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ABSTRACT: Special integer sequences can be generalized by different many ways. The basic form of these ways
is to add a parameter to recurrence relation. From special sequences, k-Jacobsthal, k-Jacobsthal-Lucas sequences
are obtained adding a parameter to the recurrence relation of the Jacobsthal and Jacobsthal-Lucas numbers. In
literature, there are some papers concerning the properties of k-Jacobsthal and k-Jacobsthal-Lucas sequences. But,
we think they are not sufficient, so we aim to study new properties of these generalized sequences. The features
related with k-Jacobsthal and k-Jacobsthal-Lucas sequences will be acquired through the Binet formulas,
recurrence relations, generating functions of these numbers.
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k-Jacobsthal ve k-Jacobsthal-Lucas Dizileri icin Yeni Ozellikler

OZET: Ozel tamsay dizileri birgok farkli yolla genellestirilebilir. Bu yollarin temel bigimi, yineleme bagintisina
bir parametre eklemektir. Ozel dizilerden, Jacobsthal ve Jacobsthal-Lucas sayilarinin yineleme bagintisina bir
parametre eklenerek k-Jacobsthal ve k-Jacobsthal-Lucas dizileri elde edilir. Literatiirde, k-Jacobsthal ve k-
Jacobsthal-Lucas dizilerinin 6zellikleriyle ilgili bazt makaleler bulunmaktadir. Ancak, bunlarin yeterli
olmadigini diisliniiyoruz, bu nedenle bu genellestirilmis dizilerin yeni 6zelliklerini incelemeyi amagliyoruz. k-
Jacobsthal ve k-Jacobsthal-Lucas dizileriyle ilgili 6zellikler, Binet formiilleri, yineleme bagintilari ve bu
sayilarin iireteg¢ fonksiyonlart araciligiyla elde edilecektir.

Anahtar Kelimeler: Binet formiilii, Ureteg fonksiyonu, k-Jacobsthal sayzs:, k-Jacobsthal-Lucas sayis:

1. Introduction

By changing recurrence relations, starting values or both of them are the most used type of obtaining generalized
special integer sequences. Sloane gave a very valuable and popular on-line encyclopedia of integer sequences to
the mathematics world in [2]. The Fibonacci sequence was the earliest special integer sequence in literature. Zhang
provided some identities about generalized second-order integer sequences in [14]. A generalization of the
Fibonacci sequence called k-Fibonacci sequence was studied by Falcon, Plaza, Bolat, and Catarino [2,3,6,8]. The
Jacobsthal and Jacobsthal-Lucas numbers are also popular examples of types of the second-order sequence. In
recent years, many authors have investigated these numbers. You can see the references [1,4,5] and cited therein.
In the year 1996, Horadam first studied in detail the Jacobsthal sequence [1]. We reproduce following Definitions
1.1 and 1.2. by Horadam. Srisawat, Sriprad, and Sthityanak derived fundamental identities for the Jacobsthal and
Jacobsthal-Lucas sequences by some properties of the matrices in [10]. Cerin discovered interesting sums formulas
of the Jacobsthal and Jacobsthal-Lucas numbers in [4,5]. There are some papers concerning the properties of k-
Jacobsthal and k-Jacobsthal-Lucas sequences in literature as [9,11]. A different generalization of Jacobsthal
sequence is encountered in [12].

In this section, we present a generalization of the classical Jacobsthal numbers by mean of a recurrence equation
with a parameter k. In the sequel, we will prove some properties which generalize the respective properties of the

classical Jacobsthal and Jacobsthal-Lucas numbers.
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Definition 1.1 For any natural number n, the Jacobsthal sequence {J,,};-, is defined beginning the values J, = 0,
Ji=1with J, =y 14+2Jn_s, (n=2)[1].

After the German mathematician Ernst Jacobsthal, they are called Jacobsthal numbers.

Definition 1.2 For n € N and the Jacobsthal-Lucas sequence {C,}-ois defined recursively by beginning the
values Cy = 2, C; = 1recursivelyby C, = C,_1+2C,_,, (n =2) [1].

The characteristic polynomial for the Jacobsthal and the Jacobsthal-Lucas numbers is denoted by x? —x — 2 =
0 and the roots are 2, -1. The Jacobsthal numbers are obtained by the Binet formula as
X =% _2"-(=D"
X, — X, - 3

. The Jacobsthal-Lucas numbers are obtained by the Binet formula as

Jh=
C,=X +X, =2"+(-1)"1].

Definition 1.3Forn € N, k > 0,k € R, the k-Jacobsthal sequence {]k_n}:;()is defined recursively by

Jio =0, Jka =1 Jun = klkn-1+2/kn-2 (n=2) [911].
If we take k = 1, the classical Jacobsthal sequence is obtained.
Definition 1.4 For n € N, k > 0,k € R, the k-Jacobsthal Lucas sequence {C,,}-,is defined recursively by
Cro =2, Ce1 =1 Cin=kCin1+2Cp_ (n=2) [11].

If we take k = 1, the classical Jacobsthal-Lucas sequence is obtained.

If we consider the given recurrence relations for k-Jacobsthal and k-Jacobsthal Lucas sequences as a difference

k+vk?+8 . k—vk?+8
SABLED SN —

equation, we get r> =Kkr+2 with the solutions of the equationare I =

2
For n €N, k > 0,k € R, the k-Jacobsthal numbers are obtained by the Binet formula as
Jin =7 (1.1)
Similarly, the k-Jacobsthal Lucas numbers are obtained by the Binet formula as
Con =11 +17 1.2)
[9,11].

Lemma 1.5 The following relations are satisfied by k-Jacobsthal and k-Jacobsthal-Lucas numbers
a) Ck,n: k]k,n+ 4']k,n—l
b) JinCin = Ji2n
¢) Jra+v-2 = Jraiv-1 + 2ka-Jkp-2
d) ]k,mn+r - Ck,m]k,m(n—l)+r + (_Z)m]k,m(n—2)+r =0
€) Jin+s = (K* + )i nsa — Ynsz [13]-

2. Some Properties on k-Jacobsthal Sequence
In the section, we present new features of the k-Jacobsthal sequence.

Theorem 2.1 For any a, b € N, the following equality holds for the k-Jacobsthal sequence

Jidip = Ya—2Skp—2
]k,a+b—2 = k .

Proof. We use the recurrence relation and Lemma 1.5(c) for the proof;

Jiarb-2 = Jeaip-1 + 2ia-1Jip—2

= Ja <]k,b _;]k,b—z) 42 (]k,a —If]k,a—2>]k'b_2
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_Jrddks — 2adkp-2 + 2kalip-2 = Yra-2Jip—2
B k

_Jiaddir = Hra—2Jkp-2
h k

Theorem 2.2 The expression (k*+8)jZ, + 4(—2)" is always equal to a perfect square.

Proof. From the Binet formula for k-Jacobsthal numbers; we get

n n

2
m—r
: - ) + 4(rr)"
n-—rn

(k% +8)Jn +4(=2)" = (1 —1)? (

=7t 4+ =2l A
=2+ 2rf g + i

=(rf' + 13)2= C2
It follows that, this is also a perfect square.

Theorem 2.3 Forany n € N, n > 0, the following equality holds for the k-Jacobsthal sequence

2 2
]k,n+1 - 4']k,n—l _
k - ]k,Zn

Proof. Using the recurrence relation of the k-Jacobsthal sequence, we get /. ,, = M and by Lemma

1.5, we hace Cyn=Klint 4lkn-1 aNd JxnCrn = Ji2n- Then,
Ck,n: k]k,n+ 2]k,n—1+ 2]k,n—1

:]k,n+1+ 2]k,n—l

Multiplying the equations together, we get the result

Co. = Jien+1=2 Jen-1 2 _ Tin+1—4kn-1 _
]k,n kn — K (]k,n+1 + ]k,n—l) - k _]k,Zn-

Theorem 2.4 The following equality holds for the k-Jacobsthal sequence

Ciontz + Cron +2(=2)"
]l%n + ]l%,n+1 =

k?+8
k+vk?+8 k-vk?+8 _
Proof . We use (1.1) for the proof where I, = T, and I, = T the roots of difference

equation of recurrence relation for k-Jacobsthal sequence.

2 2
g\ (it gt
2 2 —
]k,n + ]k,n+1 - +

= =

rlzn _ 2(7‘17’2)” + r22n 7.12n+2 _ 2(T1T2)n+1 + r22n+2

(ry — 1p)? (ry —1,)?
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_ Cion—2(=2)"+Cgan42—2(-2)"1
(ry—17)?

Con * Consz +2(=2)"
k?2+8

Theorem 2.5 Let m,n, andr € N, n > 2. The following equalities are satisfied

a) ]k,mn:]k,m(n—l)ck,m - (_Z)m ]k,m(n—z)'
b) ]k,mn+r:]k,m(n—1)+rck,m - (_z)m]k,m(n—2)+r'

Proof. From (1.1) and (1.2), we have

]k,m(n—1)+r Ck,m - (_Z)m]k,m(n—2)+r

m(n-1)+r m(n—-1)+r m(n-2)+r m(n-2)+r
_ (..m my 1 — 2 m \1 - N )
= (" +17") —(n13)
n—-n n—-n
m(n-1)+r m(n—-1)+r m(n-1)+r m(n-1)+r
T.1mn+r _ rl‘rnr.2 ( ) _ T.Zmr.1 ( ) _ 7,.2mn+r + T.Zmr.1 ( ) + T.lmr2 ( )
n—-n
7,.1mn+r _ rzmn+r ]
o —— k
rl _ rz mn+r

Theorem 2.6 For any m,n, andr € N, we get

D i " =
S 1= Cmx + (—2)mx2
n=

Z] n_ ]k,‘r +]k,m+rx B Ck,m]k,rx
fomntr 1 — Cpmx + (—2)™x2

Proof. Let T = Z?f:o]k,mn+r x" = ]k,r +]k,m+rx + Zf:z]k,mnﬂ" x".

We first multiply T with —Cj ,,x , then we get

— 1 1
_Ck,mXT - Z:ﬁ:o Ck,m]k,mn+r xn+ - _Ck,mjk,rx - Z?lozl Ck,m]k,mn+r xn+

= _Ck,m]k,rx - Z Ck,m]k,m(n—l)+r x™.
n=2

Similarly, multiplying T with (—2)™x?2 then we have
(_Z)msz = Z:zozo(_z)m]k,mn+rxn+2 = Z??:Z(_z)m]k,m(n—z)ﬂ*xn-
From these equations, we get

T(l - Ck,mx + (_Z)me) = ]k,r +]k,m+rx - Ck,m]k,rx + Z;O:Z[(]k,mrwr - Ck,m_]k,m(n—l)+r +
(_Z)m]k,m(n—2)+r)] x™.

By Theorem 2.5, we know that (]k,mn+r - Ck,m]k,m(n—1)+r + (_z)m]k,m(n—2)+r = 0)
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Jert km+rX—CimJirX
— o n — - s ; -
Thus, T = Y30 Jkmnar X = 1-Cpmx+(-2)Mx2 *

Theorem 2.7 If n € N and n > 2, then the following identity is satisfied by the k-Jacobsthal and k-
Jacobsthal-Lucas sequences

_ Cran — (=2)"2Cy
]k,2n+3]k,2n—3 - k2 +8 '

Proof. We use (1.1) and (1.2):

r12n+3 _ r22n+3 rlzn—3 _ 7,.22n—3
Jkon+alizn-s =

= n—n

3 ,,.14-11 _ r12n+3r22n—3 _ .r.22n+3.r12n—3 + 7,.24n
- 2
(rp —12)

ittt = ()0 + )
(ry —1p)?

6 6
T T
nt " = )™ Gtn) 6,;2)2)

(ry —1p)?

Croan — (=2)*"3Cye
k2+8

Theorem 2.8: If n € N and n > 2, then the following property is satisfied by the k-Jacobsthal sequence

2243 — (=2)" 2y 0 (KCp 3 + 16)
(k2 +8)2 '

]k,n—Z]k,n—l]k,n+1]k,n+2 _]I‘(}n =
Proof. The proof will be conducted using the Binet formulas associated with the sequences:

4
]k,n—2]k,n—1]k,n+1]k,n+2 - ]k,n

_ @ =T DO - e - ) - (o )

(i —1m)*

[len + Tzzn - (7"17"2)71_2@14 + T24)][T12n + Tzzn - (Tlrz)n_l(ﬁz + Tzz)]

(r —1p)*

it — Ar3tr ! + 6rF " — ArPrdt +
(ry —m)*
7’1411 + 7'24n + 27'12n7'22n + (7’12n + Tzzn)[_(rﬂ'z)n_l(ﬁz + Tzz) - (7”17”2)71_2(7”14 + 7”24)]

B (rn —1m)*

it — Ar3Trl + 6rF " — 4Pt

(r —1p)*

After some basic algebraic operations, we get
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_ 8r " + (" + ) ()" 1Py — 1 — 1 =] = A() (" + 1)

(rp—m)*
_ 8"y + (1" + i) () =1’y — 1Py — 1t — 1y — Ardr}
(r —m)*
)" B + Cranl -1 (i +1) — 13 (1 +1y) — 41}
(n —m)*

_ (E2)"*[B(=2)""" + Cyan[—kCis — 4(=2)°]

(rn —mp)*

_ 22n+3 _ (—Z)H_ch,Zn(kaS + 16)
(k% + 8)2 '

3. Some Properties on k-Jacobsthal-Lucas Sequence
In the section, we present novel features of the k-Jacobsthal-Lucas sequence.

Theorem 3.1 The following property is satisfied by the k-Jacobsthal-Lucas sequence

CenCrn+r = Ck,2n+1+k(_2)n .
Proof. We use (1.2) for the proof:

CemCrnsr=0 + 1) (P + 1% 1)
- r12”+1+r1nr2"+1 + r2nr1n+1 + T22n+1
=Crons1 + (1) (11 + 12)
=Cian+1 + k(=2)".
Theorem 3.2 The following property is satisfied by the k-Jacobsthal-Lucas sequence

Ck,n+4 = (kz + 4')Ck,n+2 - 4Ck,n-

Proof. The proof will be conducted by employing the recurrence relation of the k-Jacobsthal-Lucas sequence:
Cin+a =KCin3+2Ckp12

= k?Cy iz + 2KCh n11+2Ck n42

=k?Crnsz T2Cknsz = 4Cikn+2Cinsz

=k*Cyns2 + 4Chniz — 4Chp

=(k? + 4)Ci sz — 4Ci .

Theorem 3.3 The following identity is satisfied by the k-Jacobsthal-Lucas sequence

Cp1Cni1 + CppCp3=2Ck 20 + (=2)" Cpp + (=2)" 2 Cp .
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Proof. From (1.2), it is obtained that

Cn—lcn+1 + Cn—ZCn+2 = (rln_l + an_l)(r1n+1 + r2n+1) + (rln_z + an—Z)(rln+2 + r2n+2)

i o e A S e O S L o S A U SR ol

2

2

T’ T T’ T
= 2 2 ) (2 ) () (o
non non

= 2Ckon + (=2)" " Cpz + (=2)"? Cyy .

Theorem 3.4 The following equality holds for the k-Jacobsthal-Lucas sequence
Cinsr = 2C5n=K Cransr + (=2)"*2.

Proof. We use (1.2) for the proof:
Ciner = 205, = (7 + 1702207 + 13?2

:r12n+2 + 7,.22n+2_}_2(,',.17.2)n+1_2[,',.1211_'_7.2271_|_2(7,.17,.2)n]

=2 (rf — 2) + 2 (r2 = 2) -8(ryrp)"

=r2"(kry + 2 — 2)+ 12 (kry, + 2 — 2) +(=2)"*3.

=K Czns1 + (=2)™*3.
Theorem 3.5 Assume that m > n, then the following equality exists.

Ci,2mCi,2n=Cram+2n + 4" Ck2m-2n

Proof. By (1.2), we have

Cr2mCron=(rf™ + 5™ (rf™ + 15™)

:T12m+2n + T12mr22n + r22mr12n + T22m+2n

=Ck,2m+2n + (Ter)Zn(rlzm—Zn + r22m—2n)

— n
_Ck,2m+2n +4 Ck,Zm—Zn-

Theorem 3.6 The k-Jacobsthal-Lucas sequence verifies the following equality
Ckzt,zn+2+CI?,2n=Ck,4n+4+Ck,4n+5-22n+1-

Proof. We use (1.2) for the proof:

CRans2tCion = ("2 + 1M )24 (" + 157

— r14-n+4- + T24n+4- + r14-n + T24n + 2(_2)2n+2 + 2(_2)211

= Cran+atCran+2?"*15.
Theorem 3.7 Assume that m > n, then, the following equality holds:

Clg,m+n + (Z)chg,m—nzck,2m+2n + 22an,Zm—Zn + 4(_2)m+n.
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Proof. We employ (1.2) for the proof
Ciman + 22" Cmon = ("7 + 1) 24220 (" 4 1)

=p2MA2N | ppmn AR | p2mE2n 20 2m=2n g monpmen | p2m=2ny
=Ckx2m+2n T 2(_1)m+n2m+n+22n[Ck’2m_2n+2(_ 1)m-n2mTn
=Crzmean + 27" Chamozn +2(=2)"M42(=1)mHn2m*n

=Cr2n+am + 2°"Cam-2n + 4(=2)™™

4. Some Features Between k-Jacobsthal and k-Jacobsthal-Lucas Sequence
In the section, we present novel features between the k-Jacobsthal and the k-Jacobsthal-Lucas sequences.

Theorem 4.1 Letk € R" and n be a non-negative integer. The following recurrence relations hold

]k,n+1:r1]k,n + rzn

Ck,n+1=r1Ck,n —(7’1 - Tz)rzn

k+vk?+8 k—+vk?+8

where [, = —————, I, =
. 2 ? 2
Proof. If we use (1.1), we see the proof easily.

Theorem 4.2 The k-Jacobsthal and the k-Jacobsthal-Lucas sequences verify the following equality
Jie2nCrzne1 i anss — 4™

Proof. For the proof, the Binet formulas of the k-Jacobsthal and the k-Jacobsthal-Lucas sequences are used.

len _ 2N

_ 2 2n+1 2n+1
JionCrona1 = (r{™ 4™
n—n

i o ) =)

n—n =

“Jran+1 — 4",

Theorem 4.3 The following relation is obtained

— 2n+1
]k,2n+3Ck,2n+1 _]k,4n+4+k(_2) e

Proof. According to (1.1) and (1.2), we establish

r12n+3 r22n+3
— 2n+1 2n+1
Jizn+3Cronsr = (r{ +7; )
n—n
r12n+3r12n+1 + r12n+3r22n+1 _ T22n+37.12n+1 _ T22n+3T22n+1
n—-n

An+4__4an+4a 2n+3,.2n+1_,.2n+3,.2n+1
L&Y T2 + 1 2 iy 1

ri-r2 r1i-r2
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= Jkan+atk(=2)2""1

Theorem 4.4 The following relation is provided

]k,an,Zn = ]k,3n - (_Z)n]k,n-

Proof. According to (1.1) and (1.2), we get

=1y
]k,an,Zn = (rlzn + rZZn)
1= T2
3n 3n n n
oo ="
R R L L
n-n =

= ]k,3n - (_Z)n]k,n'

Theorem 4.5 The following equations are computed:

Ck,m+n+1 +Ck,m+n—1 + (_Z)n_lck,m—n+1

Jidemer T Jen-Jiem = 218

— n—-1
Ck,an,m+1 + Ck,n—lck,m_ Ck,m+n+1Ck,m+n—1 - (_2) Ck,m—n+1-

Proof . According to (1.1) and (1.2), we denote

_ @ =) e =t N T =rH e -

JenJkmer + Jen-tem =

n—-n n—n n—-n n-n
,’,.m+n+1 _ .rn.rm+1 _ .rm+1rn + _rm+n+1 + _rm+n—1 _ rn—l_rm _ ,r.m,r.n—l + ,r.m+n—1
_n 172 1 2 2 1 1 2 172 2
(rn —12)?

n,.m -1 m.,.n -1
_ Cemini1 + Comin—a —rm (g +10) =" (ry +1571)

(n —1)?
nr, +1 nr, +1
Cimint1 + Comin—1 +1{'13" (%) + (%)
B (n —12)°

n-1,.m m,n—1
~ Ckmans1 T Cman—1 =11 1 =11 13

(1 —1p)?

_ Ck,m+n+1 + Ck,m+n—1 + (_z)n_lck,m—n+1
k?+8 '

Theorem 4. 6 The following relations are evaluated:
]k,m+6 = k(kz + 6)]k,m+3 + 8]k,m
Cimss = k(k? + 6)Cimi3 + 8Cy -

Proof. The proof will be conducted by employing the recurrence relation of the k-Jacobsthal sequence and some
algebraic operations

]k,m+6 = (kz + 4')]k,m+4 - 4']k,m+2

:(kz + 4)k]k,m+3+2k2]k,m+2 + 8]k,m+2 - 4‘]k,m+2
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=(k? + D) mis*t2k]imes + CK? + Dfimez = 2k]imas

= (k% + 6K)Jkmez + (2k* + Dimrz = 2k Klimrz + 2iemr)
=(k* + 65)kmi3*t2k? [mez = 2k Jkmez + Yimez — 4kJkmer
=(k® + 6k) [ i m+z + 4(k]k,m+1 + 2]k,m) — 4k m+1

= k(kz + 6)]k,m+3 + 8Jkm

The other proof is made by a similar way.

5. Sum Formulas on k-Jacobsthal and k-Jacobsthal-Lucas Sequences

In the section, we present novel sum formulas for the k-Jacobsthal and the k-Jacobsthal-Lucas sequences.

Theorem 5.1 The following binomial sum is evaluated:

i kfkl_/kin_

i=0

Proof. The proof is denoted by (1.1), the binomial expansion, and the difference equation for the recurrence
relationas 2 = kry + 2, rf =kr, + 2.

n

N ki 2" C ki (1} -1 = . -
>0 =5 2 O5(5mn) == 2y (2 =3 ()t

i=0 i=0 i i=0

rlzn - T22n> _ ]k,Zn

=

1
=gy [k + 27 = G, +2) ]=2—n<

Theorem 5.2 The following binomial sums are obtained:
2m+1

2m+1
Z <2m + 1)] (—yrmiei k2™ Cramaa
. k,2i
L i =T
2m
2m 2m—i 2m
Z( i )(—2) Cr2i = k"™ C om-
i=0

Proof. The proof will be carried out using the Binet formulas and recurrence relations for the k-Jacobsthal and k-
Jacobsthal-Lucas numbers and the properties of the summation formula:

& 2m+ 1 1 O 2m+1
Z ( ; )]k,zi(_2)2m+1_l =r — Z ( ; )(_2)2m+1—1[r121 +7”221]
=0 1 2 =0
1 2 2m+1 2 2m+1
= (-2 - 2)

B (kr1)2m+1 + (kr2)2m+1

n—n

and, we get

10
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szj (*) 2ty = szj () iy + zzm: (*) 22ty
i=0 i=0 i=0

= (2= 2 + (F — 2
= (kr)®™ + (krp)*™ = k*™Cy -

Theorem 5.3 The following binomial sum is deduced:

2n

D (1) 2 s = K

: i

i=0
Proof. We shall demonstrate this by employing the binomial expansion (1.1) and (1.2) for the k-Jacobsthal and k-
Jacobsthal-Lucas numbers:

i (2:1) (=2)2" ]Gy = i (Zln) (=2)2n-i (%) (rf +7i)

i=0 i=0

= . i - i (Zln) (rlz)i(_z)Zn—i _ - i - i (Zln) (Tzz)i(_z)Zn-i
i=0 i=0

1
e r, [(r? = 2)*" = (7 — 2)*"]
1
2n
= — [ =" = k2™ 2m-

Theorem 5.4 The following sum is obtained:

n-—1
z CriJii  —4"Jx2-2n = Jion + Jk2
2k 25(1 — k?) '

i=0

Proof. The proof will be carried out by employing (1.1 and (1.2) and geometric series expansions:

S G L or - 2 —12

TS ’ 9 1 1 2 2

= r +r + G+ G2t .
i=0 2 Zk[(l 2)<7‘1_7’2> s 2)<7’1—r2) (r{ 2)(7”1—7‘2)
Tln_l—rzn_l
+ gy 2
(1 2 ) — ]

1 2 2 4 4 2n-2 2n—2
=m(r1—rz+r1—r2+...+rl _ pan-2y

1 2
= m[(rg Frf PR — (R At 4+ 1R

1 2

After we use geometric sum formula, we get

11
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1 (rlzn -2 rit— r22>

T2k )\ rE—1  2-1

3 1 22 — i — P+ v —rFd ik 4 it =
2k(ry — 1) (T12 - 1)(7"22 -1

_ 1 ()™ = ™)+ = =1
2k(ry — 1) (r12 - 1)(r22 -1

By the property (r2 — 1)(rZ — 1) =5 — (¥ + 17)=5-((r; + 12)% — 2(ry713) =1—k?, we have

_ 1 [_(r , )zn r12—2n _ 7,.22—2n B r12n _ 1,.22n N rlz _ 7'22 ]
2k(1 = k?) 172 =1 =1 =T

1 _(rer)Zn <r22n—2 _ rlzn—z

= _ 2n __ ..2n 2 _ .2
21—k - (rlrz)zn*) o)l

4 2n—2 — Jkon T Jk2
2k(1 — k2)

Conclusion

Some interesting features are obtained for k-Jacobsthal and k-Jacobsthal-Lucas sequence in the study. We think
that it can be found many more identities for these numbers. The Jacobsthal and Jacobsthal-Lucas sequences
may attract attention as Fibonacci and Lucas numbers by virtue of charming identities in scientific area.
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