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On almost 2-normed vector lattices

Bahri ’I‘uraun*Jr and Fatma Bilici;t

Abstract

In this paper, we discuss the transformation of a normed vector lattice
definition into a 2-normed vector lattice definition and examine the
definition of n-Banach lattice given by Sagir and Giingér in [A note
on n-Banach lattices, J. Appl. Funct. Anal., 2015]. We also give
definitions of an almost 2-normed vector lattice and an almost 2-Banach
lattice. Then, some theoretical examples and results are given.
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1. Introduction

All vector spaces are considered over the reals only. Let (E, <) be an ordered vector
space. A vector z in an ordered vector space F is called positive whenever 0 < x. The
set of all positive vectors will be denoted by ET. A wector lattice (or a Riesz space) is an
ordered vector space E with the additional property that for each pair of element z,y € E
the supremum and infimum of the set {z,y} both exist in E. For any vector z in a Riesz
space E, define 27 := 2V 0 = sup{z,0}, ™ := —2 vV 0 = sup{—=z, 0}, |z| := sup{z, —z}.
A Riesz space E is called Archimedean if and only if, given 2,y € ET such that na <y
holds for all n = 1,2,..., we have x = 0. A norm |-|| on a vector lattice is said to be
a lattice norm whenever |z| < |y| implies ||z]| < ||ly||. A vector lattice equipped with a
lattice norm is said to be a normed vector lattice. If a normed vector lattice is also norm
complete, it is referred as a Banach lattice. Every positive operator from a Banach lattice
to a normed vector lattice is continuous [1, Theorem 12.3]. All lattice norms that make
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a vector lattice a Banach lattice are equivalent [1, Corollary 12.4]. We refer to [1,6,8,9]
for definitions and notation not explained here.

The theory of 2-normed spaces was first introduced by Gahler [2] as an interesting
linear generalization of the theory of the normed linear spaces which was subsequently
studied by many authors. For a fixed number 2 < n € N, an n-norm on a real vector
space X (dim(X) > n) is a mapping ||-,...,|| : X™ — R which satisfies the following
four conditions:

1. ||z1,...,zx| = 0 if and only if z1,...,z, are linearly dependent,

2. ||-...,-|| is invariant under permutation,

3. ||zt ey et anl| = | |21, - -y Tn—1, Tn || for any o € R,

4. ||lz1, ..,y + 2] < 21y Tyl T, T, 2
The pair (X, ||-,...,||) is called an n-normed space. A sequence (zj) in an n-normed
space (X,]-,...,-||) is said to converge to an x € X if

lim ||zx — 2, y1,-.-,Yn-1]| =0
k— oo

for all y1,...,yn—1 € X.

The following definition of an n-lattice norm was introduced by Sagir and Giingor
[7] and by the help of this definition they studied spaces of regular operators and order
bounded operators between n-Banach lattices and Banach lattices. The definition that
they gave is as follows.

1.1. Definition. (Definition 1, [7]) Let E be a vector lattice. An n-norm ||-,...,:|| on a
vector lattice E is said to be an n-lattice norm whenever |z| < |y| implies

|z, z1, -« s 2Zn—1l| < |y, 21, ..., 2n-1]| for all z1,...,2n—1 € X. When E is equipped with
an n-lattice norm, it is defined as an n-normed vector lattice. If the n-normed vector
lattice E' is complete, then it is called as n-Banach lattice.

It’s known that the space ¢, with 1 < p < 0o is a vector lattice with respect to the
partial ordering introduced by defining that = < y iff 1 < y, holds for all £ [1] and also
it is an n-normed space [3] with the norm

1 p
sl = [ S0 S etz )P
J1 Jn

where i,k =1,2,...,n, jy =1,2,... and

=

xljl R xljn
25, e 23,
det(z;j5, ) = det
Tngjq e Tnjp
(p [I's---,-ll,) was given as an example of n-normed vector lattice in [7]. But unfor-

tunately, any vector lattice providing the Definition 1.1 does not exist. Because of this
reason, this example is incorrect and this study is meaningless. In this paper, we show
the non-existence of such vector lattice providing Definition 1.1 and the incorrectness of
this example. Then, we obtain some results by giving a different definition.

2. 2-Norms on vector lattices

For convenience we will take n = 2 throughout the study. However, it can be given
for an arbitrary n € N, n > 2.

Firstly, we show that the vector lattice (£p,||-,-||,) is not a 2-normed lattice as given
in Definition 1.1. That is why, the example given by Sagir and Giingor is not correct.
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We assume that ({p, [, ||,) is 2-normed lattice. If we take z = (1,1,0,0,...), y =
(2,1,0,0,...) and z = y then it is easy to see that x,y,z € £, |z| < |y| and 1/2V/P =
Iz, 2], < lly,2]l, = 0. This is a contradiction. Even though z and y are chosen as
linearly independent, there is still a contradiction. To illustrate, put z = (2,1,0,0,...),
y = (3,4,0,0,...), z = (2,3,0,0,...) and note that =,y,z € £,, |z| < |y| and 4/2V/7 =
e, 2l < lly, 2, = 1/2177.

Now, we show that not only for this example but also for any vector lattice Definition
1.1 is not provided.

2.1. Lemma. If (E,|-,-||) is a 2-normed vector lattice, there exists an element x in E
such that x+ # 0 and z~ # 0.

Proof. Every 2-normed vector lattice is Archimedean. Let z,y € E* be such that nz <y
holds for n € N. Then ||nz, z|| < ||y, z|| for all z € E, n € N. By the definition of 2-lattice
norm, ||z, z|| < (1/n) ||y, z|| for all z € E, n € N. Since R is Archimedean, ||z, z|| = 0 for
all z € E. This means z = 0. Assume by the way of contradiction that (z —y)" =0 or
(x—y)” =0forall z,y € E. Then z < y or y < x and so E is totally ordered. From
these, E is totally ordered and Archimedean. By the Proposition 3.4 in [8, Chapter II]
FE is isomorphic to R, which is impossible. Hence the statement is proven. O

2.2. Theorem. Let E be a vector lattice, then there s not any 2-norm on E such that
E is 2-normed vector lattice.

Proof. Suppose there is a 2-norm ||-,:|| on E such that whenever |z| < |y| implies
llz, || < |ly,z]|| for all z € E. By Lemma 2.1 there exists an element x in E, differ-
ent from zero, such that ™ # 0 and 2~ #0. As ™ Ax™ =0, 27 and = are linearly
independent [1, Chapterl.1, Exercises 2]. Since |z7| =27 < 2" +2~ = |27 + 27| and
FE is a 2-normed vector lattice, then Hx"’,er +a:_H < ||xJr +az +x_H = 0. This
contradicts that ™ and =+ + ™ are linearly independent. O

As seen from the above theorem there is not any vector lattice that provide the
definition given by Sagir and Giingdr. So, we give the following definition.

2.3. Definition. A norm ||| on a vector lattice E is said to be an almost lattice norm
if there is a constant K > 0 such that whenever for all z,y € E, |z| < |y| implies
lz]] < K||y||- A vector lattice equipped with an almost lattice norm is said to be an
almost normed vector lattice. If an almost normed vector lattice is also norm complete,
it is referred as an almost Banach lattice.

2.4. Theorem. Ewvery positive operator from an almost Banach lattice to an almost
normed vector lattice is continuous.

Proof. The proof is the same as the proof of Theorem 12.3 in [1] with a slight difference.
]

2.5. Corollary. All almost lattice norms that make a vector lattice an almost Banach
lattice are equivalent.

Proof. 1t is the same as the proof of Corollary 12.4 in [1]. O

Let (E, ||-,-]|) be a 2-normed space and {a, b} be a linearly independent set on E. The
following functions

&

llll.

[z, all + [lz, bl (see [2])
max {[|z, al , ||z, b]|} (see[4])
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define a norm which is called as derived morm on E. Hence, all 2-normed spaces are
normed spaces. It is easily seen that the norms ||-||* and ||-||, are equivalent. Therefore,
it is not important which one is taken in the following definition.

2.6. Definition. Let E be a vector lattice, ||, || be a 2-norm on E and ||-||* be derived
norm defined with respect to the linearly independent set {a,b}. The 2-norm |-, -|| is said
to be an almost 2-lattice norm with respect to {a,b} if the norm ||-||* is almost lattice
norm. The 2-norm ||-,-|| is said to be an almost 2-lattice norm whenever the norm |-||*
is an almost lattice norm with respect to all linearly independent sets {a, b} in E. When
FE is equipped with an almost 2-lattice norm, it is defined as an almost 2-normed vector
lattice. If an almost 2-normed vector lattice E is complete with the ||| norm with
respect to all linearly independent sets {a, b} in E, then it’s called as an almost 2-Banach
lattice.

By Corollary 2.5, if F is an almost 2-Banach lattice then the derived norms ||-||* are
equivalent for all linearly independent sets {a, b} in E.

2.7. Example. Let E = R? equipped with Euclidean 2-norm ||, -|| defined by

llz, yll =

1 Y1
det = |z —x
( . )’ |z1y2 21|

where © = (z1,22), ¥y = (y1,y2) € R?. This is the area of the parallelogram determined
by the vectors = and y. Given the standard basis {e1, e2}, define a norm by

)™ = [l ex]l + [|=, x|
where 2 € R%. Choose = = (z1,22), y = (y1,y2) € R? with |z| < |y|. We have

™ = llz, exll + [z, e2ll = [z + [2] < Jya] + [ya] = lly, exll + [ly, e2ll = [lylI” .
If we choose linearly independent set {a = (0,1),b = (1,2)}, z = (1,1), y = (1,2) then
|z| < |y| but not ||z||" < |ly||". Hence, the norm ||-||* defined with respect to linearly

independent set {a = (0,1),b = (1,2)} is not lattice norm. But (R?,|-,-]|) is almost 2-
Banach lattice.

2.8. Theorem. (R?,||-,-||) is almost 2-Banach lattice.

Proof. Choose arbitrary linearly independent set {a = (a1,a2),b = (b1,b2)} and z =
(z1,22), vy = (y1,y2) € R3such that |z| < |y|. We get

(B

[z, all + [l b]|

|x1a2 — x2a1| + |T1b2 — T2b1|

<zl faz| + [@2| [ar] + 21| [b2] + |22 [b1]
= |z1] (Jaz2| + |b2]) + |2z2| (lax| + [b1])

< (Jza] + [z2])(Jaa| + |az| + [b1] + [b2])
< (sl + [y2D(lax] + [az] + [br| + [b2])
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and
(lya] + ly2) lla, bl = (lyz] + [y2])(Ja1b2 — a2b1])
|yra1b2 — y1a2b1| + |y2a1b2 — y2a2b1 |
= |y1a1b2 — y2b1a1 + y2bira1 — y1az2bi|
+ |y2a1b2 — y1a2b2 + y1a2b2 — y2a2b1|

< aa| (Jyrbe — y2ba) + [ba] (|y2a1 — yrazl)
+ [b2| (ly2a1 — yraz|) + |az| (|yr1b2 — yab1])

= (larl +1la2)) [[ w0 | +(lo2] + [b2]) | y, @ ||

< (el + laz| + [b2] 4 [b2])(lly, bl + [y, all)

= (laa| + laz| + [ba] + [b2]) [[y]" -
These yield that

lzI” < (yal+ 2D (as] + laz| + [b2] + [b2])
< (ml+ |a|2|| +b|bll + [ba|)® Il
a7 H

Hence (R2, [l-,-]l) is an almost 2-normed vector lattice. Now, we show that R, []1%)

is complete. Let (21) = (2x,yr) C R? be a ||-|* —Cauchy sequence. By the above
inequalities we drive

(la1] + laz| 4 [b1] + [b2])?
[ abl

2k — 2elly, = | — zel + yn — yel < Eah

and

llzk = 2zl < (laa| + laz] + [bo] + [b2]) [z — 2ell; -

A simple argument shows that (R?, ||-||*) is complete because (R?,||-||,) is complete where
I2lly = |zl + |yl z = (z,y). O

The space of all bounded functions on a non-empty set X is denoted by B(X) and
B(X) is a Banach lattice with its usual norm defined by

1flloe = sup [f@)] (f € B(X)),

and the pointwise partial order defined by f < g when f(z) < g(z) for all z in X. The
following formula define 2-norm on B(X)

£ 9lloc :== sup
z,y€X

f@) e@ \|_ o
det( f) 9y )‘ = 5w /(@)9() = Fy)g ()]

2.9. Theorem. (B(X),|,||.,) s an almost 2-Banach lattice.

Proof. Let f,g € B(X), |f| < |h| and ||| be derived norm, defined with respect to
arbitrary linearly independent set {g1, g2} .We get

1A = lf g1l + 1f5 920l
= sup [f(z)g1(y) — f(y)g:(2)[ + sup [f(2)g2(y) — f(y)g2(2)]
z,yeX z,yeX

< sup [f(@)]|g1(w)[ + sup [f(y)]]g1(z)|
z,yeX z,yeX
+ sup |f(2)|lg2(y)[ + sup [f(y)]lg2(z)]
z,yeX z,yeX

2[[flloe (lgrllo + llg2llos)

IN
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Since || fll, < 17l

117 < 21l (1911l + llg2llo0)
holds. On the other hand, we have

1Pl 1915 9210 = jg)glh( 2)| Sup l91(%)g2(y) — 91(y) g2 ()|
= zjl;léxlh( 2)91(2)g2(y) — h(2)91(y)g2()]
— sup | MRN@)02() — hy)gi(@)92(2) + hly)gi(2)92(2)
sayex | —h(@)g1(y)g2(2) + h(2)g1(y)g2(2) — h(2)g1(y)g2()
|91 ()] [h(2)g2(y) — h(y)g2(2)]
< sup +192(2)| |h(y)g1(z) — h(z)g1(y)|
2EVEX 491 (y)] |h(z)ga(z) — h(2)g2 ()]
< lgrlle 17 g2lloe + 192l o 17 911l o + 1911l oo 1175 G211 o
= 2|lg1llo I1hs g2l + 192l oo 17 g1l o
< 2(llg1llo + llg2lloo) 1Ry g2l + NAs g1ll)
= 2(lg1lloe + llg2lloo) IR]I"
Accordingly,

e LUl + Nl92]l.0)
- g1, 921l

Hence B(X) is an almost 2-normed vector lattice. Let (fx) C B(X) be a ||-||*-Cauchy
sequence. By the above inequalities we drive

2(]l91]l o + 192 o .
I = fell o < (llg1ll oo + llgz]l ) — Al
lg1, 92|l o

[IR" -

and

[1f5 = fell” < 211 fx = fell o (911l + 19211oc)-

A simple argument shows that (B(X), ||-||*) is complete because (B(X), ||-||..) is com-
plete.

As for every subvector lattice of almost 2-normed vector lattice is an almost 2-normed
vector lattice and (C(X), ||||.,) is complete, we can give the following corollary.

2.10. Corollary. If X is a non-empty compact topological space and C(X) is a real
linear space of all real continuous functions on X , then C(X) is an almost 2-Banach
lattice with the same partial ordering and 2-norm given in the Theorem 2.9.

For the special case X = N we have B(X) = {l. Therefore, we get the following
corollary because ({c, ||-||,,) is complete.

2.11. Corollary. /s is an almost 2-Banach lattice with the same partial ordering and
2-norm given in the Theorem 2.9.

As mentioned in the introduction, the space £, (1 < p < 00) is a vector lattice and
2-normed space with the norm
1
_ P\ P
det( i T )‘ )
Yk

) is an almost 2-Banach lattice.

2,91, = ( DY

2.12. Theorem. (¢, |, -

[
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Proof. Let |z| < |y| and ||-||* be derived norm defined with respect to arbitrary linearly
independent set {a, b} in £,. Because [|z||, < ||ly[|, and from Fact 2.1 in [3] it follows that
lel™ =l all, + [l bl
1—1 1—1
27 lall, llall, +27 % ll=ll, [[oll,
1—1
27 7 (llall, +10ll,) 11,

_1
277 (llall,, + l15l1,) lly1l, -

I IA

IN

From Lemma 2.2 in [5] we have

lyll, lla, bll, < 21lall,, lly, bll, + 1011, lly, all, < 2(llall, +118ll,) ly1l"-
Then,

91
P

* 2 *
[l SW(HallerIIpr)2 llyll™-
»olp

On the other hand, from the above inequalities, we obtain

2(llall, +11011,)
* 1—1 *
llzlI” <277 (llall, + [I6l],) lz]l, and =[], < W [l ]
> olp
for all z € £,. Since (¢p, ||[|,) is complete, we may conclude (£p,[|,-[,) is an almost
Banach lattice. u

As mentioned above, each 2-normed space is a normed space with the norm ||-||*. It
is easily see that a convergent sequence in the 2-norm is convergent sequence in the ||-||*
norm. The converse have not yet been concluded exactly. Gunawan and Mashadi show
that a convergent sequence in the ||-||* norm is a convergent sequence in the 2-norm in
finite dimensional 2-normed space and ¢, space [4]. We obtain that it is hold in an almost
2-Banach lattice.

2.13. Theorem. Let (E,|-,-||) be an almost 2-Banach lattice and ||-||" be a norm defined
with respect to arbitrary linearly independent set {a,b}. A sequence in E is convergent
in the ||-||* norm if and only if it is convergent in the |-, || 2-norm.

Proof. If a sequence in X is convergent in the 2-norm, then it will certainly be convergent
in the ||-]|* norm. Conversely, suppose that (zx) converges to an z in the ||-|| norm and
let y be an arbitrary element of E. Since dimension of F is greater than 1, there exists
an element z € E such that y, z are linearly independent. Let ||-||* be the derived norm,
defined with respect to linearly independent set {y, z}. If E is an almost 2-Banach lattice,

then || . [[*and ||-||* are equivalent by Corollary 2.5. Then,we have
0 < flox — 2yl < llox — 2yl + llox — 2, 2l = llox — 2]|* < M Jag — 2"
for some M > 0. This implies that (x) converges to x in the ||-,-|| norm. O

We can give the following corollary from the above theorem.

2.14. Corollary. A sequence (fx) in B(X) is convergent in the ||-||* norm if and only
if it is convergent in the |-, || 2-norm.

2.15. Theorem. Let (E,||-,-||,) and (E, |-, ||,) be almost 2-Banach lattices. A sequence
(xk) in E is convergent in the ||-,-||, 2-norm if and only if it is convergent in the ||-,-||,
2-norm.
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Proof. Let ||-||7 and [-]|5 be derived norms, defined with respect to any linearly indepen-
dent set {a,b}. Choose (zx) C E,z € E and suppose that (xx) converges to z in the
|-, -]l; 2-norm, that is klim |zx — x,y||, = 0 for every y € E. Hence klim lzx — || =0,
—00 —
by the Theorem 2.13. Since (E,||-,-||;) and (&,]||-,-||,) are almost 2-Banach lattice,
|I-/I7 and ||-||5 are equivalent. Therefore, klim lzx — z||5 = 0, so by the Theorem 2.13
— o0

klim lzx — x,yl|l, = 0 for every y € E. The proof of the converse direction is similar. [
:— 00

References

1
(2]
3]

Aliprantis, C.D. and Burkinshaw, O. Positive operators, Academic Press, Orlando, 1985.
Géhler, S. Lineare 2-normierte rdume, Math. Nachr. 28, 1-43, 1964.

Gunawan, H. The space of p-summable sequences and its natural n-norms, Bull. Austral.
Math. Soc. 64, 137-147, 2001.

Gunawan, H. and Mashadi, M. On n-normed spaces, Int. J. Math. Math. Sci. 27, 631-639,
2001.

Idris, M., Ekariani, S. and Gunawan, H. On the space of p-summable sequences, Mat.
Vesnik. 65, 58-63, 2013.

Luxemburg, W. A. J. and Zaanen, A. C. Riesz spaces I, North-Holland, Amsterdam, 1971.
Sagir, B. and Giingtr, N. A note on n-Banach lattices, J. Appl. Funct. Anal. 10, 70-77,
2015.

Schaefer, H.H. Banach lattices and positive operators, Springer, Grundlehren 215, Berlin,
1974.

Zaanen, A. C. Riesz spaces II, North-Holland, Amsterdam, 1983.



