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Abstract

The present paper is devoted to some results concerning with the horizontal lift of tensor fields of type (1,0) from manifold B to its semi-tensor
(pull-back) bundle tB of type (p,q).
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1. Introduction

Let M, be an n-dimensional differentiable manifold of class C” and 7y : M, — B,y the differentiable bundle determined by a submersion 7;.
Suppose that (x) = (x*,x%), a,b,... = 1,...n—m;&, B,... =n—m+1,....mi, j,... = 1,2, ..., n is a system of local coordinates adapted to
the bundle 7; : M,, — B,,, where x* are coordinates in B,,, and x are fiber coordinates of the bundle 7; : M, — B,,. If (xi/) = (x“/,xa/) is
another system of local adapted coordinates in the bundle, then we have [14]

¥ =x7 (xh,xﬁ> ,

x% = xo <XB>. b

The Jacobian of (1.1) has components

0-(%)-(1 %)

where
o 8x°"
B 9xB-

Let (T) (Bm)(x = m(%),X = (x*,x*) € M,) be the tensor space at a point x € B, with local coordinates (x!,....x™), we have the
holonomous frame field

Oy @0y @... @y, X RdX2 @ ... @ dxe,

forie{l,...m}?, je{l1,....m}%, over U C By, of this tensor bundle, and for any (p,¢)-tensor field ¢ we have [[4], p.163]:

HU =110, @ ®...0 0y ®dx) @dx2 @ ...0dx's,

JiJg X

then by definition the set of all points (x/) = (x4,x% x%), x%= (" G=q +mP+4,1,J,...=1,...,n+mP* is a semi-tensor bundle 18 (Bm)

JiJg®
over the manifold M,, [14]. The semi-tensor bundle t,f (By) has the natural bundle structure over By, its bundle projection 7 : t;f (Bm) — Bm
being defined by 7 : (x,x%,x%) — (x¥). If we introduce a mapping 70, : £} (By) — My by T : (x*,x%,x%) — (x,x%), then 1§ (B,,) has a
bundle structure over M,,. It is easily verified that & = 7; o 7, [14].
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On the other hand, let € = 7 : E — B denote a fiber bundle with fiber F. Given a manifold B’ and a map f : B’ — B, one can construct in a
natural way a bundle over B’ with the same fiber: Consider the subset

FFE={(b\.e) e BxE|f(V')=m(e)}

together with the subspace topology from B’ x E, and denote by 7y : f*E — B', my : f*E — E the projections. f*¢ =m : f*E — B’ isa
fiber bundle with fiber F, called the pull-back bundle of € via f [[3], [5], [8], [10], [14]].

From the above definition it follows that the semi-tensor bundle (tf]’ (Bm), ™) is a pull-back bundle of the tensor bundle over B,, by ; (see,
for example [12], [14]).

In other words, the semi-tensor bundle (induced or pull-back bundle) of the tensor bundle (Tp (B ) ) is the bundle (tq (Bm), ng,Mn)
over M, with a total space ]/ (By) = {((x*,x%) ,x%) € M, x (qu) (Bm) : mp (x4, x%) = 7 (x*,x%) = (x¥)} C My, x (T ) (Bm).To a trans-
formation (1.1) of local coordinates of M, there corresponds on tq (B) the coordinate transformatlon

= (Xbﬂfﬁ) )
xa, :xa/ (xﬁ) 7 (12)

The Jacobian of (1.2) is given by [14]:

AY 0 0
A=(af)=| O A 0 , (1.3)
(@) 4(B) (@) 4(B) 4(B)
0 16)%A Alw) Ala)Aa)

where I = (a, 0, @), J = (b,B,B),1,J...=1,. n+m”+q,t(( ))—IG] g" Ag %’j; .

It is easily verified that the condition DetA # 0 is equivalent to the condition:
Det(Af]) # 0,Det (A ) #0, Dez(A( );éo

Also, dirnt{; (Bym)=n-+mPT4. In the special case n=m, tg (B is a tensor bundle T({’ (Bm) 161, p-118]. In the special case, the semi-tensor
bundles #} (Biy) (p =1, ¢=0) and t)(B,,) (p =0, g = 1) are semi-tangent and semi-cotangent bundles, respectively. We note that semi-
tangent and semi-cotangent bundle were examined in [[1], [7], [9]] and [[11], [13], [15], [16]], respectively. Also, Fattaev studied the special
class of semi-tensor bundle [2]. We denote by 3% (17 (B,,)) and 3% (B,) the modules over F (¢} (B,;)) and F (B,) of all tensor fields of
type (p,q) on t§ (B,,) and By, respectively, where F (¢} (B,,)) and F (B,,) denote the rings of real-valued C~ —functions on t§ (B,) and By,
respectively.

2. Horizontal lifts of vector fields and y—Operator

Let X € 3}(My) be a projectable vector field [9] with projection X = X*(x*)dg i.e. X = X (x*,x*)d; + X *(x*)dg. If we take account of
(1.3), we can prove that HHY! — & (HHX), where 17X is a vector field defined by

)?h
HHy _ | xB 2.1

.0

(x B a...s.“oc,,
Xl(zq F}gﬁ Bi...e..B Zﬁ 11—‘15)L ﬁll By )

with respect to the coordinates (x?, xP ,xﬁ) ony(By,). We call 11 X the horizontal lift of the vector field of the vector field X to 1§ (By) [14].
Now, consider A € 35 (B,) and ¢ € 3](B,,), then "YA € 3} (17 (By)) (vertical lift), yp € S} (¢] (Bn)) and 79 € 3} (¢4 (Bn)) have respectively,
components on the semi-tensor bundle tf; (Bm) [14]

0 0 0

Wy 0 _ 0 Yo = 0

A A 1o A (Ol 7P ¥ [ e 2.2)
BBy r=1p..p, P =1, &5, Pp,

with respect to the coordinates (x4, x%,x%) on t} (B,), where Ag: "'g” , 0% and (pg are local components of A and ¢.
By X
On the other hand, ™ f the vertical lift of function f € 39(By) on £} (By) is defined by [14]:

VVf:"fOﬁszOﬂ]OTL’QZfO?T. (23)
Theorem 2.1. For any vector fields X, Y on My, and f € 38(Bm), we have

HHj(Vvvf- _w (Xf)



340

Konuralp Journal of Mathematics

Proof. LetX € 3(1)(M,,). Then we get by (2.1) and (2.3):

HH)?VVf _HH Xlal(vv]c)

HH?va — HHX"a au (VVf) +HH}"('aaa (VVf) +HH gﬁaﬁ(\/\/f)
0 0
— Xaaa (Wf)
= "(Xf),

which gives Theorem 2.1.

Theorem 2.2. Let X be a projectable vector field on M. For the Lie product, we have
[HHXV’VVA} _w (VxA)

for any A € 35 (Bu).

[HH§7VVA]b B
Proof. IfA,B €3} (By)and | [FHX ,"VA]E are components of [ X " A]/ with respect to the coordinates (x”,x% xP) on t§ (By), then
[HH)?7VVA][3
we have
[HH)“("WA]J _ (HHX)[(;I(WA)J _ (WA)IaI (HHXV)J
~ ~\ & ~\ O
— (HHX)a aa(va)J + (HHX) 805(WA)J + (HHX) &a(va)J
o (va)a aa (HH?)J _ (VVA)(Z aa (HH?)J o (VVA)ﬁaE(HHf)J
—— ——
0 0
~ ~\ O
_ (HHX>u aa(va).l + (HHX) aa (WA)J
~\ O — ~
+ (HHX> aE(VVA)J _ (VVA)aaﬁ(HHX)J.
Firstly, if / = b, we have
~ ~ ~\ &
[HHX7WA]b — (HHX>(J aa (VVA)b + (HHX) aa (va)b
0 0
~\ O — ~
+ (HHX> %(V"A)b . (va)oc aﬁ(HHX)b
~—— N N——
0 A% X0
By --Bg
_ a...0 b
= App %X
0
= 0,

by virtue of (2.1) and (2.2). Secondly, if J = 8, we have

~ ~\ a ~\ &
[HHx7l'vA}B (HHX) 3 (va)ﬁ + (HHX> A (WA)ﬁ
N——" SN——
0 0
~\ 0 — ~
+ <HHX> aa(va)B _ (va)oc ()a(HHX)ﬁ
—_—— N N —
0 Aal..,ap 'X"b
Br-Bq
_ a...0 ﬁ
- Aﬁqu \aEX v
0

= 0,
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by virtue of (2.1) and (2.2). Thirdly, if J = B then we have

~ o ~\ a4 7 ~\ & a
[HHX7va]ﬁ _ (HHX) R (va)ﬁ + (HHX) O (va)ﬁ
~—— ~——
A% aj..op
B1--Bg By ---Bg
———
0

~\ O = — ~ 7

+ <HHX) aﬁ(va)ﬁ o (VVA)lZ aa(HHX)ﬁ
\v/ N——

Agll -Bp

~\ O =
s A
SN~ N
Aoy AL

p

__ o al“'api (04 ﬁl"'ﬁp 0...E...0p ﬁﬂ.

= X%aAy "y’ —X"Aq ", daty s lerg P
%/_/ =
Dtl...EN.OCp Otl“.aq
B1--Bp B1--Bq

& Bi...o..By

- 8p 0‘1 el
8131 L. 84

q
FXOAR T gt Y TS
N———— u=l

of...E...00 2 B,
= X0aAp g+ X"Ag pz_"rel a=X"A50 g, Z a,

a,, a ms...a,,
= aaA + Z F ' Z Faﬁu ﬁ]...O‘...ﬁq)

= (VXA)BI Bz/
by virtue of (2.1) and (2.2). On the other hand, we know that *” (VxA) have components

0
W(vxA)=| O
(VxA)g!

.

Bi.. Bq

with respect to the coordinates (x”, xP 7xﬁ) on t; (By,). Thus Theorem 2.2 is proved. O
We denote the curvature tensor of V by R € 31(B,,). Then R(X,Y) is an element of 3{(B,,) such that,

R(X,Y)Z=[Vx,VY|Z~Vix yZ

for any X,Y,Z € S3§(Bw).
From (2.1) we have:

Theorem 2.3. Let X and Y be projectable vector fields on M,, with projections X and Y on By,, respectively. For the Lie product, we have

FHX Y] <HH X Y]+ (7 1) R(X.Y).

[HH)? HH AY'}b
Proof. If X and Y are projectable vector fields on M, with projection X,Y € 3(1)(Bm) and [HH x HH 17}5 are components of
[HH)'(V,HH )7}[3
[HH X HH y1J \yith respect to the coordinates (x?, xP ,xﬁ) on t(By,), then we have
[HH)?’HH ?}J _ (HH?)I(’)’(HHS})J _ (HH?)I&I(HH)?)J‘
Firstly, if / = b, we have
[HH)?’HH ?}b _ (HHXV)IaI(HH?)b _ (HH?)I&I(HH}?)b
_ (HHX)a aa (HHy)b +(HHX)(X8a (HHy)b + (HHX)(X aa(HHY)b
~—— ~—
yb yb
N—— N——r
0 0
_(HH?)a aa (HHXV)b _(HH?)aaa (HHX")!} _ (HH?)H%(HHX)I?
—— ——’
Xb Xb
— —
0 0

— (HH}"(')aaa(HH?)b7(HH?)aaa(HH}?)b
= Xaaa?bfyaaafx\'b

—b

= [X7Y}
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by virtue of (2.1). Secondly, if J/ = 3, we have

[HH§7HH )7}[3 _ (HH?)IaI(HH?)ﬁ _ (HH?)I&I(HHf)ﬁ
(HHf)a O (HH)'})[? +(HH§)aaa(HH)7)B +(HH§)E&§(HH)'}')[3
~—— ~——
Yh Yh
—_——— —_———
0 0
_(HH?)a R (HH)'(V)B _(HH}';)aaa (HH)'(V)B _ (HH?)ﬁaa(HHj(v)ﬁ
~—— ~——
X5 X5
—_——— ———
0 0

_ (HHi)aaa(HH?)ﬁ _(HH?)(xaa(HHj(v)ﬁ
= X%9,YP —y®9,xP
= xyP

by virtue of (2.1). Thirdly, if J = f8, then we have

[HHX7HHy}E _ HHXIaI(Hyy)E . HHYIaI(HHX)E
_ HHxa aaHHYE+HHXaaaHHYE+HHXanTHHYE
N—_——
0
_HHya aaHHXﬁ _HHya aaHHXﬁ_ HHyﬁaaHHXF
——
0

_p _
= X0 = N gy T g X0 Y
A=1

q
+) tgl___“ﬁ_ﬁ Xﬁﬂl"ﬁ wdHYP _yag HHXP
p:l

q
+ Z 5o 5, X TR0 % X 155" 5, ¥ “Tap,

>~
I

1 G...ﬁq s B].,.Gu.ﬁq
—_——
5
- _X%) d (xl...e...aprﬁl y al...s...apxﬁ”_,a y 1_,[3,1
o Z’ﬁl.. +Z’ B
A=l

4
a o ...€...0p 3 a...£...Q o 08
+Y %9, thﬁl___ T ) _zzltﬁ""ﬁ" ryPrr ¢, X T o

A=
< ap...0 d ap...
*Yaaa(zt 1-+-Cp Xargﬁu)f Zt 1eee pﬂ Y.BMFEuaX FGB
g q
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» P
_ Z t[(;zllmemoz,,rﬁ;L X% (9Y%) — Z tgl‘“s'“apxayeaargls
Py =
p
-y E‘"E"“ﬁx"‘yerglyl" et Z g, ,..g.'f.ﬁ X*(9aY*)Tap,
A=1
q
£ YA XY, + Ztﬁ o XOY T,
u=1
p
+ Z f[(;?.'.'.'[‘ia'"‘x”Fﬁ’1 Y¥(daX¥)+ Z tal"'s'"a”XaY aerﬁx
A=1
2 oq el or 1—~ %(9 re
+ Y e xeyery, Zf ...... "5, Y (daX*)TGp,

>
Il

q
.0, 0 oy oy 0 4
- Zt 0o B, Y9X70ulGp, — Ztﬁ Lol p XY TGy Tag,

al...e---aprwﬁl (Xa (aay‘x) —_y“ (aaXa))
Br.--Bq

Il

|
W exli
-

A=1
[X,¥]*

q
+[th‘*}‘;~6”$ (X%(9a¥®) —Y*(9aX*))TGp,]
=

[X.y]*

p
_ Z tOcl...S...(X/,XaYB (aar agl—*gle +1—*ﬁl Yrgs — Fgl 71—‘38)
A=l

Bi---Bq
(R(X.Y))
q
X XYy, TSy, T, TS g
(ROCY))S,

2 01...€...0 3, a,
= - Ll T +Zrﬁ.4.aﬂﬁ[ ¥]OTgp,

P q
al...e...tx,,
_Z’BI B, Z b op, RXY)E,

Il
>
=
Q
/‘\
M~

q

o...E...0p ...
5,5, Te'at X155, F“’”‘)

u:

q
... .0 B a...Q

- g lﬁl...ﬁq "(R(X,Y))e" +Hz::ltﬁ]mgf_ﬁq(R(X:Y))gy
by virtue of (2.1). On the other hand, we know that 71H [X7/x17} + (Y- ) R(X,Y) have components

= HHXY]+ (7-7)R(X.Y)
= MHXY]+7R(X,Y) — YR(X.Y)

——b
[X,Y]
= (x,y]P
[XaY]a (ZH 1 /3],”((:,[7,5 rgﬁu Z;L 1 ﬁ]] ---- aprgla)
0 0
+| O _ 0
% /'p/rvvvwoe |l wp o Qp..€...
Sioity o g, (RXY)E g (RO
[X7Y]
= (x,y]P
X, Y]* (Zu lﬁlln.c...B O‘Bu ZA lﬁ,] AAAA aprgla)
0
L]0

S tge s (RY)E = X5 1o (RX, V)

with respect to the coordinates (x”, x# ,xﬁ) on ) (B,). Thus Theorem 2.3 is proved. O
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