L,yv(FP79X)¢ + (FP~1)CL,vX€
= —(LyF)x)"
iii)
G roycxv Y€ = —(Lyc(FP)O)XY
= —L,c(FP)’XV + (FP)‘LycXV
= —L,c(FP~1X)V 4+ (FP~9) L, cXV
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= —((LyFP0)x)"

iv)

¢(Fp)CXVYV = _(LyV(Fp)C)XV
= —L,v(FP)¢XV + (FP)‘L,vX"
=0

Theorem 6 If LyFP~9 = 0 for Y € M , then its complete lift YC to the tangent bundle is an
almost holomorphic vector field with respect to the structure (FP)¢ — (FP~9)¢ = 0.

Proof.
i)

(Lyc(FP))XC = L,c(FP)°X® — (FP)L,cX¢
= LYc(Fp"qX)CC— (Fp"q)CLYcXC
= ((LyFP~9)X)

ii)

(Lyc(FP)O)XY = L,c(FP)CX" — (FP)CL,cX"
= L,c(FP=9X)V — (FP~0)CL,cX"
= ((LyFP-0)X)"
2.3 The Structure (FP)# — (FP~9)H = 0 on Tangent Bundle T(M™)

Theorem 7 The Nijenhuis tensor N (ppyH ppyH (XH, YH) of the horizontal lift of FP vanishes if
the Nijenhuis tensor of the FP~9 is zero and {—(R(FP~9X, FP~9Y)u) +
(FP=A(R(FP~9X,Y)w)) + (FP~9(R(X, FP~IY)w)) — (FP~1)2(R(X,Y)u))}¥ = 0.

Proof.
N goyiroyn (X7, YH) = [(FPYR X, (FPYRYH] — (FP)H[(FP)"XH, Y]
—(FPYM [XH, (FP)TYH] + (FPY! (FP)Y (XM, "]
= ([FP~9X,FP=aY] — (FP~9)[FP~9X,Y]
—(FPO)[X, FP=1Y] — (FP=0)(FP~)[X, Y )"
—(R(FP~IX, FP=1Y)w)" + (FP~(R(FPX, V)u))"
+(FPIRWX, FP9)w)” = ((FP= )2 (R(X, Y))u)”
= (Ngp-agp-a(X,Y))" — (R(FP=9X, FP=0Y)u)V
+(FP=IR(FP=IX,Y)w))V + (FP~9(R(X, FP=9Y)u))V
—((FP~D)2(R(X, Y)w))".

If Npp-app-a(X,Y)=0 and {—(R(FP~9X,FP=9Y)u) + (FP~9(R(FP~9X,Y)u)) +
(FP~9(R(X, FP~9Y)u)) — (FP~D)*(R(X, V)w))}” =0,
then we get N zpyn oy (XH,YH) = 0. The theorem is proved.

where R denotes the curvature tensor of the affine connection V defined by VY = Vo X + [X, Y]
(see Yano & Ishihara; 1973, p.88-89).

Theorem 8 The Nijenhuis tensor N gy gpyn (XM, YY) of the horizontal lift of FP vanishes if
the Nijenhuis tensor of the FP~4 is zero and VFP™1 = 0.

Proof. N gwy oy (X, YY) = [(FPYTXH, (FPY)HYV] — (FPYH [(FP)HXH, YV
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—(FPYH[XH, (FPYRYV] + (FPYH(FP)R[XH, VY]
= [FPax, Fp—qy]V — (FP-a[fpr-ayx, y])V
—(FP=X, FP=9Y])Y + ((FP~9?[X, Y])”
+(Vgp-ay FP=1X)V — (FP=9(V, FP=x))"
—(FP=9(Vp-ayX))" + ((FP~0)2V,X)V
= (Npp—qpp—q X, Y))V + (Vep-ay FP)X

— (Fp—q ((Vpr_q)X))V
Theorem 9 The Nijenhuis tensor N(Fp)H(Fp)H (XY, YY) of the horizontal lift of FP vanishes.
Proof. Because of [X,YV] = 0 for X,Y € M, easily we get
N (ppyH gpyH x",Yy") =o.

Theorem 10 The Sasakian metric Sg is pure with respect to (FP)H if FP~9 = I, where
[ =identity tensor field of type (1,1).

Proof. S(X, V) =5 g((FP)HX,V)-Sg(X, (FP)HY) if S(X,Y) = 0 for all vector fields X and ¥
which are of the form XV, YV or X, YH then S = 0.

y
S(XV, YV) _S g((Fp)HxV, YV)—Sg (XV, (Fp)HyV)
=5 g((FP1X)",Y")=Sg(x¥, (FP~1Y)")
= (g(Frax, y))V - (9, FP—CIY))V}
ii)

SCXY,YM) =5 g((FPYIXY, YH)=Sg(XY, (FP)YH)
= _Sg(XV' (Fp—qy)H)
=0
iii)
SQXH,YH) =5 g((FP)XH, yi)—S g(xH, (FP)HYH)
= (Cg(FP=X)H, YIS g (X", (FP~9Y)")
= (g(FP~1X), V)V — (g(X, (FP=IY)H))"

Theorem 11 Let ¢, be the Tachibana operator and the structure (FP)H — (FP~9)H = ( defined
by Definition 4 and (1.14), respectively. if LyFP~™@ = 0 and FP~™9 =1, then all results with
respect to (FP)H are zero, where X, Y € I3 (M), the horizontal lifts X1, YH € S%(T(M“)) and
the vertical lift XV, YV € 33 (T(M™))

Dpryixn¥™ = (LyFP~DX)" — (R(Y, FP-X)uw)Y
+(FPTU(R(Y, X)w)Y,
iD)pryixnY? = —((LyFP~DX)" + ((WyFP~DX)’,
i) b gy Y = —((LyFP~DX)" = (Vpp-ay V) + (FP-9(V, 1))’
iv)¢(Fp)HXVYV =0,
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Proof. i)
GoyxnY? = —(Lyn (FPY)XH
= —L,c(FP)HXH + (FP)H L, uX"
= —[Y,FP79X]" + yR[Y, FP~1X]
+(FP7ay, X" — (FP~ DR (R(Y, X)uw)”
= ((LyFP-0)X)" — (R(Y, FP~1X)u)"
+(FPTI(R(Y, X)u))Y,
i)
bryxnY” = —(Lyv(FP))XH
= —Lyv(FPX)! + (FP)HL,vx"
= —[Y,FP9X]V + (VyFP-ax)V
+(FPa[y, X))V — (FP~1(v,x))"
= (W FP~0X)" + ((VyFP-0)X)"

ii)
¢(Fp)HXVYH = _(LyH (FP)H)XV

= —L,u(FPX)" + (FP)HL,uX"

= [Y, Fp—CIX]V - (va—qu)V

+(FP=a[Y, XH + (FP=4(Vy 1))

= —((LyFP~DX)" = (Vep-ax¥)V + (FP-9(V4Y))"
iv)
¢(Fp)HXVYV = _(LyV(Fp)H)XV

= —Lv(FP~9X)V + (FP~0)HL v X"

=0
2.4 The Structure (FP)# — (FP~9)H = 0 on Cotangent Bundle

In this section, we establish by calculating Nijenhuis tensors of the horizontal lifts of
F(p,—(p — q)) —structure. Later, we get the results of Tachibana operators applied to vector
and covector fields according to the horizontal lifts of F(p, —(p — q)) —structure in cotangent
bundle T*(M™). Finally, we have studied the purity conditions of Sasakian metric with respect
to the lifts of the structure.

Let F, G be two tensor fields of type (1,1) on the manifold M. If F¥ denotes the horizontal lift
of F, we have (Yano & Ishihara; 1973).

FEGH + GHFH = (FG + GF)H
Taking F and G identical, we get

(F1)? = (FH" (2.6)

Multiplying both sides by F# and making use of the same (2.6), we get
(FH)3 — (F3)H

and so on. Thus it follows that
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(Ff*=(FH" and (F")> = (F)" 2.7)
and so on. Since F gives on M the F(p, —(p — q)) —structure, we have
FP —FP79 =0 (2.8)
Taking horizontal lift, we obtain
(FPY" — (FP~9)H =0 (2.9)
In view of (2.7), we can write
(FEYP — (FH)P~41 = 0, (2.10)

Theorem 12 The Nijenhuis tensor N gpyu goyn (X", Y™) of the horizontal lift FP vanishes if
FP~9 =Ton M.

Proof. The Nijenhuis tensor N(X#, Y#) for the horizontal lift of F? is given by
N oy oy (X7, YY) = [(FPYRXH, (FP)RYH] — (FP)R[(FP)IXH, YH]
—(FPYH XA, (FP)RYH] + (FPYH (FP)H[XH, ¥ H]
= [(FP~ D) XH, (FP=O)Y ] — (FP=OR[(FP= ) X", Y H]
—(FP= DR [XH, (FP=O)HYH] 4 (FP)H (FP ) [x ", YH]
= {[FP~9X, FP~9Y] — FP~4[(FP~9X),Y] — FP~9[X, FP=9Y]
FFP-O2[X, YT + y{R(FP=X, FP=Y)
—R((FP~9X),Y)FP=4 — R(X, FP=dY)(FP=9)2
+R(X,Y)(FP~9)?}

Let us suppose that FP~9 = [ on M. Thus, the equation becomes
N(Fp)H,(Fp)H(XHJ YH) = {[X' Y] - [X' Y] - [X' Y] + [X' Y]}H
+y{R(X,Y) —R(X,Y) — R(X,Y) + R(X,Y).
Therefore, it follows
N(Fp)H,(Fp)H (XH, YH) == 0

Theorem 13 The Nijenhuis tensor N gpyHgpyn (X", ") of the horizontal lift FP vanishes if
VFP~4 = 0.
Proof.
N oy oy (XH, ") = [(FPYHXH, (FPYR V] — (FPYR[(FP)PXT, V]
—(FPYI[XH, (FPY "] + (FPY (FP)T[X™, "]
= (Vpp-ax(w o FP~9))" — ((Vpp-ay) o FP~9)"
—((Vx(w o FP=9)) o FP=9)V + ((Vxw) o (FP~9)2)V
= {(w ° (Vpr-axFP~?) — (w o (VxFP)FP=9}"

where F € 31 (M), X € I5(M), w € I)(M). The theorem is proved.
Theorem 14 The Nijenhuis tensor N gpyH ppyH (w",8") of the horizontal lift FP vanishes.

Proof. Because of [w”,0Y] = 0 and w o FP~9 € J9(M™) on T*(M™), the equation becomes

Theorem 15 Let (FP)H be a tensor field of type (1,1) on T*(M™). If the Tachibana operator
¢, applied to vector and covector fields according to horizontal lifts of FP defined by (2.10)
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on T*(M"), then we get the following results.

DPryuxnY = —((LyFP~DHX)" — (pR(Y, FP~9X))"
+((PR(Y, X))FP~1)",

ii)¢(pp)HXHwV = (VFp—ar))V — ((Vxw) © FP—Q)V,
iii)d)(F”)HwVXH = —(w o (VxFP~9))",

2.11)

where horizontal lifts X, Y € IL(T*(M™)) of X,Y € I{(M™) and the vertical lift ", 0V €

IL(T*(M™)) of w, 8 € II(M™) are given, respectively.

Proof. i)
¢(FP)HXHYH = —(Lyn(FPM)X™
= —L,u(FP)AXH + (FP)AL, uX"
= —((LyFP~N)X)! — (pR(Y, FP~1X))"
+((pR(Y, X)FP~1)Y
ii)
¢(FP)HXH“)V = —(L,v (FP)")x"
= —L, v(FP)HXH + (FP)HL vXH
= —L, v(FP IX)H — (FP~ )" (Vyw)Y
= (Vpr-axw)” — ((Vxw) o FP~9)",
iii)
¢(FP)HwVXH = —(Lyu(FP)Mw"
= —(Vx(w o FP=1))V + ((Vxw) o FP~9)V
= —(w o (VxFP= D))"
iv)
¢(FP)HwV9V = —(Lev(FP)Mw"

= —Lgv(FP) @V + (FP)HLpv ¥
=0

Definition 5 A Sasakian metric Sg is defined on T*(M™) by the three equations
*9(w",0") = (g7 (w,0))" = g™ (w, O)om,
Sg(wV, YH) — 0,

Sg(xH,Y") = (g(X, V)V =gX,Y) o

(2.12)
(2.13)

(2.14)

For each x € M™ the scalar product g=* = (g¥) is defined on the cotangent space 7~ (x) =

T (M™) by

9" (w,0) = gYw6;,
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where X,Y € I3(M™) and w, 8 € I(M™). Since any tensor field of type (0,2) on T*(M™) is
completely determined by its action on vector fields of type X# and w" (see [15], p.280), it
follows that g is completely determined by equations (2.12), (2.13) and (2.14).

Theorem 16 Let (T*(M™),5 g) be the cotangent bundle equipped with Sasakian metric Sg and
a tensor field (F)! of type (1,1) defined by (2.11). Sasakian metric Sg is pure with respect
to (FP)H if FP=9 = | (I = identity tensor field of type (1,1)).

Proof. We put
SX,7) =% g(FP)"X,V)—*g(X, (FP)Y).

If S(X,Y) = 0, for all vector fields X and ¥ which are of the form w",8Y or X¥,YH, then § =
0. By virtue of (FP)# — (FP~9)H = (0 and (2.12), (2.13), (2.14), we get
i)
S(w¥,8") =% g((FP)"w",6")—g(w", (FP)"6")
=5 g((FP~ D"V, 0")—5g(w", (FP~9)H0Y)
= (Cg((wo FP~),0V)—5g(w", (6 o FP~T)")).

i0)
SXH,07) =5 g((FP)"X",6V)-5g(X", (FP)"8")
=% g((FP~ X", 0")=5g(X", (FP~)"g")
= Cg(FP7IX)",0V)-5g(X", (w o FP~9)"))
= 0.
iii)

SCe, Yy =5 g((FPY! X!, Y =S (X", (FP) Y™y
=5 g((FP-0) X", i) =S (X", (FP=a)liyH)
= Cg((FP=ax)H, Y1) =S g (X", (FP-ay)H)).

Thus, FP~9 = [, then Sg is pure with respect to (FP)H.
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