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Keywords Abstract: Bu calismada, g-¢atis1 kullamlarak 3 boyutlu Oklid uzayinda Tzitzeica (T-
Curva.tures, egrisi), kiiresel (s-egrisi) ve kiiresel Tzitzeica (sT-egrisi) egrileri analiz edilmistir.
Spherical curves, Herhangi bir noktasindaki burulmasinin, o noktadaki oskiilatér diizlem ile orijin

Tzitzeica curves arasindaki uzakligin karesine orani sifirdan farkl sabit bir deger olan bir Tzitzeica

egrisi vardir. 3-boyutlu Oklid uzayinda Tzitzeica ve Kkiiresel egrileri g-catisi
kullanilarak tanimlayip ilgili teoremleri inceledikten sonra, kiiresel Tzitzeica
egrileriyle ilgili teoremler ispatlanmistir.

3-boyutlu Oklid Uzayinda q-¢atili Tzitzeica Egrilerinin Karakterizasyonu

Anahtar Kelimeler 0z: Bu calismada, g-catis1 kullanilarak 3 boyutlu Oklid uzayinda Tzitzeica (T-egrisi),
Egrilikler, - kiiresel (s-egrisi) ve kiiresel Tzitzeica (sT-egrisi) egrileri analiz edilmistir. Herhangi
Kiiresel egriler, bir noktasindaki burulmasinin, o noktadaki oskilator diizlem ile orijin arasindaki

Tzitzeika egrileri uzakligin karesine orani sifirdan farkli sabit bir deger olan bir Tzitzeica egrisi vardir.

3-boyutlu Oklid uzayinda Tzitzeica ve kiiresel egrileri g-catist kullanilarak
tanimlayip ilgili teoremleri inceledikten sonra, kiiresel Tzitzeica egrileriyle ilgili
teoremler ispatlanmistir.

1. Introduction known Bishop frame to examine the T-curve and have
given the condition for spherical image of a curve to be
Romanian = Mathematician = Gheorghe Tzitzeica T-curve in [6] by using both type-1 and type-2 Bishop

introduced a class of curves known as Tzitzeica curves frame. The authors have focused on Tzitzeica curves
in which the ratio between the torsion and the square with framed curves in their study [7]. In 2022,
of the distance from its origin to the plane spanned by Sariaydin and Yazla defined the T-curve with q-frame
tangent and normal vectors at an arbitrary point of the in 3-dimensional Euclidean space in [8]; however, we,
curve, is constant [1,2]. in this work, have examined Tzitzeica and spherical
Tzitzeica curves and have proved some related
Since the curves have many applications in science theorems in detail by using q-frame used in [9, 10, 11].
and engineering, they have attracted considerable Most recently, [12] has worked on Tzitzeica curves
attention as one of the fascinating topics in differential according to modified orthogonal frames. We have
geometry. According to [3], the authors examined that discussed special theorems and provided information
there is no T-curve with constant curvature by using about the spherical Tzitzeica curve in three-
Frenet frame in Euclidean 3-space but proved some dimensional Euclidean space, while in [13] it was
statements about the relations between Tzitzeica considered in Minkowski space.
Salkowski and anti-Salkowski curves. The
characterizations of T-curves and surfaces were given 2. Materials and Methods

as a Ph.D. thesis by Tunc in [4]. Most recently,
researchers have studied Tzitzeica curves with several
frames in Euclidean space. The authors have
characterized the Tzitzeica curves in terms of type 2-
positional adapted frames in 3-dimensional Euclidean
space and have given some results on the spherical I
Tzitzeica curves [5]. Eren and Ersoy have used well- il = V1w, w.

In E3, the metric used is (u, w) = uyw; + u,w, + uzws
for any vectors u = (uy, Uy, uz) and w = (wq, wy, ws).
The norm of the vector w is given by
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A Tzitzeica curve in 3-dimensional Euclidean space is
a curve @ = a(s) for which the ratio of its torsion
T and the square of the distance d . from the origin to
the osculating plane (osc-plane) at any point a(s) of
the curve is constant where d,,. = (b, @) [1].

Let a(s) be a curve and s be an arc length parameter
with a non-vanishing second derivative. The Frenet
formulas are given

t 0 k O]rt
b’ 0 -t O0llb

where Frenet vectors and curvature functions are

a (a' A a’)
S P T aayp TR
B ”al /\ alI” B det(a’, a!l, a!l!)
'l la" A a”|?

respectively [14]. Besides Frenet frame, we use the g-
frame {t, ng, by, k} where k is the projection vector;
that is k, = (1,0,0),k, = (0,1,0),k, = (0,0,1). In
order to define g-frame, we first need to give relation
between Frenet frame and q-frame with the help of
angle 6 between n and g-normal m, vectors. The
relation matrix takes the form

t 1 0 0 It
NG| = [0 cosf sin@l [nl
b, 0 —sind cos6llb

In this context, the q-frame of a can be given ([15]) in
the following form

t 0 Kk Ikt
n:I = [_k1 0 k3l ny
b;, -k, —k; 0l]|bg
where q-curvatures k4, k,, k3 are
ky = (', ny)
k2 = (t’l bq)
k3 = (n:p bq)

3.Results

3.1. Characterization of tzitzeica curves with q-
frame in 3-dimensional euclidean space E3

In this section, we characterize the Tzitzeica curves by
using q-frame in terms of q-curvatures in 3-
dimensional Euclidean space.

For a space curve a: I € R — E3, the planes at each
point of @ spanned by {t,n,}, {ng, by} and {t, b} are
called q_osc-plane, g-normal plane and q-rectifying
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plane, respectively. If the position vector of the curve
lies in the q_osc-plane, g-normal plane and g-
rectifying plane then it is called q_osc curve, g-normal
curve and g-rectifying curve, respectively.

Definition 3.1 Let a be a unit speed curve with k; >
0 and k3 = 0 in E*. If the curve a satisfies the
condition

ks
déos

:C’

then a is called g-Tzitzeica curve such that dg; is the

distance from the origin to the g_osc-plane at any
point of curve and ¢ # 0 is a real number [8].

t/\nq
—=--£0(0,0,0)

g-Osculator  Qsculator
plane plane

Figure 1. The distance dg,s from the origin to the g_osc-
plane in E3

Simple calculations show that

d(0,qos) = dgos

(a(s), t X ng)
[ g

= |(bq,a)|.

Corollary 3.2 Let a be a unit speed curve, {t,n, b} be
its Frenet frame and {t,ng, b,} be its g-frame. Then
the equation

sinf
ky

(bg, @) = + cosf (b, a)

is provided where 6 is the angle between q-frame
vectors and Frenet frame vectors. If the angle 6 is
vanishing, then there is an equation

dosc = dqos
between the distance from the origin to the osc-plane
and the q_osc-plane.

Proof Let a be a unit speed s-curve with radius c. One
have

¢ = [la®)Il = y{a(s), a(s)).

Taking derivative gives us {a,n) = —i. On the other

hand using the relation between Frenet frame and g-
frame
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b, = —sinfn + cosf b

and the linearity of dot product, one can easily find the
equation.

Theorem 3.3 Let a be a unit speed curve in E3. If a is
a T-curve then

ki(s)(bg, a) + 2ky()ks(s)(t, a) + 2k3(s)(ng,a) = 0
is obtained [8].
Proof Let a be a unit speed curve in E*. We can write

k3 (s) _

==c+0
(bq'a>

by using the condition of T-curve with g-frame. By
taking the derivative of this expression and using the
properties of g-frame, the equation

ki (s)(bg @)’ — 2k3(s)(bg, a)(b}, @)

=0
(bq' a)4

is obtained. If the derivative formula for the b, and
the linearity of dot product are used, we can get

ki (s)(bg, @)” + 2k, (s)k3(s) (g, a)(t, @)
+2k3(s)(by, a)(n,, a)
(bq' “)4

When the necessary simplifications are made, we can
conclude

ki (s)(bg, @) + 2ky ($)ks(s)(t, @) + 2k3(s)(ng, a) = 0.

Now, we need to write the position vector satisfying
a(s) = si(s)t + s2(s) ng + s3(s) by

for some differentiable functions s;(s),0 < i < 2,

and g-frame vectors. In order to find s;(s),0 < i <

2, we first need to use the definition of unit speed

curve and the property of dot product. With the help
of these properties, we have

(a(s), t) = s1(s)(t, t) + 5,(s)(ng, t) + s3(s)(by, t)
and the equation
5:(8) =(t, a)
is easily found. Using ¢ = |la(s)|l, and taking
derivative of this equation, we have s;(s) = 0. Taking

derivative of s;(s) and using derivative formula for
the first g-frame vector t, the equation
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ky(ng, a)+ky(bg, a) = —1 (1)

is obtained, and then

ki(ng, a) + ki((n, a) + (ng, a’)) + kj(b,, a)
+ ke ((by, @) + (bg, a')) = 0

is calculated. After using t = a' and the derivative
formula for the both n, and by, and the orthogonality

property of frame, respectively, the equation
(nq,a)(ki — kyk3) + <bq! a)(ké +kik3) =0 (2)

is clear. With the help of (1) and (2), that is, if the
equation (1) is multiplied by —(k; + k,k3) and the
equation (2) is multiplied by k, and added side by
side,

(—ky (K + kqks) + ky (ki — kzks))(ng, @)
= ké + k1k3

is obtained. Using last equation, we can have

1
ko (ki—kaks)
kjy+kiks

(ng,a)=
_k1 +

Doing basic calculations gives us

B kb + kiks
" kyky + kZ2ks — ok + k2ks

s,(s) = (nq, a)

On the other side, if the equation (1) is multiplied by
—ki + k,k3 and the equation (2) is multiplied by k;
and added side by side,

(_kz (ki - k2k3) + kl(ké + k1k3))(bq, a’)
= ki - k2k3

is obtained. Using last equation, we can have

1
k(ks+kiks)
ki—kaks

<bq' a) =
_k2 +

Derivation of s,(s) = (nq, a) gives us
(ng, a) + (ng, t) = s;(s),
and using by = —kt + k3bg and (t,a) = 0, we obtain

& = 53(5).
3

(bg,a) ==

Taking derivative of s,(s) and dividing by ks, we
conclude with
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i (kK3 — Ie) = sk —

kqkokj kzk;')
k3 k3

Ky kzk;)

+k;k2(—2k1k34-k3 =

—k, ((k1)* + 2(k3)* — ki'ky — k3 'k;)
(kyky + kiks — kyki + kZk3)?

s3(s) =

Corollary 3.4 Let a be a unit speed curve in E3. ais a
sT-curve if and only if the equation

ki(bg, a) + 2k3(ng, a) =0
is satisfied.

Theorem 3.5 Let M c E3be a curve with coordinate
neighborhood (I,a). The geometric location of the
centers of the spheres, which are the three common
points of M and infinity, is

c(s) a(s) + s2(s)ng + A b,

so that the g-vectors at the point c(s) corresponding
to the point s € [ are {t,nq, bq} where 4 € R and
s;:1 > Ris the same as the coefficient of n, in the
equation of spherical curve.

Proof The equation of the sphere with center c(s) and
radius r is given f:I-> R , f(s) = (a(s)—
c(s),a(s) — c(s)) — % The equation

f&)=f'(s)=f"(s)=0

is satisfied since there are three common points with
the spheres of the point c(s) of M, that is,

S2={x|x€E3{x—c(s),x—c(s)) =r?}.
Since f(s) = 0, we get

(a(s) —c(s),a(s) —c(s)) = r2.

Taking derivative of this equation and using the
equation f'(s) = 0, one can get

(@'(s),a(s) = c(s)) +{a(s) —c(s),a’(s)) =0,

and then

(t,a(s) —c(s)) = 0. 3)

On the other hand, we have

a(s) = a(s) = s1()t(s) + s2(sIng(s) + s3(s)by(s)
(4)

for q-frame vectors ¢, ng, bq. If we use linearity of dot
product and the properties of base, respectively if the
dot product of the equation (4) with £(s) is taken and
the equation (3) is used, we can get

s;(s) =0.

Therefore, the proofis completed.
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Figure 2. Spherical curve with the center a(s) and radius r

Theorem 3.6 Let M < E° be a curve with coordinate
neighborhood (I, «). For any s € I, when k, = 0 at the
point a(s), the radius of osc-sphere is constant if and
only if the centers of osc-spheres are the same such
thats; # 0, k; # 0.

Proof Let r be the radius and the centers of osc-sphere
at the point a(s) € M are

c(s) = a(s) + s,(s)ng + s3(s)bg.
The radius is found as

r = |lac||
= llc(s) — a(s)l
= ||sz(s)nq + 53(s)bq||

= \s2(s) + s5(s).
Since r is constant, when we take derivation, we get
52(5)s3(s) + s3(s)s3(s) = 0.

!
Doing some basic calculations and using s3(s) = Szk(s)

gives us
55(s) + s,(s)k; = 0.

On the other hand, since c(s) = a(s) + s,(s)ng +
s3(s)bg, the equation

c'(s) = (1 = 52()ky = s3()k2)t + (52(S)ks
+ s3(s)byg,

kjy+kiks

holds. Putting s,(s) =
g 52(s) kykh+kZkz—kak! +kZks

and s3(s) =

52(5)

3

and k, = 0 into the last equation gives

c'(s) = (s2()kz + s3(5))bg.

Since s,(s)k; + s3(s) =0, we conclude c'(s) = 0.
Then one can say c(s) is constant for any s € I.
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In order to show the necessary condition of the proof,
assume c(s) is constant for any s € I. Since r = ||ac||,
we have

(a(s) — c(s),a(s) —c(s)) =12

Taking derivative of the last equation with respect to
parameter s helps us to find

dr
(c'(s),c(s) —a(s)) = T(S)% |s-

. . d
Since c(s) is constant, we have r(s)d—: |s = 0. We can

. d .
find d—z |s = 0 and therefore, r(s)is constant for any

s € I. Otherwise, we have a contradiction with s, (s) #
0 and s3(s) # 0. Therefore, the statement is proven.

Theorem 3.7 Let M c E* be a space curve with
coordinate neighborhood (I, «). Suppose ks # 0,k, =
0 and s;(s) # 0 for any s € . In this case, M is a s-
curve if and only if the centers of osc-spheres at the
point a(s) are the same for any s € .

Proof If a be a s-curve, then it’s obvious ||[0c|| = 7.
On the other hand, assume that the centers of osc-
spheres at the point a(s) are b for any s € I. Since the
radius of the osculating spheres are also constant
and equal tor, forall a(s) € M, we have

d(a(s),b) =r.
Ifb = c,then
r = |la(s) — cll = d(a(s),b).
Since r is constant, we have d(a(s), b) constant.
Theorem 3.8 Given the arc-lengh parameter s €1
and M c E® with coordinate neighborhood (I, a)
with k; # 0,k, = 0, M be a s-curve if and only if
55(s) +5,(8)k; =0
when s;(s) # 0 forany s € [.
Proof Let the curve M be spherical. Since the center

c(s) of the osculating spheres is constant for all s €
I,taking the derivative of c(s), we obtain

(53(8) + 52(5)k3(s)) be(s) = 0
forall s € I.Hence, we find
53(8) + 52(s)ks(s) = 0.

On the other hand, suppose that s5(s) + s,(s)kz(s) =
0. Then we get

c'(s) = 0 = c(s) = constant

forall s € I. Therefore the curve M is spherical.

Theorem 3.9 Leta: I € R — E®be an arc-length s-
curve with g-frame in E3. If the curve a be a T-curve
then there is an equation

Ky kbt kiks
2kZ ki — kyk,

between the curvatures of the curve a.

Proof The proof is completed by combining the
Theorem 3.3. with the condition k, = 0.

Theorem 3.10 Let a:] ¢ R — E* be a unit speed
sT-curve with g-frame in E® such that k; # 0,k, = 0
and s;3(s) # 0. The third curvature of the curve a, k3

is equal to
o [k
kiks

Proof This follows directly from the equation s;(s) +
55(s)k3(s) = 0 and Theorem 3.9.
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