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Keywords Abstract: In this work, we seek the solutions of the equation
Generalized Beltrami systems,

i B i ow
Gene.rahzed Q-holomorphic W _ Aw+tBw
functions, a¢
Weierstrass-Stone
approximation with linear coefficients

A — a(o) _A'_a(l)q)_l'_a(z)a’

B = BO+pg+p5,

such that using this solutions we approximated to complex matrix valued function which
possess the form w = K 0 4 d)K(l) + 0K (2). Here ¢ is a generating solution for Q-
holomorphic functions.

Matris Formda Kompleks Degerli Kismi Diferensiyel Denklemlerin Coziimleri Yardimiyla
Kompleks Matris Degerli Fonksiyonlara Yaklasim Uzerine

Anahtar Kelimeler Ozet: Bu calismada
Genellestirilmis Beltrami -
sistemleri, A = od94aMe+a@y,
Genellestirilmis Q-holomorf B — © 1 gMe+ 2%
fonksiyonlar, B BHo+B9,
Weierstrass-Stone yaklagim lineer katsayilara sahip olan
teoremi ow

— =Aw+ Bw

¢

denkleminin ¢oziimleri arastinldi. Bu ¢oziimler kullamlarak w = K(© 4+ oK (D) 4+ K2
formuna sahip kompleks matris degerli fonksiyonlara yaklasildi. Burada ¢, Q-holomorf
fonksiyonlar i¢in bir dogurucu ¢oziimdiir.

1. Introduction 1 for each z in the domain Q in the complex plane C, then
Hile called the system (1) as generalized Beltrami system.

A similar theory to analytic function theory was developed Such a system can not be brought into the quasidiagonal
by Douglish and Bojarski [1, 2] for elliptic systems which form of Douglish and Bojarski by a similarity transfor-
have the form mation [see 3, p. 108]. The solutions of such systems
are called as Q-holomophic functions. Hile introduced

wz(z) — Q(z)w:(z) =0, (1 the notion of generating solution ¢ (z) := ¢o(z) +N(z) to

investigate Q-holomophic functions, where N is nilpotent
part and ¢y is the main diagonal term of ¢. ¢y satisfies the
Beltrami equation

where w is a vector of the type m x 1 and Q is a quasidiag-
onal matrix of the type m x m. Since such systems result
from the reductions of first order generalized elliptic sys-

tems in the plane to a canonical form, they are investigated. 9o ddo

Another generalization was given by Hile [3]. He consid- o7 A 9z =0.

ered Eq. (1) where w is an m X s matrix whose elements are

complex valued and Q(z) is self commuting complex val- Using the Beltrami homeomorphism, we may write the
ued function. If Q doesn’t have eigenvalues of magnitude generating solution in a more convenient form ¢ = z/ +
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N(z) [see 4, p. 169], Furthermore, one can write a Q-
holomorphic function ®(z) as an analytic function of gen-
erating solution that is ®(z) = f(¢(z)) [3]. So, differentia-
tion with respect to ¢ and ¢, conjugate to ¢, can be given
as

g -9 — 9
0 (9:0;—0:0.) " |¢ FEl ¢zyz
and 5
|
ﬁ - (¢Z¢Z %(bz) ¢ZD> (2)

respectively. Here D := (d/dZ)I — Q(d/dz). From (2) we
can rewrite equation (1) as

0
% _o.
9
Later in [5, 6], by using the techniques of Vekua and Bers,
Hizliyel and Cagliyan gave a function theory for the equa-
tion
ow

Aw +Bw, 3)

29
where the unknown w(z) = {w;;(z)} is an m x s com-
plex matrix, Q(z) = {gi;j(z)} is a self commuting com-
plex matrix-valued functions of the type m x m. They
assumed gy ;1 #0fork=2,...,mand A = {q;;(z)} and
B = {b;j(z)} are commuting with Q. Solutions of this
equation were called generalized Q-holomorphic functions.
The result obtained in the case of Eq. (3) resemble closely
those from the classical theory of Vekua [7] and Bers [8].
In [9], Tutschke and Vasudeva considered the Vekua equa-
tion in the form

ws =a(z)w+b(z)w

with a(z) = ap+a1z+ax7 and b(z) = bo +b1z+ by 7 and in-
troduced necessary conditions to have a solution of the lin-
ear form w = ko + kjz+ koZ where a;,b;,k; (i=0,1,2) are
complex constants. Also they stated that every complex-
valued continuous function can uniformly be approximated
on a compact set by polynomials of these solutions. The
aim of this study is to show that an approximation to com-
plex matrix valued functions can be obtained using solu-
tions of the equation (3) by the help of Weierstrass-Stone
approximation theorem.

2. Vekua Type Equation in Matrix Form with Linear
Solutions

Letw=K© 4 ¢K(1) + (§K<2) be a linear generalized Q-
holomorphic function [5]. We investigate equations in
form (3) with linear coefficients

A
B

a(o) + a(1>¢ + a(2)$’
BO+Me + 2o,

such that w = KO + 9K + § K@ is a solution of this
equation where o), ()i = 0,1,2 are constant matrix
commuting with Q and K(i),i =0,1,2, are constant ma-
trix with m X s type. Since the matrices A and B are com-
muting with Q, they can be written as A = Agl + N4 and
B = Byl + Np respectively [see 5, p.439]. Where Ay =
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Ocl(?) + Otﬁ)z + aﬁ)z and By = ﬁl((f) + ,qu)z—k ﬁff)z are the
main diagonal term of A, B and Ny, Np are the nilpotent part
of A, B respectively. Substituting w = K(©) 4+ ¢ K1) 4 §K ()
into Eq. (3), we obtain

k@

(e +aDg+ alg) (KO + ok + 552
+(ﬁ(0)+ﬁ(l)¢+ﬁ(2)$> <f(0)+qgf(l)+¢f(2)).

By equating the coefficients of 1,9,¢,00,00,0¢, we
obtain the following system

a0 4 pOEO — k@),
a1+ gk 4 gOF? 4 gE© — g,
aOKk® 4 @k 4 gOEY L g g
aWx™ 1 gE? =,
aVK®@ + q@ kM 4 pWg™ 4 p@g?® —
a@k® 1 g — g,
4)

where o9, o), @ BO) B B2 are coefficients that
should be found. Equation (3) can be written as

(aijwj +bijwy) e

) m s i
) =YYy
il i=1i=1j=1

where (...);; means the ith row and jth column elements
of (...). For i =1 and for fixed [, 1 <[ <'s, we have

8w1,

£ ®

= Aowi; +Bowy

and for 2 <i<mandforfixed,1 <[ <y,

(5).

Equations in (4) can be rewritten for i = 1 and for fixed /,
1 <[ < s in component form, respectively:

i—1
— Aowip — Bowig — Y, (aijwji +bijwji) =0,
J=1

aw
¢

KPR = K
oKy o K +BVKY VR = 0 )
VK o KD VR BTRY = 0, ®)

oK +BKT = 0. 9
o Ky Fol KD+ BVRY BTRY = 0,010)

o ki +BVKY = 0.a
Note that the determinant of coefficients
aﬁ),al(}),al(?),ﬁl(f),ﬁl(ll),ﬁf? vanishes. Since Cramer’s

rule from linear algebra fails for solving this system,
we should have to look for the largest non-vanishing
minor. If we omit the last column and the fifth row, we

get a 5 x 5 determinant whose value is —K 1(12) |dy;|*> where

71) 1(0) _ 2(0) 2-(2)
dy =Ky K|} - K\ K]}
and dy; # 0, and choose [31(%) arbitrarily, other coefficients

are then uniquely determined:

. Hence if we suppose Kﬁ) #0
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of = -BVKY &) B = @) R R oK R AR
off = —BURD D) = (KK )l KD K“”z DK+ BVR)
of = KUK -BRY (k) 2K (1K - 1K P) [K,-S”fi; oK)+ B K
ﬁl(ll) _ ﬁ”( )lKu <‘K”‘ —\Kf;\)ldu\ 21(”2)1(1(1)7 —d 'k (k) K(Z)Z <0>K +a K<o>+ﬁ K<1>+B<2>K )
O SR SR ,K;?); K+ BRI+ 8K (D)

B — i 0K 4 oKD+ BURY + BVEY)

We substitute these obtained values into Eq. (10). It o
can be seen that, equation (10) is satisfied if and only if e S )
2)%(2) (1)7=(1) . ) ) HEDPES) Z Dk + YRS -k KP
KKy =K, ’Ky; foreachch01ceof[311 .Forl<i<m =
and 1 </ < s one can obtain following system: KO ): (OKD 1 BOED)] 4 2 K (kD)
ij i
=)

VK0 4 pORY = kP (12 © (1)

: o where Otllo O 11 ,[311 ,[3,1 come from Egs.(13) -(15)
; VK 4+ BYRD), and (17). Let put values which obtained above into Eq.
’ (16). It can be seen that Eq. (16) is satisfied if and only
oK) +al K +BVRD +BURY = - ;2( oK)+ al K it KK =Kk and KK = KK for each

choice of ﬁi(]z). The following theorem has been proved

—(2) —=(0
+BYRY +BUKY), (13) :
after above calculations:

PR+l YR TR = S o)
= Theorem 2.1. The linear function w = K© + ¢k
+BK +BYK), (4) 0K ) is a solution of following equation

W), g0 _ ¥ o) g5

K+ R Ll by Ko %V = (@ + a0+ a?§)w (B0 +p o +5OF) w

a2k + o k? 1 gD 4 pPRD = *Xl‘.( ok 4 ok B B (18)

Y l = providing that Kl(lz) £ 0, Kg(l))Kl(lz) —K%})Kl(?) # 0 and

Wz %) _ —
+BKy +BYKS), (6) KD ) — (D) p2) ) 1) _ Kﬁ)Kl(lZ) 1<j<i Ar

ji B g B By By

Lo . 2 . .
bitrarily choosing Bz(1 ), the remaining coefficients are then

2 2 2) (1
(xi(] )K](l)+ﬁi<l >K51> = - . :
uniquely determined.

i

( (2 K(2>+B(2)K 017)

)

J

This system can be solved similarly to system (6)-(11) Remark 2.2. Let us consider the case where the conditions
© (1) (2 [3(0) [3(1) ﬁ(z) of the Theorem 2.1 is not provided. The following ex-

. 0
and the coefficients o, o/, o ; ; 2~ can . . .
be determined succesi \l/lel’y i e P Fi e Fil pressions can be proved after a few calculations which are
' similar to previous ones:

2 1 )
o = [*B-(IZ)FS)*Z( OO | B (@)1 (1) Let Kl(l) =0 and Ky =0, for i = 1 and fixed [, then
= wi =KW 42k is solution of (5) if

1 - 0) (1) 1 1)2(2)
ax(]) = du K( Z ()K51)+Bi(j)Kjl)

0) (1) 0) - (1)y—1 2 _ () 7=(1) 1)y =1
<t Z(a,, kY 1o kY pORY + VR o = Bi Ky (K ) any = =P Koy Ky

i 0 1) (0) /(1) — 2 1
+Idu|’zf(ﬁ)(\Kf})\zf\Kfzz)lz)[K,SZ)*):(a,-ﬂp)lfﬁ))+l3f(f>fﬁ?))] BY =BV KD (K B =0.0f)) =0,
j=2
RO (KO) (k) ) oKD 1 pORY 4 pIRY
'K (K ):: K Kt ¥ Ko +BKD where [31(11) can be choosen arbitrarily. For 1 < i <m and
) | g2g fixed !
_KII Z(a,/ K + B Ky )] - ﬁ:l 11 (Kll )
0 0) - (1)\— 1)2(0 1)y—
o = a4l -x\) (<”>K +BVERY) O‘i(l):(PZ*&Kl(z)(K](z)) lfﬁi(l)Kgl))(K](l)) !
= 1 1)y~ 2 (1) —
+EO Z ok +BORY + PEY) O‘i(l) :P4(K1(1)) 17131'(1):1)6(1(51)) :
1 il 2 0 _ 0)5(1 0)\—
a“=<P3 Ry (1)) = BYR (k)
@)y~ Y 2, g® 2z Q)% () —(0)\—
)R R R R R ) BY = (kP + P — ol kD) (&)
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where /3[(11) can be choosen arbitrarily and

L 0) (0 0)7=(0
A== LK) +BK.
j=2
L (2 —(0
P= - Y (00K + 0l KO+ BORE + RD)

2)5(0
Z K /1 +[3}].>K5.,)),

R

(aij jl +ﬁ11 ]l)>

i

Po= = Y@K ol KR R
j=2
L 2 2 2)7(1
Po== Y (@] K+ BIE).
j=2

i
Then the solution of (5) is wy = K" + ¥ (9K}, +
j=1

)
0,K;1).
(2) Let show that the case Kl(lz) # 0 and
F(l(l)) Kflz) fFE;)K](?) = 0 is not possible. Indeed, let

multiply Eq. (6) by f(l}) and adding Eq. (8) multiplied by

—&\9 Replacing a'?) by B?) in view of (11), it follows
2)=(0) , (2)+—

~BYRY (KD) du.

Otf(l))d” = K(z)

From hypothesis since F(l(l])Kl(IZ) = Eg})K f?), the last equa-

(1)

tion implies K},” = 0. Taking into consideration hypothesis

with Kl(ll) =0, we get Kf([» = 0. But, this contradicts Eq.
(6). Thus, no system (18) exists, since contradiction is
obtained in the case of i = 1 and this system is going to
solve successively for 1 <i < m.

Q) If Kflm =0and dj; =0, then Kg)) or Kl(ll) must be zero.
Let examine this situation in three cases:

3a) K\ =0and k\)) #0, then wy; = zK\ is solution
of (5) with

0 1 0
a§1> =0, a1(1) =0, ﬁ1(1) =0,

—(1)\—
[311 = 0‘11>K(1)(K§l)) ! ﬁl(12)207

2)

where o is arbitrary. For 1 <i < m and fixed /

ai(IO) :P2(Kvl(ll))717 ai(ll) :P4(Kfll>)71

—(1)\— (1) —
BY = (&) B = (Bs— oK)

B = A K =P

@)

where o) is arbitrary.

3b) If Kflw =0and Kl(?) = 0, then we can obtain
i ) (0) 50 \ 1 .
Bl = _al({)Kl([)(Kll) ', j=0,1.2,

where OC](?) , OC](}) ) OC](%)

[, we get

are arbitrary. For 1 <i <m and fixed

0 2 0 —(0) —

ﬁi<1 )= (Ki<l )P - ai(l )K?I)(ng)) !
—(0)\_
PZ—ai(ll)K?z)(ng)) :

2 2 —(0) —
ﬁi<1 )= (Ps— ai(l )K?/)(ng)) !

where ai(f) (s =0,1,2) are arbitrary.

QBc) If KS)) = Kfll) = 0, then one has wy; = 0 and all of
coefficients can be chosen arbitrarily. For 1 < i < m and

fixed [, the coefficients can be chosen to provide Kl.(lz) =

—Pyand P, =0 (s =2,3,4,5,6).

3. Co-associated Vekua Type Equations in Matrix
Form

Let /w = 0 is identical with equation (3) that is
dw
29

and an operator £ has the following form

w= —Aw —

19)

For given operator /, we search for sufficient conditions
on coefficients A, B so that £ transforms the space of solu-
tions to equation (3) into itself. In this case, operator [ is
said to be associated to an operator £. For finding these
coefficients, let us take into account the expression

1(£fw) = '+ Aw + Bw)

5 (5

—A(%5 +Aw+Bw) — B(35 +Aw+ Bw)

and Iw = 0. Therefore, we obtain that /(£w)
w, w. Equating coefficients of these

= 01is a linear

dw ow
combination of ¥ 696"

terms to zero, we get

B = B (0)

JA JA
3etas - 0@

OB 0B _ I
a¢+aa+B[(A—A)+(A—A)] — 0. (22)

Since A = o + oM + a@ ¢, Eq. (21) gives 3¢

—aM). The solution of this equation can be written as
following form

A=d+J[-aV)]

by the Corollary 3.4 in [5], this means A can be determine
uniquely up to an arbitrary Q-holomorphic function where
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J is the Pompeiu operator defined in [5, p. 433]. There-
fore, we see that A (¢) = —a)p + P (¢) where @ is a
O—holomorphic function. On condition that ®(¢) is a
linear function, as ® (¢) = ¥(% + y(V¢, on equating the
coefficients of 1,0,0,0¢,¢0¢, ¢, equation (22) leads to
the relations below

B(l)+B(2)+B(0)

-B& =0,

Let A(¢) = al® and B(¢) = B be constant ma-
trices for ease. Therefore, we obtain that A (¢) must be
Q—holomorphic from (21) and B = ﬁ(o) from Eq. (20).
If we assume that A (¢) is also constant, condition (22)

yields
0) — g0 = 0 _ (0),

means that Imo(©) =1 my( . If two Vekua type equations
are associated to the same operator £, then they are said to
be co-associated. Consequently, if £ = dw/d¢ + Y Ow+
B3, then £ maps the solutions of

Iw
99

type equations into itself, where p is an arbitrary real
matrix (v = Imy<0>>.

=0

—(u+iv)w—p©® (23)

4. Linear Solutions of Co-associated Equations

In this section, We determme the coefficients of a linear
function w = K0 + K" + K@ in order for this func-
tion to be a solution of Eq. (23). Substituting the linear
function into (23), we obtain the following system of equa-
tions:

(u+iv)KO 4+ p© = K, (24)
(u+iv)kW 4+ pOK® = o (25)
(u+iv)K® 4O = 0. (26)

For determining K (0),1( (1),K<2), we should solve above
system. For this, the statements below on linear algebraic
equations can be used.

(1)

Proposition 4.1. Provided Cﬁ)éij = 6(121)C182) (j =
1,2,...,i), the equation
cVp4+cPpP=c® (27)

is solvable ifCﬂ)a(f) = 6521)6‘5(13)’ where P = {l‘}j}, cB

{ 3>} are m x s matrices and C\V) = {Cl-(;)},C(z) =

“

tj

c?

i’ } are commuting with Q.
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Proof. Equation (27) can be written in component form,
fori =1 and for fixed [, 1 <[ <y, as

cVpy+cp,; =cl) (28)
and for 2 <i<mand forfixed [, 1 <[ <s, as
i—1
P+ CYPy=c) — Y (VP +CTPy). (29)
j=1

(1)

In the case of i = 1, provided Cﬂ)al = (2>Cﬁ), equation

Ci
(28) is solvable if C§1> (1,) = 6(121) S) [see 9, p. 723]. It

can be explicitly seen from complex case that provided

cVe) =T for2<i<m, j=1,2,...,i, 29) is
solvable successively, if Cﬂ)d; ) = 6521) Ci(f). O
Proposition 4.2. The system
cWp+cOR=0,
(30)
CHR+COP=0,

has non-trivial solutions if and only if Cﬁ)ég)
Cf?fg?,(i =1,...m,j=1,..i), where C*) .C®®) are com-

muting with Q and P.R are m x s matrices.

Proof. The system (30) can be written in component form,
fori=1and for fixed [, 1 <[ <y, as

CYPPU +CS)R11 =0,
(31)
CiVRy+CPy =0,

For 2 <i<mand for fixed [, 1 <I <s, (30) can be written
in component form as

iy P+ CV Ry = - z< Dpi+CcOR),

(32)

_ i—1
CWRy+cVP; =— Zy%>ﬂ+d> 1)

For i = 1, the system (31) has non trivial solutions if and
only if C( )C§1> = Cfsl)é(sl) [see 9, p. 723]. By using
obvious statements on linear algebraic equations, if the

condition C{}'CSy) = YT for2 <i<m, 1< j<i—1
is considered, it can be seen that the system (32) have
solutions. So this completes the proof. O
Let us consider Proposition 4.1 and Proposition 4.2 in
order to find non-constant solutions of (23). Firstly, if we

apply the second one to (25), (26), then we get
20)2(0
ﬁ 11 ﬁlgj) P

where 1 <k <m, 1 < j<k. According to the Proposition
4.1, provided (33) Eq. (24) is solvable if

(L+iv)y (H—iv); = (33)

. —=(2) _ 5(0)
(u+iv), Ky =B Ky - (34)
For k = 1, Eq. (33) can be written as
. . =(0)
(N+lv)11(ﬂ_lv)11:ﬁl(?)ﬁna (35)
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where from |(u+iv),,| = |B1((1))\ Let us suppose that

|vi1| < |[31(?) |, then there exist two real solutions of (35).

. Nt
For k = 1, we obtain from Eq. (34) (,LH—H))HK(”>

—(0

B (1 I)Kflz). Assume, without any loss of generality, that
|K1(12)| = 1. Let y;; be the polar angle of ai(jp)
the polar angel of ﬁ;;)) with @;;. By using of Proposition
4.1, similar to complex case [9] , one can obtain

(;(W11+(P11)>.
(2)

In view of (25) in component form, using the value of K,;”,
we find

and denote

K 1(12> = exp

Kl(ll) = —exp (; (o11 —3%1)) .

A similar calculation for negative value of u;; leads to
2 . i
Kfz) = 1exp (2 (11 — llfll)) 5

KD

| = —iexp <; (o1 +3ll/11)> :

For 2 < k < m similar calculations can be done succes-
sively. From Eq. (24), permissible values of K ©) can
be found by using KM and K@, In consequence of
Weierstrass-Stone approximation theorem, utilizing the
two possibilities for K%, K1), K(2) which has been con-
structed above, two functions w; and w, can be written
in the form K(© + oK) + 9K . Thus the following
statement has been proved:

Theorem 4.3. Suppose |v11| < | Bl((l))|. Then there exist
two linear generalized Q-holomorphic functions wi,w»
which are solutions with the form K© + K1) + 9K @ of

ow/d¢ = (u+iv)w+ BV,

such that every complex matrix-valued continuous function
on a compact set in the complex plane can uniformly be
approximated by wi,w».

Associated equations have been presented for the purpose
of solving initial value problems having type aa—v; = 3—”; +
Aw + Bw, w(z,0) = ¢(z) [see 10]. On the condition that
the initial function is a solution of associated equation, the
solution of this initial value problem exists. Moreover, one
can construct this solution by using of contraction mapping
principle. In previous section, we obtained the sufficient
conditions for £ and / to be associated. Let us regard the
initial value problem

dw ow - L
W(Z,O) WO(Z)'

1174

Suppose that the initial function be a solution of associated
equation and A and B be continuous in {¢: 0 <t <)} x D
and for every ¢ belong to C*(D). Hence this initial value
problem can be solved and the solution of this problem
is constructable by successive approximation method [see
11].
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