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Exponential decay of thermo-elastic Bresse system
with distributed delay term
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Abstract

The paper considered here is one-dimensional linear thermo-elastic
Bresse system with a distributed delay term in the first equation. We
prove the well-posedness and exponential stability result, this later will
be shown without the usual assumption on the wave speeds. To achieve
our goals, we make use of the semi-group method.
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1. Introduction and previous results

In the present paper we are concerned with the Bresse system with a distributed delay
term,

(1.1)
prow — k(0o +lw + ), — kol (we — 1p) + pope + [2 pu(s)pr (2, — s)ds = 0,
p2thit — bipae + k (o + 1w + ) + 70, =0,
prwee — ko (we — 1@), + Kkl (02 + lw + ) =0,

P30t + gz + Y = 0,
agqe + Bq+ 0. =0,

where (z,t) € (0,1) x Ry with the Dirichlet conditions:
(1.2)  ¢(0,t) = p(1,t) =9(0,t) =¢(1,t) = w(0,¢) = w(l,t) = 0(0,t) =0,t >0
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and the initial conditions

@(xvﬂ) = (,00(1'), (pt(ZC,O) = wl(m% 1/1(96: 0) = 1/10@)7

¢t(9570) = ¢1($)7w($7 0) = 11)0(1'),’11)75(1', 0) = 11)1(1'),.% € (07 1)
6(z,0) = 0o(z), ¢q(x,0) = qo(z)in (0,00) in (0,00)

@t(-’ﬂ»*t):f()(xat) in ( ) (

»(0,t) = ¥2(0,t) = w(0,t) = 0(0,¢t) =0, Vt>0

wa(1,t) =¢ (1,¢) =w (1,t) = q(1,¢) =0, VE>0

71 and 72 are two real numbers with 0 < 71 < 72, po > 0 is a positive constant and
w: [r1,72] — R is an L*° function, p > 0 almost everywhere and the initial data
(¢o0, p1, %0, %1, wo, w1, fo,00,q0) belong to a suitable Sobolev space. We prove the well-
posedness and establish both an exponential stability results depending on the following
parameters

_ (1 _okes) (pr _p2)_ e _
(1.4) n—(l pl)(k b) 2 and k= ko

and under the assumption

15) oz [Clats)lds

T1

(1.3)

=
—
X

Originally the Bresse system consists of three wave equations where the main variables
describing the longitudinal, vertical and shear angle displacements, which can be repre-
sented as (see [5]):

1o = Qz +IN + Fy
(1.6) pbie = My — Q + I
prwie = Ny — 1Q + F3

where
(1.7)  N=ko(ws —lp),Q =k(ps +lw+), M =bip,

We use N, @ and M to denote the axial force, the shear force and the bending moment.
By w, ¢ and ¢ we are denoting the longitudinal, vertical and shear angle displacements.
Here p1 = pA = pl, ko = EA,k = K'GA and | = R™*. To material properties, we use
p for density, F for the modulus of elasticity, G for the shear modulus, K for the shear
factor, A for the cross-sectional area, I for the second moment of area of the cross-section
and R for the radius of curvature and we assume that all this quantities are positives.
Also by F; we are denoting external forces.

System (1.6) is an undamped system and its associated energy remains constant when
the time ¢ evolves. To stabilize system (1.6), many damping terms have been considered
by several authors. (see [1], [2], [3], [4],[8], [10], [19])-

By considering damping terms as infinite memories acting in the three equations, the
system (1.6) have been recently studied in [8]

prpw = Gh (9o +lw + ), — Ehl (wa = lp) + [ g1(8)¢ax(t — s)ds =0,
(1.8) P2t — Elthes + Gh (0 + lw + ) + f0°° 92(8)Vga(t — s)ds =0
prwg — Eh (we —lp), +IGh (o + 1w+ 1) + fooo 93(8)Wgs(t — s)ds =0

where (z,t) €]0, L[xR4,g; : Ry — R4,4 = 1,2,3 are given functions. The authors
proved, under suitable conditions on the initial data and the memories g;, that the
system is well-posed and its energy converges to zero when time goes to infinity, and
they provide a connection between the decay rate of energy and the growth of g; at
infinity. The proof is based on the semigroups theory for the well-posedness, and the
energy method and the approach introduced in [7], for the stability.
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In [2], the authors considered the Bresse system in bounded domain with delay terms in
the internal feedbacks

prpe — Gh (o + 1w +9), — Ehl (we — lp) + ppe + pape(x,t — 1) =0,
(1.9) P2Vt — Elpze + Gh (g + lw + ) + pithe + @t(m,t,: T2) =0
prwss — Eh (we — lp), +1IGh (pz +lw + ) + prws + pows(x,t —7m3) =0

where (z,t) € (0,1) x (0,+00),7 >0 (i = 1,2, 3) are a time delays, p1, 2, 141, 2, 41, 42
are positive real numbers. This system is subjected to the Dirichlet boundary conditions
and to the initial conditions which belong to a suitable Sobolev space. First, the author
proved the global existence of its solutions in Sobolev spaces by means of semigroup
theory under a condition between the weight of the delay terms in the feedbacks and the
weight of the terms without delay. Furthermore, they studied the asymptotic behavior
of solutions using multiplier method.

The Bresse system (1.6) is more general than the well-known Timoshenko system where
the longitudinal displacement w is not considered [ = 0. There are a number of publica-
tions concerning the stabilization of Timoshenko system with different kinds of damping,
in this regard, we note the next references (see [9], [6] [12], [13], [14], [16], [18], [20], and

[21]).

2. Well-posedness
We will prove that the system (1.1)-(1.3) is well posed using semi-group theory by

introducing the following new variable as in [15]

(2.1)  z(z,p,t,s) = (z,t —ps),z € (0,1),p € (0,1),s € (11,72),t > 0.

Then, we have

(2.2) sze(x, pyt, s) + zp(z, p,t,8) = 01in (0,1) x (0,1) x (0,00) X (71, T2)

Therefore, problem (1.1) can be taken as

prpee — k(o + 1w + 1), — lko (we — 1p) + popr + [ pu(s)z (w,1,¢,5) ds = 0,
szi(z, p,t, 8) + zp(x, p, t,8) = 0,

prwis — ko (we — ), + 1k (pz +lw + ) =0,

P30t + gz + YY1 =0,
aqt + Bq+ 0, = 0.

(2.3)

With the same boundary conditions and the initial additional conditions:
(2.4) { z(z,0,t,8) = ¢ (x,t) on (0,1) x (0,00) X (71, 72),

z(x,p,0,s) = fo(z,ps) on (0,1) x (0,1) x (11, 72)
We set

U = (¢, 06,2, %, e, w,wi,0,9)"
then
U = (@h Oty Zt, Yio Yit, We, Wet, O, Qt)T .

Therefore, we can rewrite the problem (2.3)-(2.4) as
(2.5) { U'(t)+ AU (t) =0,

U (0) = (o, 91, %0, %1, wo, w1, fo,0,q),
We define the operator A as
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e _k _ kol N Mu T2
” o (e +lw+ ), — 20 (ws — l<p) + B+ - le wu(s)z (x,1,t,5)ds
z 3 Zp
[ 71)

Al v | = — 2o + oo (po +lw + ) + L0s
w —w
w *%(ww*lw) + A (o + lw + )
0 7(11 JF wtz
q fq+ 9

We now consider the following spaces
H:(0,1) ={he H" (0,1): h(0) =0},

£(0,1)={he H'(0,1): h(1) =0},
H?(0,1) = H?(0,1) N H! (0,1),
H?(0,1) = H*>(0,1) N H} (0,1),
and
H = H!(0,1) x L*(0,1) x H! (0,1) x L*(0,1),

H}(0,1) x L?(0,1) x L*(0,1) x L?(0,1),
xL? ((0,1), (11, 72), Hj (0,1)) .

We will show that the operator A generates a Cp semigroup on H. Let us define on the
Hilbert space H the inner product, for

U= (p,u,2,%,0,w,@,0,9)7 T = (2,u,%¢,0,,%,0,7)

1 1
(U,0), = k:/ (¢x+w+zw)(¢x+a+m)d:ﬂ+k0/ (we — 1) (We — 1) dz
0

1 1
(2.6) —|—p1/ uudm—i—pg/ vvdx—i—pl/ wwdaz—f—b/ Yethed
0

1
/ / / z(x,p,8)Z(z,p, s )dpdsdx—l—pg/ ngx—}—a/ qqdx
0 0

H is a Hilbert space for [ small enough since, in this case, the above inner product is
equivalent to the natural inner product defined on K.
The domain of A is given by

UeH/pe H2(0,1);¢,w e H2(0,1),u,0 € H (0,1);v,,q € H (0,1)
(27) D(A) = ZELQ ((07 )7(7—1=T2)7H01 (07 1))?“(12):2(:5»0:5) in (011)
@z (1) = 0,wz (0) = ¢ (0) = 0.

We now prove that A is a maximal monotone operator. For this purpose we need the
following two Lemmas.

2.1. Lemma. The operator A is monotone and satisfies, for any U € D (A),

(2.8) (AU, U)q4 [3/ ¢ dz + (,uo - /:2 w(s) ds) /OL u? () da.

1

Proof. For any U € D (A), using the inner product and integration by parts, estimate
(2.8) can be easily shown. O

2.2. Lemma. The operator I + A is surjective.
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Proof. We need to show that for all F = (f1, fa, f3, f4, f5, fo, fr.fs, fo)© € H, there exists
U € D (A) such that

(2.9) U+ AU=7.

that is

—u+@=fi € H(0,1),

—k (pa + 1w +9), — kol (we — lp) + pru+ pope + [ u(s)z (z,1,t,8)ds = p1f2 € L?(0,1),
z+s 'z, = fs € L*((0,1),H" (0,1)),

—v+¢=fie HH(0,1),

(2.10) ~bus + k (z + 1w + ) + p2v + 40, = p2fs € L (0,1),

—w+w=fg Eﬁi(o,l),

—ko (we —lp), + kl (pz + lw + ¢) + prow = p1 fr € L7 (0,1),

4o + 7V + p3f = pafs € L* (0, 1),

(B+a)g+ 0, =afy € L*(0,1).

From (2.10)9, we obtain

(2.11) 9:a/0zf9(y)dy—(ﬂ+a)/ozq(y)dy,

then 6 (0,¢) = 0. Inserting u = ¢ — f1,v = ¥ — fs, @ = w — feand (2.11) into (2.10),,
(2.10)s, (2.10)7,(2.10)s we get

—k (o + lw + 1), — kol (we — l) + pro + powe + [ p(s)z (x,1,t,5)ds = ha € L (0.1),
—btbus + k (pa + 1w+ ) + p2¢p — (8 —a) g = ha € L* (0.1),

(2.12) —ko (wa — 1), + Kkl (po + 1w + ) + prw = hs € L* (0.1),

g+ (B+ ) [y q(y)dy —y¥e = ha € L*(0.1),

z+8 'z, =hs € L*(0.1),

where

hi=p1 (f + f2),

ha = p2 (fa+ f5) — avfo,

(2.13) hs = p1 (fo + f7),

ha = = fae — p3 (fs — [y fo (y) dy),
hs = 2+ s '2,.

Furthermore, by (2.10) we can find as

(2.14)  z(z,0,s) =u(z) for z € (0,1),s € (11,72),

and from (2.10), we have

(215)  2(2,p,8) +5 220 (2,,5) = fs (,p,5) on (0,1) x (0,1) x (71, 7)
From (2.14) and (2.15) we obtain,

P
(2.16) z(z,p,s) =ulx)e " + sef"s/ f3(z,0,s) e’ do.
0
So, from (2.10) on (0,1) x (0,1) X (71, 72),
p
(2.17)  z(m,p,s) = p(x)e” " — fre”° 4 se* / f3(z,0,8)e” do.
0

and, in particular,

z (l‘, 1, S) = u(x)eis + 20 ($, 8) T € [03 1] 8 € (Tla T2)
with

20 € L? ((O, 1) X (7‘1,7’2))
defined by

P
z(z,p,8) = —fre P+ sef"s/ fa(z,0,8)e” do,x € [0,1],s € (11,72) .
0
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To solve (2.13) we consider
218) a((pv,w,0), (9.5,9)) = L(5.9,5,9),
where
1 7l 7l 2 2
a: [H (0,1) x H(0,1) x H!(0,1) x L (0,1)} —R

is the bilinear form given by

o (w00, (3.5..0))

1

k/ol(gaerleri/}) (@+zw+$)dx+(ﬁ+a)/ qidz

0

I 1 1
+b /0 boeds + po /0 $lde —y (B +a) /0 oz
1 1 1
o [ wldsty(Ga) [ wdnspr [ wdds

0 0 0

1 1
+ko/ (wz — lp) (We —lcﬁ)dac—i-/ Hoppdr
0

/ gogo/ “fdsdx
(2.19) (e [ ( / ady [ Tway) o

and
L: [H,} (0,1) x H! (0,1) x H! (0,1) x L (0, 1)} R,

is the linear form defined by

L(@,J,a,a) - /Olhlgodx+/

(2.20) +(a+B) / h4/ y) dydz

/ / ) 2o (z, s) dsdzx.

Now for V = H! (0,1) x H! (0,1) x H} (0,1) x L?(0,1), equipped with the norm

(s, w, )T = (P + % + L) 15 + [ (we — L) 15 + llvall3 + llall
and using the fact that

1

. 1

1

1
(2.21) /(soi+wi+wi)dx§c/ (P + ¢ + 1w)* + (wy — 1p)* +7) da
0

0
for I small enough, it follows that L and a are bounded. Furthermore, from the definition
of a, we get

1 1 1
a((g, Y, w,q), (g, ¥, w,q)) = k/o (soz+w+lw)2dx+ko/o (wz*lso)2dx+b/0 Yada

1 1 1
+p2/ vidr + (p1 + uo)/ Pidz + pr / w?dz
0 0 0

+(5+a)/01q2dx+p3(5+04)2/01 (/qu(y)dy)Q

ey c||(§07¢7w7Q)H%/

Vv
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Thus a is coercive. Consequently, by Lax—Milgram Lemma, system (2.12) has a unique
solution

e H(0,1),¢ € H! (0,1),w € H! (0,1),q € L*(0,1)

Substituting ¢, 1, w and ¢ into (2.10)1, (2.10)s, (2.10)s5, and (2.10)s, respectively, we get
we H(0,1),ve H!(0,1),w € H! (0,1),0 € HE (0,1).

Now, if
(4,@.3) = (0,0,0) € 72 (0,1) x H!(0,1) x L (0,1),

then (2.19) reduces to

(2.22) k/ol (pz + ¢ + lw) pzdx — ko /01 (we — ly) pdx + p1 /01 podr = /01 higdz,

for all 3 in H} (0,1) which implies

(2.23)  —kaw = kthe + 1 (k + ko) we — (kol® + p1) ¢ + h1 € L?(0,1).

Consequently, by the regularity theory for the linear elliptic equations, it follows that
©e H(0,1).

Moreover, (2.22) is also true for any ¢ € C* ([0,1]), ¢ (0) = 0 which is in H} (0,1) . Hence,

for all ¢ € C* ([0,1]), ¢ (0) = 0, we have

k/ol Papadr — /O1 (ke + 1 (k + ko) wa — (kol® + p1) ¢ + h1) ¢da = 0.
Thus, using integration by parts and bearing in mind (2.23), we get

P (D@ (1)=0, Vo eC ([0,1]),6(0) =0.
Therefore,

vz (1) =0.
Similarly, we get

~ban = —kpw — (k+ p2) 9 — lkw — 7y (a + B) [ q@dx + ha € L (0,1)
(2.24) —kwae = —1(k + ko) po — Uk + (p1 + I’ko) w + hs € L* (0,1)
—qe =We — (a+ B) ps [ g (y) dy + ha € L*(0,1)

thus, we have
¢, w e HE(0,1),q € Hi (0,1),w, (0) = ¥, (0) = 0.

Finally, the application of the regularity theory for the linear elliptic equations guaran-
tees the existence of unique U € D(A) such that (2.9) is satisfied.

Consequently, using Lemma 2.1 and Lemma 2.2, we conclude that A is a maximal mono-
tone operator. Hence, by Lumer—Philips theorem (see [11] and [17]) we have the following
well-posedness result: O

2.3. Theorem. Let Upe H, then there exists a unique weak solution U € C (R"’,ﬂ{) of

problem (1.1)-(1.8). Moreover, if Uo € D (A), then U € C (R*, D (A))NC" (RT,H).
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3. Exponential stability

In this section, we state and, by using a multiplier technique, prove our stability result
for the energy of the solution of system (1.1)-(1.3) given by

1 1
Et) = 5/ [PMO? + p2tbf + prwi + b2 + p36® + ag”
0
(3.1) +k (o2 + ¥ + lw)? + ko (we — lp)?] da

/// s |ps (8)] 2% (x, p, 5, t) dsdpdz.

To achieve our goal, we need a several Lemmas.

3.1. Lemma. Let (p,¢,w,0,q,z) be the solution of (1.1)-(1.3). Then the energy func-
tional, defined by (3.1) satisfies

1 1
(3.2) E'(t) < —ﬂ/ ¢dz — no/ prdz < 0,Vt >0,
0 0

, (1.1)s, (1.1)4, and (1.1)5 by @+, ¥+, we, 6, and g, respec-

Proof. Multiplying (1.1)1, (1.1)2
tively, and integrating over (0, 1), using integration by parts and the boundary conditions
we obtain the desired result (3.2). O

3.2. Lemma. Let (p,,w,0,q,z) be the solution of (1.1)-(1.3). Then the functional
given by

(3.3) Fi(t):=aps / / y) dydz

satisfies, for any €1 > 0, the estimate

1 1 1
(34) F (t)g—”i’/ 02da:—|—61/ w?da;+c<1+i)/ ¢’ dax.
2 0 0 €1 0

Proof. Taking the derivative of Fi, using the fourth and fifth equations in (1.1) and
performing integration by parts, we get

(35 Fi(t)= —p3/ 0 dx—|—a/ q dz—i—a'y/ qz/)tdx—ﬁpg/ / y) dydz.
0

We then use Cauchy—Schwartz and Young’s inequalities with €1 > 0 in (3.5) to obtain
(3.4). O

3.3. Lemma. Let (9,9, w,0,q,z) be the solution of (1.1)-(1.8). Then the functional
1 T
(3.6) Fy(t):= —@/ 9/ e (y) dydz
7 Jo 0
satisfies, for any €2,e3 > 0, the estimate

1 1
(3.7) Fy(t) < J’i/ w,?dx+52/ (z + 1 + lw)® da
0

1 1
+53/ wzd:c—&—c(l—l— — + ) / 92dx+c/ ¢*dz.
€2 &3 0 0
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Proof. By differentiating F>, then exploiting the second and fourth equations in (1.1),
and integrating by parts, we get

1 1 1 1
F(t) = pr/ vide — 22 | quedz +p3/ 0%dx — bﬂ/ 0o dz
0 7 Jo 0 Y Jo
kpg 1 x
(3.8) +— | (pz+9+1lw) [ 0(y)dydz.
7 Jo 0
Estimate (3.7) follows by using Cauchy—Schwartz and Young’s inequalities. O

3.4. Lemma. Let (9,9, w,0,q,z) be the solution of (1.1)-(1.8). Then the functional

(39) F(t)i=p /01 ¢ (w/ozwy)dy) dz

satisfies, for any €4 > 0, the estimate

]C 1 lk 1 1
Fi(t) < —5/ (gpx+¢+lw)2dm—7o/ (wx—ltp)zdac—&—a/ Yide
0 0 0

1 1 T2
(3.10) +c (1 + i) / pidx + c/ / | ()] 2% (z,1, s,t) dsdx
€4/ Jo 0 Jr

Proof. Taking the derivative of F3 (t), and using that,
(B11)  2(2,p,5,0) = fo (x, ps) in (0,1) x (0,1) x (0, 72)

and integration by parts, we obtain

B = plfolsat/ozwt(y)dydm—/ol(w/ozwy)dy)/jms)z(m,l,s,t)dsdx

1 1
—k/ (oo + ¥+ lw)2 dr + p / go?dx — lko / (we — lc,o)2 dz
0 0 0

(3.12) —Ho /01 o (@ + /Ox Y (y) dy) dz.

Using Young’s and Poincaré’s, and Cauchy-Schwartz inequalities, for estimate the terms
in the right hand side of (3.12)

1 T 1 1
613 n [ e ( / w<y>dy) do<es [ widas 2 [ ptas,
0 0 0 €4 Jo

where g4 > 0. O

3.5. Lemma. Let (9,9, w,0,q,z) be the solution of (1.1)-(1.8). Then the functional

(3.14) F4 (t) = p2/ 1/1’(/)td33
0

satisfies the estimate
/ b [t b
Fy(t) < ) Yedr +p2 [ Yipde
0 0

2 1 1
(3.15) +%/ (¢ + b + lw)? dw—l—c/ 0°dz.
0 0
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Proof. Taking the derivative of F4 and using the second equation in (1.1), it follows that

1 1 1
Fi(t) = —b/ ¢idm+p2/ z/zfda:+7/ Yo b
0 0 0
1
(3.16) —k/ (pz 4+ + lw) dz.
0
Using Young’s and Poincaré’s inequalities, we obtain estimate (3.15). O

3.6. Lemma. Let (p,v¥,w,0,q,z) be the solution of (1.1)-(1.8). Then the functional

1 1
(3.17)  F5(t) :==—p1 / ot (we — lp) dz — p1 / we (pz + ¥ + lw) dx
0 0

satisfies the estimate
1 1 1
F. t) < —lko/ (we — lgo)2 dr — lpl/ w?dac + lpl/ go?dm
0 0 0
1 1 1t s
+lk/ (goz+17/)+lw)dm+c/ Yide + 5/ (wy — lp)* da (/ ,u(s)ds) dz
0 0 0 T1
1 1 T2 9
(3.18) +§ / / | () ]2° (=, 1, s,t) dsdx.
0 T1

Proof. By differentiating F5 and using the first and the third equations in (1.1), we obtain

1 1 1
Fi(t) = —lko/ (wy — lp)° dz — lpl/ wids + lpl/ oldx
0 0 0
1 1 1 T2
+”f/ (301+1/1+lw)d:r+c/ Yida +/ (/ ,u(s)ds) (we — lp) dx.
0 0 0 T1
Estimate (1.1) follows thanks to Cauchy-Schwartz inequality. O

3.7. Lemma. Let (p,v¥,w,0,q,z) be the solution of (1.1)-(1.8). and let k = ko. Then
the functional

(3.19) Fs(t) := —pl/o (ot + wwy) dz

satisfies the estimate

1 1 1 1
Fi(t) < —p1/ @fdx—m/ wtzdx—l—c/ ¢idm+k‘o/ (wy — lp)* dx
0 0 0 0

1 1 T2
+c/ (goz+1/1+lw)dx+%/ <p2dx(/ ,u(s)ds)dx
0 0 T1
1 1 T2 5
(3.20) —|—§/ / | () 127 (z,1, s,t) dsd.
0 T1

Proof. A simple differentiation of Fg, using the first and third equations in (1.1), leads
to

1 1 1 1
Fit) = —pl/ gofdx—pl/ wfdm—i—c/ widm—i—ko/ (we —lgo)2 dx
0 0 0 0

—|—c/01 (ipx+w+lw)dx+/01 (/ﬂmu(s)ds> pdx.

Estimate (1.1) follows thanks to Cauchy-Schwartz inequality. O
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3.8. Lemma. Let (p,1,w,0,q,z) be the solution of (1.1)-(1.3) and let (1.4) holds. Then
the functional

1 b 1
Fr(t) - :pz/ 1/)t(soz+w+lw)dw+% pripadr
0
b 1
+ﬁ ﬂ—— /thdaz—f &—p—;)/ q(pe + ¥ + lw) da
0
bl bl
(3.21) "2/ Yiprda + k‘“/ witpdz
0
satisfies,
E [t 1 22 [
F ) < —f/ (goz+¢+lw)2dx+57/ widr + /1/)§d:n
2.Jo 0 k Jo
’ ! 2 1 1 2 1 1 2
+e7 (we —lp) dx+c|1+ — Yrdr+c| 1+ — q dx
0 €7 0 €7 0
1 L b 1
+c 1+—, 0°dx + — 0z (2 + ¢ + lw) dz
0 YT Jo
bp1 2 m bp1
+§ 1/)zd33 w(s)ds ) de + —— (z,1,s,t)dsdx
T1
bps (p1 p2 /1 /72 9
+o (% b)0 (s)ds | 62de
bps (222
(3.22) +— 27 b / / % (2,1, s,t) dsda

Proof. A simple differentiation of F7 gives

1 1
Fé(t) = P2/ wtz(ipx+¢+l1U)d$E+p2/ Yt (ot + VPr + lwe) do
bp1 bpl/ bps (p1 p2 /1
_— 2 d. 2t d, —_ - = O pid
Jr',{: Otpttw T — ViPatdr + — (k b)o L orda
b 1
+ﬁ &_7 /Gtﬁpttdx_*(&_&)/ qt (pz + 9 + lw) dx
b 0
_9 p_p2 _bl% "2
5 (k: b)/o qt (Yat + b + lwe) dx ; i dx
lep2

! bl bl
¢tt1/)dl’ + 7];;1 ttwdx + — pl wtwtda:
0

ko J,
bpl 72

+ﬁ/ (/Tl p(s)ds) Yedz

bps (1 _ p2 /1 /

+ry (lc b) ; . wu(s)ds ) Oidx

Estimate (1.1) follows thanks to Cauchy-Schwartz inequality. O

3.9. Lemma. Let (p,¢,w,0,q,2) be the solution of (1.1)-(1.3) and (2.2). Then the
functional

(3.23) Fs(t /// e \u(s)| 2* (x, p, s, t) dsdpdx
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satisfies, for some positive constant ni, the following estimate

FS < fn1/ // s|p(s)] 2% (z, p, s, t) dsdpdz
1
(3.24) / / / | 2% (x, p, s, 1) dsdpdw—i—,uo/ prdx.
0

Proof. Differentiating Fs (¢), and using the equation (2.2), we obtain,

Fg = —2/ / / e P lu(s)| z (z, p, 8,t) 2 (z, p, 5, t) dsdpdz

= _*/// e’ |u(s)| 2% (z, p, 5,t) dsdpda
/// e |u(s)| 2° (z, p, 5,t) dsdpdz

—/ / |1 (s)] [e_sz2 (x,1,s,t) — 2° (x,0, s,t)] dsdpdzx
™1

(3.25) /// e~ |1 ()] 2 (@, py 5, 1) dsdpda.

Using the fact that z (z,0,s,t) = ¢; and e™* < e °° < 1, for all 0 < p < 1, we obtain

1 T2 T2 1
-/ / e ()| o Los, O dsdpds + [ u(s)lds [ ptda
T1 0
(3.26) /// | 2° (z, p, 5, t) dsdpdz.

Because —e™° is an increasing function, we have —e™° < —e™ 72, for all s € [11, 2]

Finally, setting n; = e~ ™ and recalling (1.5), we obtain (3.24). O

3.10. Lemma. Let (p,9,w,0,q,z) be the solution of (1.1)-(1.3). Then the functional

620 B == [ (e —to) [Cw @ dvds—ps [ oo [ o v i) @)yt

satisfies the estimate

1 1 1
F(t) < - (% — cuo) / oidr — ko/ (we — lp)? dx: —|—p1/ widz
0 0 0

1 1 1
+<1+5M0+E>/ (<pz+1/)+lw)2dx+%/ Yide
0 0

(3.28) +%/ |ds/ / *(z,1,s,t) dsdx

Proof. A simple differentiation of Fg, using the first equation in (1.1), leads to

Fy(t) = —pl/o1 (wx—lw)t/;wt (y)dydﬂﬁ—m/()1 (wy — 1) (/Ozwt (y)dy>tdfﬁ

—m/o w/ox(soz+w+lw)(y)dydx—p1/o ©t (/Om(tpz+w+lw)(y)dy)tdx

Now, we estimate the terms in the right hand side of (3.27) using Young’s, Poincaré’s,
and Cauchy-Schwartz inequalities, with the fact that k = ko, give (3.28) O
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3.11. Theorem. Let (o, 9, w,0,q, z) be the solution of (1.1)-(1.8) and assume that n =0
and k = ko. Then the energy functional (3.1) satisfies,

(3.29) E(t) <coe 5t>0
where co and c1 are positive constants.

For N, N; > 0, we set
(3.30) L(t):=NE(t)+> NiF (t)

First, we must prove the equivalence between E(t) and £ ().

3.12. Lemma. For two positive constants c1 and c2, we have
ClE(t) S L(t) S CQE(t)Vt 2 0

Proof. Now, let

t) = f:g NiFi(t)

|1£(t)| < Nlapg/ |9/ \dydac—i—ng?pS/ \(9/ P (y) |dydx

+N3p1/ |t (go+/ P (y dy) |d-’E+N4,02/ [Yepe|da

+Nspr / i (s — 1) [dz + 1 / e (e + 0 + ) |
0 0

1 1
+ Nopr / | (pe + wwr) |dz + Nops / (s + 1 + L) |de
0 0

bpr ! bps (p1 . p2 !
+N77,/0 “Ptiﬂzldm'FN?T (Z—’_?) ) |0§0t|d5€

b 1 le 1
+N7f(%+& [ atoet vt i+ N2 [ i
0
blpl —sp
+Nr—— ‘wt’l“dx + Ns |M | (17, Ps 57t) |d8dpd$’

+N9p1/ | (we — L) / we (y )|dydx+p1/ |90t/ (pz + ¢ +lw) (y) |dyde.

Exploiting Young’s, Poincaré’s, Cauchy-Schwartz inequalities, (3.1), and the fact that
e <1 for all p € [0,1], we obtain

1
L) < c/ [0f + 97 +wi + 97+ 0> +¢° + (o + 9+ 1w)? + (wa — lp)?] dz
0

1 1 T2
w [ o) s dsdpio
0 0 T1
< cE(t)

Consequently, |£(t) — NE(t)| < cE(t) which yields
(N —c)E(t) < £(t) £ (n+c)E(t)

choosing N such that (N —¢) >0 O
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Proof of Theorem 8.11. By differentiating (3.30) and recalling (3.4), (3.7), (3.12), (3.15),
(3.18), (3.20), (3.22), (3.24) and (3.28)

1 1
L't < [N3 (c(l + a)) + Nslpi — Nep1 + Ngpo — Ng(% — clo) — N,uo} / npfdx
0

_ ) )
+ | Nie1 —ng—;—|—N354+N4p2—|—N5c+N7c(1+—)—i—Ngﬂ} Yide
0

[ b 2b%1? b
+ N253—N4§ +NGC+N7( k ,U«O pl :|/ %dﬂf

+ [=Nslp1 — Ngp1 + Nze7 + Nopi] / wi dx
0

1 1
+-N2 +N2(+?+E)+N4C+N701+ :|/9d
2 3

1
+ Nlc(1+5—)+N2c+N7c(1+—)—Nﬂ / ¢dx
1 0

[ k k? !
+ stQ—Ng + Ny— 5 +erk+Nec}/ (pz + ¥ + lw)dzx
0

lk 1
+ —sto + N5 % + Neko + N7eh — Noko / (wy — lp)°dx
0

—I—[Ngm/// s\u(s)|2*(x, p, s, t)dsdpdx

+ —Ngn1+7+7+CN3:|/ / m71,5 t)dsdx

At this point we choose Ng large enough so that

Ne N
—N8n1+—6+—5+cN3<0

Once Ny is fixed, we then choose N> large enough such that

1
Nier — N2*+N3€4+N4p2+N56+ N7C(1+ )+N9 <0

we choose N4,Ns,N1,IN3 large enough such that
20%12 N pobp1
k 2k

—Nslpi — Nep1 + Nrer + Nogp1 <0
1 1 1
—Nlﬁ +N2c(1 + o o)+ Naet Nee(14 ) <0

b
N2€3—N4§+NGC+N7( )<0

maX{NQ«SQ — N32 + N4 5 + Nslk + NﬁC 7N3* + N5 + Ngko + N7€7 — Ngk‘o} <0
finally, we choose N large enough such that
max{N3 (0(1 + i)) + Nslp1t — Nep1 + Nspo — No (5 — cpuo) — Npo, Nic(1+ é) + Nac+
Nre(1+4 ) = NB < 0}
By (3.1), we obtain

L' (t) < —apE(t) vt >0

for some ap > 0. A combination with Lemma 3.12 gives

(3.31) L) < —k1L(t) vt >0
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where k1 = 22
c2

Finally, a simple integration of (3.31) we obtain (3.29). O
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