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Abstract

Recently, the degenerate Bernoulli numbers andnpotyals and the degenerate Euler
numbers and polynomials have been studied by dewaethors. In this paper, we
consider the modified Apostol-Bernoulli polynomialsd the modified Apostol-Euler
polynomials. We give explicit relation for the nfeti degenerate Bernoulli
polynomials and the modified degenerate Euler pmiyials. Also, we prove some
identities between the modified Apostol-Bernoublypomials and the degenerate
Stirling numbers of two kinds.

Keywords: Bernoulli polynomials and numbers, Euler polyndsii@and numbers,
Modified Bernoulli numbers and polynomials, ModifieEuler numbers and
polynomials, Degenerate Stirling numbers of theosdckind, Degenerate-multiple

sums, Degeneragemultiple alternating sums.

Modifiye dejenere Apostol-tipi polinomlar icin kesbagsintilar

Ozet

Son yillar da dejenere Bernoulli sayilari, polin@ml ve dejenere Euler sayilari,
polinomlarini birgcok yazarlar tarafindan calliyor. Bu makale de modifiye Apostol-
Bernoulli polinomlari ve modifiye Apostol-Euler pmmlarini tanimladik. Modifiye

dejenere Bernoulli polinomlari ve modifiye dejendteler polinomlari icin kesin

baginti verdik. Ayrica, ikinci ¢gt dejenere Stirling sayilari ve modifiye Apostol-
Bernoulli polinomlari arasinda bazi 6zellikler igfznd1.

Anahtar kelimeler: Bernoulli polinomlari ve sayilari, Euler polinomiave sayilari,
Modifiye Bernoulli polinomlari ve sayilari, ModigyEuler polinomlari ve sayilari,
Ikinci Ceit Dejenere Stirling sayilari, Dejeneyekatli toplamlar.
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1. Introduction

As usual, throughout this papé&¥,denotes the set of natural numbéfgsdenotes the set

of nonnegative integers, R denotes the set of maalbers and C denotes the set of
complex numbers. We begin by introducing the follgywdefinitions and notations (see
also [14-17]).

It is well known the Bernoulli polynomials and Eulgolynomials are defined by the
generating functions respectively

. th t
Yo Bn(0) o = o= e, |t] < 2m 1)
and
. th 2
Tneo En(0) = Sz e |t <m. 2)

Whenx=0, B,, = B,(0) andE,, = E,(0) are called the Bernoulli numbers and the Euler
numbers respectively.

The generalized Apostol-Bernoulli polynomiadé“)(x;/l) of ordera € N, and the

generalized Apostol-Euler polynomialéf")(x; A) of ordera € N, are defined by the
following generating functions (see, for detail 19-17])

t
Aef—1

Ym0 Br(la)(X; /1);—7: = ( )a e, {|t| < 2mwhen A =1, |t| < |logA| when A # 1} 3)

and

. th 2
Srco En 0 D) =

Aef+1

)a e*t, {|t| < mwhen 1 = 1,|t| < |log (—1)| when A #= 1}. (4)

Carlitz in [1, 2] defined degenerate Bernoulli pabynials which are given by the
generating function to be

t

a0 = T2, B (<D 5, (5)

whenx=0, B, (1) = B,(0|1) are called the degenerate Bernoulli numbers. RE)mve
can easily derive the following equations

B (x12) = XiLo(}) Bao (D) (x|, n > 0 (i)
where(x|1), = x(x — A1) - (x —A(n— 1)), (x|1) = 1.

Bpi1(x + 1|A) = By (x]2) = (n + 1) (x]|),. (ii)
Dolgy et al. [3] studied the following modified degenerate Bmrthi polynomials

B, ;(x) which are different from Carlitz’ s degenerate Brilli polynomialsB,, (x|1)
generated by (5) as follows
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(1+;1)—f//11(1 + )M =3 anA(x) (6)

which, in the special case when= 0and B, ; = B,;(0),n € N,. We have the
modified degenerate Bernoulli numbés; .

It is easily observed from the generating funct@nthat

lim
A-

= t t
— xt/A
OZOBM(x)n] ygg)[(lﬂw (1+2)
n=
= S0 Ba(2) % (7)

ef—l

Thus, by applying (7), we find that
limy_,o Bn,)l(x) =B, (x).

Kwon et al. in [8] studied the analogously modified degenerfatger polynomials
E, (x|A) generated by

(1+/‘1)—f/l+1 L+ ) =30, En/l(x) (8)
which in the special case when= 0and E, , = E, ;(0),n € N, reduces to the
generating function for the modified degenerateeEnlimberd, ;.

Motivated essentially by each of these works [3] &1, we consider and investigate
the generalized higher order modified degeneratesfgh-Bernoulli polynomials

(T)(xl/l) and the generalized higher order modified degeaerapostol-Euler
polynomialskE (x|A) by means of following generating functions

n )
o ™ & _ t t/A
S Bra N S = (o) L+ 0™ 9)
and
o g _ 2 ) xt/A
S0 Eaa DS = (o) 1+ D) (10)

respectively. Here and in what follows where N and a € R in particular, forx=0 in
(9) and (10), we have the generalized higher ordedified degenerate Apostol-

Bernoulli numbersB,(lg(A) and the generalized higher order modified degeeerat
Apostol-Euler numberE,(l,ri(/l), respectively.

By applying to the generating functions (9) and)(1& get

limy_o B{2(x12) = BU2(x) = B (x, @)
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and

lim Ex0 (x10) = Exo(x) = By (x,@)
respectively.

A degenerate version of the Stirling numiSetn, k) of the second kind is defined by
generating function

LA+ 07 1) = 52,0 ) = an

In terms of the multinomial coefficients given by

l o U
(171,Vz,"',vm) o v1!lvpl vy
the u-multiple power sums were defined by Luo [12] d&ofes
S (m; )
= 205v15v25-~-5vm=l( ! )Mv1+2v2+'"+mvm(vl + 20, + -+ mvm)k (12)

v v '.'v
Vit Hvm=n vr2om

which readily yields

(S0 = 25 ofSio() (DOm0} )

1-pet
whereu € C.

Similarly, theu-multiple alternating power sums were defined by [13] as follows

zP (m; )
= (=)} Bosvisvzssomat (5, ) (CIOVHVE I (0 4 20, 4 4 ) (14)
vi+tUm=n r2Em
which readily yields.
1+(_1)m+1#memt l _ 1 . _ (l) ) tn
() = o Zheo() GO 2 w5 (15)

whereu € C.

From (13) and (15), we define themultiple degenerate power sums andgthaultiple
degenerate alternating power sums by means obtloeving equations

_,m mt/A l n
(BEC0) = Ly o{Bio(}) (DS om0} 5 (16)

and
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_\ym m mt/A L "
(O™ - Ly {Sheo() (D2 om0} an)

1+p(1+)me/2

Keeping in view many of the above-mentioned andeotrelated investigation by
Carlitz (see [1, 2]), Dolget al. [3], Kim et al.[5], He et al.[6], Kim [7] , Kwon et al.
[8], Kurt [9, 10], Liu and Wang [11], Luo [12, 13§rivastava [16], Kurt [18], Yang
[21], Young [22]. We systematically study the abalefined the generalized higher
order modified degenerate Apostol-Bernoulli polynaisr and the generalized higher
order modified degenerate Apostol-Euler polynomials

In particular, we give some explicit relation beénehe modified degenerate Bernoulli
polynomials and the modified degenerate Euler pmiyials. Also, we prove identities
for the modified degenerate Apostol-Bernoulli paymals and modified degenerate
Apostol-Euler polynomials.

2. Explicit relations for the modified degenerate Brnoulli and Euler polynomials

In this section, we give some explicit relationshifor the modified degenerate
Bernoulli and the modified degenerate Euler polyradsn We prove some identitites for
these polynomials.

Also, by using the equation (9) and (10), we catainkthe following relations:

aBp o (x + 1|12) = By o (x|4) = n(x|A) s, (i)
aEpq(x +112) + Ey g (x|2) = (x| Dy, (i)

where r=1in (9) and (10)

B G + y10) = Breo()B, . KIDBLZ (1), (i)
aB{)(x|2) = kzo(")B,gr>kax(x|A)k, (iv)
and
By o2 (x|D) = 27 B2o(%) Bioo (x| Ep—i o (x12), (v)

where r=1in (9) and (10).

Theorem 1.There is the following relation between the maatifidegenerate Bernoulli
polynomials and the degenerate Stirling numbeti®&econd kind:

B () o = KU ZE(Y) BT (x|1)S,,(n = L k). (18)

k)'

Proof. From (5) and (11),

Sio B eI 5 = (o) (1472
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_(_t Y w2 (@D g
_((1+A)W—1) a+4 ket ((1+)t/2-1)*

= ; xt/A g0 ﬂ
B ((1+/1)t/2t_1)’"+k k(1 +A) Ym=0 52,,1("1; k) oy

= kit 0 B o X o(}) B xS a (- LI =

n+k n
el OB(”<x|A>f— = kT X o(D) B xS0 (n — LK) =
Tk B el = = K B o Xio(F) BT (I D Spatn — L)

(n— k)' nl

Since the right hand of this equality to n=k is@ecomparing both sides of this
equality, we have (18).

Theorem 2.The following relation holds true

EL (1) = 2520 (7) 5 Eo(?) Soaln = L) (xIA),. (19)
Proof. By using the identities

() = (1952 = () (252

2

(r) e xt/A
Y=o En " (x M) ((1+/1)f//1+1) 1+
_ Vo J ((1+/1)t/)“—1) y)
- J'=0(} )21 1T (1+A)Xt/

=320 (7) 5 50 S2a(m, ) S 520 (x ),
= Zn=0 [Zl:o(?) Zj:o ( j )2_,52,1(71 =1, k)(xlxl)l] %

Comparing the coefficients of both sides of equagtwe have result.

Theorem 3.There is the following relation between the degateeBernoulli number
and the degenerate Stirling numbers of the secombds:

B = 220 (7) 5 Zhco (DR (DI Soa(n + kb i (20)

Proof. From (5), forx=0

) t T a+n)t/2-¢-1\"
S B O 5 (—(HW ) = (14 &2

=27%0(7) (%) = 2720 () 77 Zheal() (@ + 27 - 1) -0

t

=55 () Bl () e L gy

(1)00(_) (D K (=1)TR B0 S, 0, k)—

= Y=o Xjzo ( j ) o(k)k' (=1)/7* 8, 4(n, k) (nn!k)'(:—_:),
= Xin=o [Zﬁo (_j ) keo(I! (=17 S23(n + e ) (n+k)'] ﬂ'
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Comparing the coefficients of both sidest—n%fwe have (20).

Theorem 4.The degenerate Euler polynomials satisfy the Walg relation
En(x12) = 2(x12) = Xk=0(p) En-re (x12). (x| D). (21)

Proof. By using the following identitites and (8),

-2 2 2
(A+ DY) A+DTA — A+D)HA41 (1+A)HA

we write

-2 (A 2+ 2142
A+D)YA+1 A+DTA T A+D)YA41 QA

From last equality, we write as

2(1 A)tx//‘l
(1+ )/ = (HL—WH (1+ )Y —2(1 4 1)t

-2
1+t 241

and

n m k n
= S0 Ea () = = B0 Em () = B (1A e = = 2 T g (x 1) =

By using Cauchy product and comparing the coefiigiee have result.

3. Some symmetry identities for the modified degenate Apostol-Bernoulli
polynomials

In this section, by using-multiple power sums, we give some symmetry ide#itor
the modified degenerate Apostol-Bernoulli polyndshia

Theorem 5. There is the following relation between the maatifidegenerate Apostol-
Bernoulli polynomials and the modifigdmultiple power sums:

a5 o (P a0 {5 (1) T2 ) 15 )BT, (x4 ay + 22 )

= 07t (P ) 2 (0 () B ()P 5,0, kBT R (b 4 by + 2 1) 07
(22)

Proof. Let

tm—l(1+/1)abxt/l(1_uab(1+A)abt/l)(1+l)abyt/l
(1-p@(1+)at/2)™ (1-pb(1+2)bt/A)™

f@®) =
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abxt abt

1 (1+A) % 1-pu®(1+) % bt m-1

pm-1 PTG ( bt ) (1—ﬂb(1+)1)bt/)1) (1 + A)abyt/A,
(1—ua(1+/1)7> 1-pb(1+1)7

By using (9) and (13) fdr1,

bptp

= g o () P B B0 (B) (- D50 )5
X (=1)m 1y OB(m 1)(ax+ay+aﬁ A)b

K
Using Cauchy product, we have

= bm;ﬂz;?:o Xp=0 (2) {22’20 (ﬁﬂg_l) uaps-b Zf=0(1r’) (_1)r—p+m—1}
B (o 20 o

n!

In similar manner,

tm—l(1+/Dabyt/l(1_uab(1+A)abt/l)(1+l)abxt/l
(1-ub(1+ )P/ (1-pa(1+2)at/A)™

f@ =
From (9) and (13), we write

= #Zg}:o {ZE(;O (5"'21—1) pbp-a P (;1) $=0(ITJ) (_1)p+m—r—1}

X S, 1(b, ,ua)BSf;L)a (bx + by + % |/1) a® % (24)

By comparing the coefficients é)} in (23) and (24), we prove the theorem.

Theorem 6.For alla,b,m € N and n € Ny, we have the following symmetry identities

b o () BID a(bx|)an =™ g (M) 5P (P) (—m)P TSI (@, uP)B,, 0 (a@y|2)

n—mq,u

= am T () B p(@ylDbm s pme g (M) 3P (2) (=m)P TS5 (b, u) B, —p e (bx12)  (25)

n-mq,u

Proof. Let

h(t) _ tm+2 (1+A)abxt/l(1_ﬂab(1+/1)abt/l)m(1+/1)abyt/l
(1-pa(1+2)at/A) ™ (41— b (142)bt/2) ™
abt

m+1
1 at abxt (4 _pab(142) 1 bt abyt
- am+1b< ‘“) A+ )7 ( bt )(1—#”(1”)”%) A+

1-p®(1+) % 1-pbA+1) 7
= e CM SR, B (b ) S

am+1b
bat4

X T o X0 o(7) (=m)P7s{W(a #”)—( 1) S0 By, (@ylD) =
= am+1b( 1)m Zn OZml_O( )Br(lm;ll)ﬂa(bX|l)an ml/.l_mb
x Zpo () Z0oo () (=P 7SS (0, 42) By @y DB™ 5 (26)

In a similar manner,
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h(t) = tm+2(1+l)abyt/l(1_#ab(1+A)abt/l)m(1+l)abxt/}t
(1-pb (1+2)bt/2) ™ (1-ya(4 pyat/a)™

1 bt m+1 abyt 1— ab(1+l)a§t t abxt
-u a abxt
=m B 1+4) 2 ( > —— ) (1+2) 7
pm+ig <1—ub(1+l)7) 1- ﬂb(1+l)l (1 u(1+1) t/ )

= e (D™ X,

X Zp=o Xr=o(7) (= m)p TS“”)(b ;m“ - zq o Bayua (bx1) &
el G LD g )Bflm;j) »(@y|A)b" My~ ma

x Bty (751) 22 (=m)P TS0 (b, 1) B (bl Da™s @7)

adtd

By comparing the coefficients é} in the above equation (26) and (27), we get (25).

4. Some symmetry identities for the modified degenate Apostol-Euler
polynomials

In this section, by using-multiple power sums, we give some symmetry idestifor
the modified degenerate Apostol-Euler polynomials.

Theorem 7.Leta andb be positive integers with the same parity. Then

n_o(PEk ua(bx|A) akb*p=b 3nk("K) (=) k=77, 2 (a; ub)
reo(E o (ax|d) bRam=kp=a 3z (") (= 1) * T Zy g1 (b; 1. (28)

Proof. Let

h(t) _ 2(1+A)abxt/ﬁ' 1+(—1)a+1(y_b(1+l)bt/ﬁ_)a
— (ne+at/As1) (uP(1+)bt/A11)

From (10) and (17) fd=1, we have
Pp
P(E) = Tmo By (5312 S 5 B 0o(2) (FP 7 Zy a(a i) o
= Y=o Zk:o(Z)Ek,ua(be)a b FpuP Zr:O (n;k)(_l)n_k_rzn—k,z(ai #b);_r:- (29)
Since(—1)4*1 = (=1)?*1, the expression for

2(1+A)abxt/l 1+(_1)b+1(ﬂa(1+1)at/l)b
(ub(1+1)bt/1+1) (na(1+1)at/A+1)

h(t) =

is symmetric ina and b. Then we obtain the following power series foft) by
symmetry

R(O) = B2 By o (axlD) ZE L 52 52 (1) (~ 1P 2, 1)
= 250 im0 Epuo (axIDB" a4 Sz () (- o (bi ) %)
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Equating the coefficients é} in (29) and (30) foh(t) gives us the desired result.
Theorem 8.Let a andb be positive integers with the same parity. Then

amo () Enome e 01 ) @ = 50, (M) 572 (2) (=m)? =7 2,7 (a3 WD E o (ay )
= %1 (ml) g+ ,(ay|d) b= m1am1ﬂ—amz ( ) f:o(z) (—m)p_rz,%)(b:M“)Eml-r,ua(bxl/l)

n-mq,ub

(31)
Proof. Let
_ 2m+2(1+/1)abxt/l [1+(_1)a+1ﬂab(1+l)bat/l]m abyt/a

k(t)_(u“(l+/1)‘"//1+1)er1 (ub(1+)bt/A11)™ 1+2)
— 2 mHl abxt/A 1+(-1)2*+1pab (14 p)bat/A m 2
= (o) A+ (i) o (O
A)abyt//l

bitq 1 o
Teno Bt V(b1 2) e 2 B B2 _o(2) (—m)P T 20 (@ i) S B B (ay |2
= Zn ozm1 0( )Eim:_n?‘u (bx|V)a™ m1bm1M—bm
x T, (M) 2P (P) (~m)P T 28 (@ uDE,, (@) S (32)

Since (=1)%*! = (—1)?*1, the expression fork(t) is symmetric ina andb. In a
similar manner, we have

k(t)

_ 2 m+1 abxt/2 14(=1)a+1yab(14)bat/a m 2

- (ua(1+/1)at//1+1) @ +2) ( ub(1+2)bt/A41 ) ub(1+)bt/ 241 1+
A)abyt//'l

. m pat4 m aPt? oo aSts
S0 @yl o o Bt P o(B) (—mm)P " 287 (s ) S T B (b12) S
=y OZ ( ) (m+1)b(ay|/1)bn mgmi —a

n—mq,u

x Zpio ( p) P_o(?) (=m)P- fZ,ST?<b;u“)Eml_r,ﬂa(bxm;—'} (33)

Equating the coefficients éf— in (32) and (33) fok(t) gives us the desired result.

Theorem 9.Let p, I, a, b andn be positive integers aralandb be of the same parity.
Then

0 (%) Bucpus (1@ =% B2_o(P) (=1)P 77 2,y (b5 1%

- n b+n
= 2" 1a" [Bn”uZa (E |/1) + (_1)b+1‘llaan”u2 ( )] (34)
Proof.
() = at(1+)/2 14(-1)b+1yab(142)bat/A
9 T opa(1+)at/iog na(1+1)at/A—q
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From (9) and (17), we have

9 = B0 By (D

aPtP
p!

adtd 1
ua

Yoo Xr—o(B) (=1)P"Zy 5 (b; 1)

= 27e0Zpe0 () Buoppe (D@ () (G 22 T

On the other hand, we write the functigt) as

g(t) = 2 HZa(l_l_ﬂ_)Zat//’l_l z[MZa(l_l_ﬂ_)Zat//l_l]

oo
—oB., .2 (—
Zn—o nu“t \ 5

1 2t uebzatae s "

n

A znantn+(_1)b+1ﬂabzoo B n+b A ngngn
n! 2 n=0Fnu’* 7, n!

=Yr 2" tan [Bn’HZa (g |A) + (_1)b+1uab8n#2a (b+n |A) %

2

Equating the coefficients éf— we obtain (34).
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