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Abstract

In this paper, we propose the discrete Adomian ohposition method(DADM) to solve
linear as well as nonlinear fractional partial déifence equations and provide few
examples to illustrate the applicability of propdsmethod. The results show that
DADM is efficient, accurate and can be applied tioen fractional difference equations.

Keywords:Discrete Adomian decomposition method, fractiarder, partial
difference equations.

Ayrik Adomian ayrsim metodu ile kesirli mertebe fark
denklemlerinin ¢6zimu

Ozet

Bu makalede, hem lineer hem de lineer olmayan lkesiertebe kismi fark
denklemlerini ¢ozmek icin ayrik Adomian ayn metodunu(DADM) oOnerdik ve
Onerilen metodun uygulanabiligini gostermek icin birka¢c 6rnek verdik. Sonugclar,
DADM'nin etkili, dasru ve dger kesirli mertebe fark denklemlerine uygulanal®feci
gosterdi.

Anahtar kelimeler: Ayrik Adomian aystm metodu, kesirli mertebe, kismi fark
denklemleri.
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1. Introduction and preliminaries

Fractional calculus has received increasing atieanis one of the most important
interdisciplinary subjects in mathematical physmsemistry, mechanical and electrical
properties of real phenomena [24, 27]. On therotlaed recently, discrete fractional
calculus gain much attention [1, 8-11].

Most fractional differential equation do not havegse analytic solution. Therefore
various technigues have been developed to solse thguations [4, 18-20]. There are
many studies with these techniques [5, 6, 21, Z&, 2Adomian decomposition
method(ADM) is widely used to provide on analytiepproximation to linear/nonlinear
problems. ADM was first introduced by Adomian[4, SWazwaz has applied ADM to
solve various differential equations [26-20]. Llab& the discrete ADM(DADM) was
used to obtain numerical solution of partial diffietial equations [12, 15].

In this paper, we propose the discrete Adomian mgosition method to solve
fractional partial difference equations. To thestbef our knowledge, this is the first
time the DADM have been used to solve linear orlinear fractional order difference
equations. This method can be efficiently usel@&ol to accurate solutions for standard
fractional partial difference equations.

Definition 2.1:[9, 10]Let f:N, - R anda > 0, theath —order fractional sum off is
defined by

t—a
1 a—
ATU(E) = @Z(t — o) “ V£ (s), tEN,,

whereN, = {a,a+ 1,a+2,--}, o(s) =s+1.

The trivial sum is

S IGESIO) t €N,
and the falling function is

@ re+1) .
rt+1-oa)

This definition is analogous to Riemann-Liouvilladtional integral.
Throughout, we assume thattf+ 1 — a € {0,—1,--,—k,-}, thent(® =0 .

ry+1

AN = ¥ 7
INa+y+1)

t(@+y), y € R*

is known power rule.
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Definition 2.2:[1, 3] Letf:N, > R and a > 0. Let m € Ny, such thain — 1 < a < m.
The ath —order Caputo-like delta difference is given by

CAYF(E) = ZA{ SRINGI0)

1 t—(m-a)
_ . (m-a-1) ,
T T(m-a) Z (t=a(s) ATf(s), t € Ngym—a-
s=a
gA% maps functions defined aw, to functions defined oN, ,,—, -

For special cas® < a <1,

t—-(1—a)
o 1 (—a)
DO =gy ), (=) ars)
where Af(s) = f(s+1) — f(s) .
For the initial pointz € R, the discrete Leibnitz sum law holds
w1 AL () = (B — f (@), teN,

whered < a < 1.

2. Discrete Adomian decomposition method in fractioal difference equations

To illustrate the methodology to this method, wensider the nonlinear fractional
difference equation in the following general form

C

AUkt + LU + NUg e = gip, t € Ngiq-g, k €Ny €Y)
with initial condition

Uka = fk (2)

where0 < a <1, Uy, is the unknown function, g, . is the source terml, linear
difference and is the nonlinear difference operator.

Applying the fractional sum,,;_,A¢* to both sides of Eq(1l) and using the initial
conditions, we get

Ut = Gt = ar(1-aydt LUk + NUp:}, 3)

whereG, . represents the term arising from the source tarchfeom using the given
initial conditions.

The DADM decomposes the solution into a series
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Uge = ) Upye @)
n=0

and decomposes the nonlinear tevn, . into a series

NUee =) An, 5)
n=0

where 4,, depending oy ., Uy, .-+, Uk, are called the Adomian polynomials. For
the nonlinearityNU, , = M(Uy,), we determine the Adomian polynomials by using
definitional formula

_19m

n= EW M z Uk].‘tﬂ.j ) n=20,12,-- (6)
Jj=0

A=0

whereA is s grouping parameter of convenience.

If the zeros componerit, , is given then the remaining components wherel can
be determined by using recurrence relations agvisli

Uko,t = Gk,tl
Ukn+1,t = _a+(1—a)At_a{LUkn,t + An} ) n=>0. (7)

Therefore we obtain the solution from (4).

3. Applications to fractional difference equations

Example 4.1: Consider the fractional order discrete diffusamuation

SAR Uy = DiUy ¢ + kA Uy e + Up e, k€Ny tEN;_, 0<a<1 (8)
with initial condition

Uko =k, 9

where A, is the forward partial difference which is definad usual, i.e.A, Uy, =

Uk+1,t - Uk,t'
Applying ;_,A7* on both sides of Eq(8) and using the initial caoditwe get
Uee =k + l—aAt_a(Uk+2,t + (k= 2)Upy1e + (2 — k)Uk,t)- (10)

Substituting Eq(4) into Eq(10) we have
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D Ve =k + 10 (Z Ugrae + ) (= DUypne + ) (2 k)Ukn,t)
n=0 n=0 n=0 n=0

Thus we have following recurrence relations

Uko,t = Uk
Ukport = 1—aAt_a(Ukn+2,t + (k= 2)Upp41e + (2 — k)Ukn,t)J n=012..

Thus
Uko,t =k
and
2¢(@)
Ukt = kF(a +1)
(R G 1))%¥
fat = I'(2a +1)
(na)
2M(t+ (n—D(a—1
U = k (t+( )( )

I'ha + 1)

Therefore from (4) we obtain the solution

o (na)

2(t+ (n—1(a—1))

Un. = Z k = kE(p(2,0),

it ] I'(na + 1) @21
n=

where E 4 is the discrete Mittag-Leffler function.

Example 4.2: Consider the fractional order difference Schrgdmequation

iSA%Uy e + D2Upe + q|Uke|’Ue =0 k€Ng, t€N; 4 0<a<1 (11)
with the initial condition

U = ek, (12)
Applying ;_,A7* on both sides of Eq(11) and using the initial ctindj we obtain

Upe = ™ +iy_oA7" (A12<Uk,t + Q|Uk,t|2Uk,t)- (13)

The nonlinear term i§U ;) = |Uk,t|2Uk,t = UZ Uy , Which decomposed as an Adomian
polynomials.

Substituting Eq(4) and Eq(5) into Eq(13) we get
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Z Uy, t = etk i, ATY (Z Aﬁukn_t +q Z An>.
n=0 n=0 n=0

Since initial conditiorUy . is given we get following recurrence relations.

Ukot = Ugo
Ukport = il_aA;“(Uan,t —2Up 41, + Ug e + qAy) n=012..

According to Eq(6) we can compute first few compureof Adomian polynomials as
follows:

Ay = Uﬁo,tm

Ay = 2Up 1 Up, ¢ Up, e + Uﬁo,tm

Ay = 2Uky tUp, tUot + Uit Ukgt + 2Uko ¢ Uk Uiyt + Uiy Uy b

Az = Z(Uko,tUk3,tm + Ukl,tUkz,tWo,t + Uko,tUkz,th,t + Uko,tUkl,th,t)
+UZ Ukt + UR Uk, e

n
A= D" UitV Tr e

Thus we have the following solution:

Up, e = eitt
itk gy (@
Ukt =I5 5 1)
U e w?e™(t+ (a — 1))(2a)
kot F2a + 1)
. _,w3ei”‘(t + 2(a — 1))(305)
kot = 1 TGa+ 1)
U= a)"e”k(t +(n—1)(a—- 1))(na)
knt =L I'na + 1) ’

wherew = (el —1)* +q.

Thus from (4) we get the solution

-~ wre™(t+(n—D(a—1 (nr) .
Uk,t — Z in ( ( )( )) — e”kE(a)(iw, t)

Fna+1)

n=0

4, Conclusions
Discrete Adomian decomposition method is succegsapplied to fractional partial

difference equations with discrete time derivatiw€0 < « < 1). From the obtained
results, we conclude that DADM can provide hightcwarate solutions for fractional
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partial difference equations. It can be promisimgthod to solve other nonlinear partial
difference equations.

References

[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]

[9]
[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

Abdeljawad T., On Riemann and Caputo fractionffedencesComputers and
Mathematics with Applications, 62, 1602-1611, (2011).

Ablowitz M.J. and Ladik J.F., Nonlinear ftérential-dfference equation and
Fourier analysisJournal of Mathematical Physics 17, 1011-1018, (1976).
Ablowitz M.J. and Ladik J.F., A nonlinear fiirence scheme and inverse
scatteringStudies in Applied Mathematics 55 , 213-229, (1976).

Adomian G., A Review of the decomposition methodapplied mathematics,
Journal of Mathematical Analysis and Applications 135, 501-544, (1988).
Adomian G., Solving frontier problems of physics: the decomposon
method, Boston: Kluwer Academic Publishers, (1994).

Adomain G., Solution of coupled nonlinear partiaffetential equations by
decompositionComputer and Mathematics with Applications 31, 117-120,
(1996).

Agarwal, R.P., Difference equations and inequalities Marcel Dekker,
Newyork, (1992).

Anastassiou G.A., About discrete fractional calsulith inequalities, intelligent
mathematics: computational analydistelligent Systems Reference Library
5, 575-585, (2011).

Atici F.M. and Eloe P.W., A transform method irscliete fractional calculus,
International Journal of Difference Equations, 2, 165-176, (2007).

Atici F.M. and Eloe P.W., Initial value problenms discrete fractional calculus,
Proceedings of the American Mathematical Sociefyi 37, 981-989, (2009).
Atici F.M. and Sengul, S., Modeling with fractidndifference equations,
Journal of Mathematical Analysis and Applications 369, 1-9, (2010).
Bratsos A., Ehrhardt M. and Famelis I.T., A diserétdomian decomposition
method for discrete nonlinear Schrédinger equatidyplied Mathematics
and Computation, 197, 190-205, (2008).

Bulut H. and Evans D.J., On the solution of the cRic equation by the
decomposition methodnternational Journal of Computer Mathematics, 79
(1), 103-109, (2002).

Caputo M., Linear models of dissipition whose Qalgost independent- I,
Geophysical Journal of the Royal Astronomical Soctg, 13, 529-539,
(1967).

Dhaigude D.B. and Birajdar G.A., Numerical solagoof fractional partial
differential equations by discrete Adomian decompasitn@thod Advences in
Applied Mathematics Mechanics 6, 107-119, (2014).

Ergut M. and Bulut H., The numerical solution ofd@rensional partial
differential equations by the decomposition methddurnal of Natural
Scienc&Mathematics, 42 (1), 07-20, (2002).

Evans D.J. and Bulut H., A new approach to the dyasamics equations: an
application of the decomposition methdaternational Journal of Computer
Mathematics, 79 (7), 817-822, (2002).

21



[18]

[19]
[20]
[21]
[22]
[23]
[24]

[25]

[26]

[27]

[28]

[29]

[30]

OZPINAR F.

He J.H., Variational iteration method-a kind of hoear analytical technique:
some examplednternational Journal of Nonlinear Mechanics, 34, 699-708,
(1999).

He J.H., Homotopy perturbation technig@@mputer Methods in Applied
Mechanics and Engineering178, 257-262, (1999).

Liao S.J., The proposed homotopy analysis technipuethe solution of
nonlinear problems., PhD Thesis, Shanghai Jiao Thmgersity, (1992).

Liao S.J.Beyond perturbation: introduction to homotopy analysis method
Chapman and Hall/CRC Press, Boca Raton, (2003).

Mickens R.E.Nonstandard finite difference models of dferential equations
World Publishing Company, Singapore, (1994).

Ozpinar F., Applying discrete homotopy analysighuoe for solving fractional
partial differential equationgntropy, 20(5), 332, (2018).

Podlubny I.,Fractional differential equations Academic Press: San Diego,
(1999).

Sharma D., Singh P., Chauhan S., Homotopy perforb&umudu transform
method with He’s polynomial for solutions of somiactional nonlinear partial
differential equationsinternational Journal of Nonlinear Science 21(2), 91-
97, (2016).

Wazwaz A.M., A reliable modification of Adomian’s a@anposition method,
Applied Mathematics and Computation,102, 77-86, (1999).

Wazwaz A.M., A reliable technique for solving limend nonlinear Schrodinger
equations by Adomian decomposition methd8lulletin of Institute of
Mathematics, 29, 125- 134, (2001).

Wazwaz A.M. A reliable analysis for nonlinear Swmifinger equations with
cubic nonlinearity and a power law nonlineari¥jathematical and Computer
Modelling, 43, 178-184, (2006).

Wazwaz A.M., A comparison between the variatio@tation method and
Adomaian decompostion methodJournal of Computational and Applied
Mathematics, 207, 129-136, (2007).

Wu G.C., Balenau D., Zeng S.D., Deng Z.G., Discriggetional diffusion
equationNonlinear Dynamics 80, 281-286, (2015).

22



