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T, APPROACH SPACES

MEHMET BARAN AND MUHAMMAD QASIM

ABSTRACT. In this paper, we characterize both 77 and local T7 limit (resp.
gauge) approach spaces as well as show how these concepts are related to each
other. Finally, we compare these 77 and the usual T} approach spaces.

1. INTRODUCTION

It is well-known that the category Met of metric spaces and non-expensive
maps fails to have infinite products and coproducts. To solve this problem, in 1989,
Robert Lowen [I7] introduced approach spaces, a generalization of metric and topol-
ogy, based upon a distance function between points and sets. Approach spaces can
be defined in several equivalent ways such as in terms of limit, gauge and distance
[18, 22] which correspond to limit points of filter, extended pseudo quasi-metrics
determining coarser topologies and closure operators in topology respectively. Ap-
proach spaces have several applicative roots in all field of mathematics including
probability theory [12], domain theory [I3], group theory [19] and vector spaces

In 1991, Baran [2] introduced local Tj separation property in order to define
the notion of strong closedness [2] in set-based topological category which forms
closure operators in sense of Dikranjan and Giuli [I4] [15] in some well known
topological categories Conv (category of convergence spaces and continuous maps)
[0, 18, 23], Prord (category of preordered sets and order preserving maps) [7} [15]
and SUConv (category of semiuniform convergence spaces and uniformly contin-
uous maps) [9, 24]. Furthermore, Baran [2] generalized T} axiom of topology to
topological category which is used to define regular, completely regular and normal
objects [4, [5] in topological categories.
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The aim of paper is

(i) to characterize T} limit (resp. gauge) approach spaces and show how these
are related to each other.

(ii) to give characterization of local T} limit (resp. gauge) approach spaces and
examine how these are related to each other and their relationship with T
axiom.

(iii) to compare these results with usual T; defined in [16] 20, 22] and examine
their relationship.

2. PRELIMINARIES

Let X and J be sets, F'(X) be the set of all filters on X and o : J — F(X) be a
map. Let A be collection of subsets of X, 2() be set of finite subsets of X and 2% be
the power set of X. The stack of A is defined by [A] ={B C X|3A€ A: AC B}

and diagonal filter of o is defined as for all & € F(J), >_o(a) = \/ () o(j). The
FEajeF
indicator map 64 : X — [0,00] of a subset A C X is a map which equals 0 on A

and oo outside A4, i.e.,
0 reA
0 =<7
A@) {oo, x¢ A

Definition 1. (cf. [18, 22]) A map A : F(X) — [0,00]X is called a limit on X if
it fulfills the following properties:
(i) Vz € X : A[z](z) =0,
(ii) Vo, € F(X):a C = A8 < Aa,
(iii) For any non-empty family («;)icr of filters on X : A([) ;) = sup (),
i€l iel

(iv) For any o € F(X) and any selection of filters (o(z))zex:

AXo(a) < Aa) + sup Ao(z)(x).

reX

The pair (X, \) is called a limit-approach space.

Recall [I8], that an extended pseudo-quasi metric on a set X is a map d :
X x X — [0,00] satisfies for all z € X, d(z,2) = 0 and for all z,y,z € X,
d(z,y) < d(z,z) + d(z,y).

Definition 2. (¢f. [18,22]) Let X be a set and let pgMet™(X) be the set of all
extended pseudo-quasi metrics on X , ® C pgMet>(X) and d € pgMet™(X), then
(i) ® is called ideal if it is closed under the formation of finite suprema and if
it is closed under the operation of taking smaller function.
(ii) © dominates d if Vo € X,e > 0 and w < oo there exists e € D such that
d(z,.) ANw <e(z,.)+ € and if © dominates d, then D is called saturated.
If © is an ideal in pgMet™(X) and saturated, then ® is called gauge. The pair
(X, D) is called a gauge-approach space.
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Definition 3. (cf. [18,22]) A map § : X x 2% — [0, 0] is called distance on X if
0 satisfies the followings:
(i) VAC X andVx € A, 6(z,A) =0
(i) Vo € X and 0, the empty set, §(x, () = oo
(iii) Vo € X,VA,BC X, 6(z, AU B) = min(6(z, A), é(x, B))
(iv) Vo € X,VA C X,Ve € [0,00], §(z, A) < 6(x, A)) + €, where A9 = {z €
X|6(x, A) < €}

The pair (X, 6) is called a distance-approach space.

Note that limits, gauges and distances are equivalent concepts [I8, 22], and we
will denote an approach space by (X, ®).

Definition 4. (cf. [1822]) Let (X, ®) and (X', ') be approach spaces. If the map
f:(X,8) — (X', 8') satisfies one of the following equivalent, then f is called a
contraction map.
(i) Ya € F(X): N(f(a)) < Aa.
(ii) Vd' € @ :d' o (f x ) € D.
(iii) Vo € X and A C X, §'(f(z), f(A)) < (=, A).

The category whose objects are approach spaces and morphisms are contraction
maps is denoted by App and it is a topological category over Set [I8] [22].

Lemma 5. (¢f [I8, 22]) Let (X;,®;) be the collection of approach spaces and
fi: X — (X;,8;) be a source in App.

(i) The initial limit-approach structure on X is given by Aa = sup A;(fi(a))o fi,

iel
where fi(a) is a filter generated by {fi(Ai),i € I}, i.e., fi(a) ={A; C X, :
3IB € a such that f;(B) C A;}.

(ii) The initial gauge-approach base on X is defined by

H={supd;o (fi x f;): K € 2D Vie K,d; € H;},
ieK

where for any i € I, H; is a basis for gauge in X;.
(iii) The discrete limit-approach structure A on X is given by

oo L0, a=[
’ {oo, o # ]

for all o € F(X) and x € X, where 04 is an indicator of {x}.
(iv) The discrete gauge-approach structure ® on X is © = pgMet™>(X) (all
extended pseudo-quasi metric spaces on X ).

3. LocAL Ty APPROACH SPACES

Let X be a set and p € X. Let X V), X be the wedge at p [2], i.e., two disjoint
copies of X identified at p. A point z in X vV, X will be denoted by x;(x2) if x is
in the first (resp. the second) component of X V, X. Note that p; = ps.
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Definition 6. (cf. [2]) A map S, : X V, X — X? is called skewed p-axis map if

(xﬂ l‘)a =1
Sp(w;) = -
(p,x), i=2
Definition 7. (¢f. [2]) A map V, : X V, X — X is called folding map at p if
Vp(z;) = fori=1,2.

Recall [1} 24], that a functor U : £ — Set is called topological if U is concrete,
consists of small fibers and each U-source has an initial lift or equivalently, each
U-sink has a final lift and called normalized topological functor if constant objects
have a unique structure.

Note that a topological functor has a left adjoint called the discrete functor [I].

Definition 8. (¢f. [2]) Let U : &€ — Set be topological, X an object in & with
peU(X)=B

If the initial lift of the U -source {S, : BV, B — U(X?) = B?> and V, : BV, B —
UD(B) = B} is discrete, where D is the discrete functor, then X is called Ty at p.

Theorem 9. A limit-approach space (X, ) is Ty at p if and only if for all z € X
with x # p, A([z])(p) = 0o = A([p])(2).
Proof. Let (X, \) be Th at pand € X with « # p. Note that [z4], [x2] € F(XV,X)
and x1,72 € X Vv, X.
Adis([Vpr1]) (Vpr2) = Adis([2])(2) = 0,
A[m1Spaa]) (m1Spz2) = Al[z])(p),
and
A[m2Spaa])(maSpz2) = A([z])(z) = 0,
where Ay is the discrete structure on X, m; : X2 — X, i = 1,2 are the projection
maps. Since (X, \) is T3 at p, by Lemma (i),
oo = sup{Aais([Vpz1])(Vpm2), A([m1Sp1]) (715pm2), A[m2Spaa]) (725pm2) }
= sup{0, A([z])(p)} = A([z])(p)
and consequently, A([z])(p) = oc.
Similarly,
Adis([Vp2]) (V1) = Aais([2]) (z) = 0,
A(lm1Spa]) (m1Spz1) = A[p]) (),
and
A[r2Spm2]) (m2Spz1) = A([=])(z) = 0.
Since (X, \) is Ty at p, by Lemmal[j] (i)
oo = sup{Aais([Vpz2])(Vpz1), M[m1Spza]) (m1Sp21), A([maSpaal]) (m2Sp1)}
= sup{0, A([p])(x)} = A([p]) (=)

and consequently, A([p])(z) = oo.
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Conversely, let A be an initial limit structure on X V,, X induced by the maps
Sy XV, X — (X2, )\2) and V,, : X V, X — (X, Agis), where Ay is discrete limit
structure on X and A? is the product limit-structure on X2 induced by 7; : X2 — X
the projection maps for ¢ = 1,2. Suppose a € F(X V, X) and v € X V, X with
V,v = z. By Lemma [5| (iii), we have to show that, for all u € X v, X

Ae) = {i;} o

where

0 =
9{1)}714 _ { ) v U

00, UVFEuU

is the indicator of {v}. Note that

0y V V,a =
)‘dis(vpa)(vpu) :{ {z} pU, pQ [:L‘]

00, Vya # [z]
0, Vya=[z]and Vyu=z
=100, Vya=z]and Vyu#a
00, Vpa #[z] and Vyu #

Case 1: If ¢ = p, then V,u = z = p implies u = p; = p2 = v and V,a = [z] = [p]
implies o = [p;] for i = 1,2. By Lemma [5] (i), A(V,)(V,u) = A([p])(p) = 0 since
A is a limit structure on X Vv, X.

Suppose that & # p. V,u = z implies v = 1 or © = x2 and V,« = [z] implies
o = [21], [z2], {1, 22}] or & D [{z1, 22}].

Firstly, we show that the case @ D [{z1,z2}] with a # [0] and « # [{x1,x2}]
cannot occur. To this end, if [(] # o # [{z1,22}], then a D [{x1, z2}] if and only if
a = [z1] or @ = [z2]. Clearly, if o = [x1] or [z2], then o D [{z1,x2}]. Conversely,
if @ D [{x1,z2}] with [0] # o # [{z1,z2}], then there exists V € « such that
V # {x1,22} and V # (. Since V and W = {z1,z2} are in a and « is a filter,
VAW ={z1} or {z2} is in a, i.e., @ = [z1] or [z2]. Hence, we must have o = [z1],
[z2] or [{z1,22}]. 3 )

If o = [x;] and w = x4, i = 1,2, then A([z;])(z;) = 0 since A is a limit structure
on X V, X.

If & = [z2] and v = x1, then

Adis (Vpa) (Vpur) = Aais(Vp[2]) (V1) = Aais ([2]) (2) =

A(m1Spe) (m1.Spu) = A([m1.Sp2]) (m1.5pz1)) = A([p]) () and

A(m2Sp) (m2Spu) = A([m2Spaa]) (m2Spr1) = A([a])(2) =
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By Lemmalj (i) and the assumption A([p])(z) = oc.
Aar) (u) A([z2]) (1)
= Sup{Adis([foﬂz])(fofl),A([MS o)) (m1.Spz1), A([mSpaa]) (m2Spz:)}
= sup{0, M([p))(2)} = A([p])(z) =
If & = [{z1,22}], u =1, then

Adis(Vpa) (Vpu) = Adis(Vp[{z1, 22}]) (Vpz1) = Aais ([2]) (2) = 0.

A(m1Spa)(miSpu) = M[{m1Spe1, miSpza}]) (m1Spz1) = A([{z, p}) (@),

and
A(maSpa)(meSpu) = M{m2Spr1, m2Spaa}]) (w2 Spa1) = A([z]) (z) =
) < A([{w pH)(z).

Note that [{z,p}] C [p]. Since A is a limit structure, we get A([p])(z) <
1) (z) = oo, and con-

Since = # p and A([p])(z) = oo, by assumption, then A([{z, p}
sequently, A(a)(u) = oo.
If @ = [21] and u = x9, then

Adis (V) (Vpu) = Adis (Vp[21]) (Vpz2) = Adis([2]) () =
A(m1Sp a)(mS u) = A([m1Spz1])(m1Spa2)) = A([2]) (p) and
A(m2Sp) (m2Spu) = A([r2Spa1]) (m2Spra) = A([a])(x) =

by Lemma [j] (i)
Me)(u) = A(lz1])(z2)
= sup{Aais ([Vpz1]) (Vpw2), A[m1Spz]) (m1Sp2), A[m2Span]) (m2Spw2) }
sup{0, A([z])(p)} = A([z])(p) = oo

If & = [{z1,22}], u = x2, then

Adis (Vpa) (Vpu) = Aais(Vp[{1, 22}]) (Vpa) = Aais([2]) (2) = 0.

A(m1Spa)(m1Spu) = A[{m19pa1, m1Spra}]) (m1Spza) = A[{z, p}) ()-

and
AmaSpa) (maSpu) = A([{m2Spa1, maSpra}]) (2 Spra) = A[x])(z) =

Note that [{z,p}] C [z]. Since A is a limit structure, A\([z])(p) < A([{z, p}])( ) and
by the assumption A([p])(z) = oo, then A([{z,p}])(z) = oc.

By Lemma [f] (i),

Ma)(uw) = M[{z1,22}])(22)
= sup{ais ({Vpz1, Vpza }) (Vpaa), A([{m1Spe 1, m1Spa2}]) (15p22),
AM[{m2Spz1, m2Spxa}])(maSpza)} = sup{0, c0} = o0

Case 2: Let p = Vpu # z and Vpa = [z]. It follows that u = p1 = p2 and

a = [z1], [zo] or [{z1, z2}].
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If o = [z1], [z2] or [{z1,22}] and uw = p; for ¢ = 1,2, then A\gis(Vpa)(Vpu) =
Adis([x])(p) = 0o since Ag;s is a discrete limit structure and x # p. It follows that
Ma)w) = sup{dis (V) (Vyu), A1 S,0) (71 ,10), A2 5,0) (m2Sp)}

= supfoo, A(m1.Spa)(p), A(m2Spa)(p)} = oo
Case 3: Suppose Vyu # x and Vyo # [z], then Agis (Vpa)(Vpu) = oo since Agis
is a discrete limit structure. It follows that
Ma)w) = sup{Aais(V,0) (V). A1 Sy) (m1.Sp1), Al S,) (m2Syu))
= sup{oo, A(m1.5pa)(m15pu), A(meSpa) (maSpu) } = oo
Hence, for all &« € F(X V), X) and v € X V,, X, we have

Mm={§” v

i.e., A is discrete limit structure on X V, X and by Definition [8| (X,\) is T} at
p. [l

Theorem 10. A gauge-approach space (X, D) is Ty at p if and only if for allz € X
with x # p, there exists d € D such that d(x,p) = co = d(p, ).

Proof. Let (X,D)beTh atp,z € X andx #p. Let u=27 andv =22 € X V,, X.
Note that
d(’]TlSp'LL, WlSpv) = d(’]TlSp.’El, Wlspxz) = d(x,p),

d(szpu,WQSpv) = d(ﬂ'QSpl'l,’/TQprg) = d(l’,l’) = 0,

dais (vpua vpv) = ddis(vpxla vpr) = dais (LL‘, 33) =0,
where dg;s is the discrete extended pseudo-quasi metric on XV, X and m; : X2 — X
are the projection maps and 7 = 1,2. Since u # v and (X,®) is T} at p, by Lemma
(ib),

oo = sup{dais(Vpu, Vpv),d(m1Spu, m1.Spv), d(maSpu, maSpv) } = d(z, p)

and consequently, d(x,p) = oc.
Similarly, if u = 2 and v = 1 € X V,, X, then

oo = sup{dais(Vpu, Vpv),d(m1Spu, m1Spv), d(maSpu, maSpv) } = sup{0, d(p, )}
d(p, x)

and consequently, d(p, z) = oco.

Conversely, let H be initial gauge basis on X V,, X induced by S, : X V,, X —
UX%9%) =X?and V,: X V, X — U(X,D4i5) = X where D5 = pgMet™(X)
discrete gauge-approach on X and ®? is the product gauge-approach structure on
X? induced by 7; : X2 — X the projection maps for i = 1,2. Suppose d € H and
u,v € XV, X.

If u = v, then d(u,v) = 0.
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If u # v and Vyu # Vv implies dg;s(Vpu, Vpv) = oo since dg;s is a discrete
structure. By Lemma [5| (ii),

d(u,v) = sup{dais(Vpu, V), d(m1Spu, m1.5pv), d(m2Spu, maSpv) }
= sup{oo, d(m1Spu, m1.Spv), d(m2Spu, maSpv)} = oco.
Suppose u # v and Vyu = Vyu. If Vou = 2 = Vo for some @ € X with x # p,
then u = z; and v = 23 or u = x5 and v = x1 since u # v.
If w =21 and v = xo, then by Lemma [5| (i),

d(u,v) = d(z1,22)
= Sup{ddis (vpxh vpr)v d(ﬂ'lspxlv 1 pr2)7 d(ﬂ-2spxl7 WZSme)}
= sup{0,d(z,p)} = d(z,p) = o0

since z # p and d(z,p) = 0.
Similarly, if u = x5 and v = z1, then

du,v) = d(za,21)
= sup{dais(Vpx2, Vpx1), d(m1Spxe, m1.Spx1), d(m2Spza, m2Spx1) }
= Sup{07 d(p7 .’IJ)} = d(p7 .’E) =

since x # p and d(p, z) = oc.
Hence, for all u,v € X VvV, X, we get

d(u,v) = {O’ u=v

00, UFv

i.e., d is discrete extended pseudo-quasi metric on X Vp X, ie., H = {d}. By
Definition [§] (X, D) is T} at p. O

Theorem 11. Let (X,®) be approach spaces and p € X. Then, following are
equivalent:

(1) (X,8) is Ty at p.

(2) For all x € X with x # p, A([z])(p) = o0 = A([p])(z).

(3) For all x € X with © # p, there exists d € © such that d(z,p) = 00 =

d(p,x).
(4) For all x € X with x # p, §(x,{p}) = 00 = §(p, {z}).
Proof. 1t follows from Theorems [J] and [I0} and Theorem 3.1 of [10]. O

Example 12. (i) Let X = {a,b,c}, A C X and §; : X x 2X — [0,00] be a
map defined as follows: For all v € X, §1(x,0) = oo, §1(z,A) = 0 if x €
A, d1(a, {b}) = d01(b.{a}) = d1(a,{c}) = di(c,{a}) = oo = d1(a,{b,c}) and
61(b, {c}) = d1(c, {b}) = 01(b,{a,c}) = d1(c,{a,b}) = 2. Then, by Theorem
an approach space (X,01) is Ty at a but it is neither Ty at b nor Ty at c.
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(ii) Let X = {a,b,c}, A C X and 05 : X x 2% — [0,00] be a map defined as
follows: For all x € X, d2(z,0) = oo, da(x,A) =0 if x € A and d2(z,A) = 1
if x ¢ A. Then, by Theorem an approach space (X,02) is not Th at p for all
pe X.

4. Ty APPROACH SPACES

Let X be a nonempty set, X2 = X x X be cartesian product of X with itself
and X2 Va X? be two distinct copies of X? identified along the diagonal [2]. A
point (z,y) in X2V X? is denoted by (z,%)1 ((x,y)2) if (z,%) is in the first (resp.
second) component of X? Va X?. Note that (z,7); = (z, )2, for all z € X.

Definition 13. (cf. [2]) A map S: X2 Va X% — X3 is called skewed azis map if

S((@,y)i) = {(%y»y), i=1

(x"r)y)7 7’:2

Definition 14. (¢f. [2]) A map V : X?> VA X? — X? is called folding map if
V((z,y)i) = (z,y) fori=1,2.
Theorem 15. (cf. [3]) Let (X, 7) be a topological space.

(X, 7) is Ty if and only if the initial topology on X2V A X? induced by the maps
S:X2VaA X% — (X3,7%) and V : X2V X% — (X2, P(X?)) is discrete, where T
is the product topology on X3.

Definition 16. (¢f. [2]) Let U : £ — Set be topological, X an object in £ with
UX)=B.

If the initial lift of the U-source {S : B> Va B?> — U(X3) = B and V :

B2V B? — UD(B?) = B?} is discrete, then X is called a Ty object.
Theorem 17. A limit-approach space (X, A) is Th if and only if for all v,y € X
with © # y, A([2])(y) = oo = A([y]) (2).
Proof. Let (X,\) be Ty, x,y € X with « # y. Suppose [(z,y)1] is a filter on
F(X?Va X?) and (z,y)2 € X2 VA X2, Note that
Adis([V (2, 9)1])(V(2, 9)2) = Aais([(z, 9)]) (2, y
A([m1S(, y)1]) (r15(@,y)2) = A(lz]) (=
A([r2S(@, y)1]) (r25(2, y)2) = A([y]) (=

and

A[msS (2, y)i]) (w35 (2, y)2) = A[y])(y) = 0.
Since (X, \) is 71 and (z,y)1 # (2,y)2, by Lemmal] (i),
oo = sup{Aais([V(z,y)1])(V(2,9)2), M[m15 (2, 9)1]) (15 (2, 9)2),
A[m2S (2, y)1]) (w25 (2, y)2), A[ws S (@, y)i]) (w3 S (2, y)2) }
= sup{0, A([y]) (=)} = A[y])(2)
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and consequently, A([y])(z) = cc.
Similarly, let [(z,y)2] € F(X2Va X?) and (z,y); € X2 Va X2, Since (X, ) is
Ty and (x7y)1 7& (1'7y)27 by Lemma (l)a

oo = sup{Aais([V(2,9)2])(V(z,9)1), M[m1S (2, y)2]) (m15 (2, 9)1),
A([m2S(z,y)2]) (w25 (x,y)1), A([735(z, y)2]) (73S (7, y)1)}
sup{0, A([z])(y)} = A([z])(v)

and consequently, A([z])(y) = co.

Conversely, let A be an initial limit structure on X2V X? induced by the maps
S X2Va X2 > (X3,)\3) and V : X2 Va X2 — (X2 \gis) where Ay is discrete
limit structure on X2 and A* is the product limit-structure on X3 induced by
7; + X3 — X the projection maps for i = 1,2,3. Suppose a € F(X? Vo X?) and
v € X?Va X? with Vv = (z,y). Note that

Aais(Va) (V) = {9“””’”}“’ o

00, Va # [(z,y)]

0, Va = [(z,y)] and Vu = (z,y)
=400, Va=[(z,y)] and Vu # (z,y)
o0, Va#[(z,y)] and Vu # (z,y)

Case 1: If z = y, then Vu = (z,z) implies u = (z,2); = (z,2)2 = v and
Va = [(z,7)] implies o = [(z,2)1] = [(z,7)2]. By Lemma [5| (i), A(Va)(Vu) =
A[(z,2)])(z, ) = 0 since A is a limit structure on X2 VA X2.

Suppose that Vu = (z,y) for some z,y € X with z # y implies u = (x,y); or u =

(xvy)Q and Va = [(Qj,y)] lmphes o = [(xay)lL [(2572/)2]7 [{(%y)h(%y)ﬂ] ora >
[{(#,9)1, (z,y)2}]. By the same argument used in Theorem[9] o > [{(z, y)1, (%,y)2}]
with « # [0] and o # [{(z,y)1, (z,y)2}] cannot occur. Hence, we must have o =

[(Iyy)l]a [(xay)Z] or [{(x,y)l, (w>y)2}] _ _

If @ = [(z,y):;] and v = (z,y);, ¢ = 1,2, then A([(z,y):])((z,y);) = 0 since A is a
limit structure on X2V X2.

If o = [(z,y)2] and u = (z,y)1, then

Adis (V@) (V) = Aais (V[(2,9)2) (V (2, 9)1) = Aais ([(2, 9)]) (2,9) = 0
A(miSa)(miSu) = A([mS(@,y)2)) (M S(z,y)1)) = Alz])(z) = 0,

A2 Sa)(maSu) = A([m25 (2, y)2]) (m25(z, y)1) = A([z])(y),
and

AMmsSa)(mzSu) = A([m35(,y)2]) (735 (2, y)1) = M[y])(y) = 0.
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By Lemma [5| (i) and by assumption
Ma)(u) = AM[(@,9)2])(z,9)1)
sup{Adais ([V (2, 9)2]) (V (2, 9)1), M[m15 (2, y)2]) (m15 (2, 9)1),
A([r2S (@, y)2]) (25 (2, y)1), A[73S (2, y)2]) (r35 (2, y)1)
sup{0, A([z]) (y)} = A([])(y) = oo.
If o = [{(2,9)1, (z,9)2}], v = (z,9)1, then
Adis(Va)(Vu) = Aais(V{ (@, 9)1, (2,9)2}]) (V (2, 9)1) = Aais([2]) () = 0.
A(riSa)(miSu) = A[{m1S(z, y)1, m15(2, y)2}]) (715 (2, y)1) = A[z])(z) = 0,
A(maSa)(maSu) = A[{m2S(z, y)1, 725 (2, y)2}]) (725 (2, y)1) = M{z, y}) ()
and
A(msSa)(m3Su) = A[{m3S(z, y)1, 735 (2, y)2}]) (w35 (2, y)1) = A[y])(y) = 0.
Note that [{z,y}] C [z]. Since X is a limit structure and A([z])(y) = oo, A([z])(y) <
A([{z, y}])(y), it follows that A([{z,y}])(y) = oc.

By Lemmalj| (i),
Ae)(w) = A[{(z,9)1, (2,9)2}])((z,9)1)
= sup{Aais(({V(z, 1)1, V(2,9)2}]))(V(@,9)1), A([{m15 (@, )1, m15 (@, y)2}])
(m1S(@, y)1), M[{m2S (2, y)1, m25(z, y)2}]) (m2S (2, y)1), A([{m3S (2, y)1,
T35z, y)2}])(m3S(2,y)1)} = sup{0, oo} = oo.
If a = [(z,y)1] and u = (z,y)2, then
Adis(Va)(Vu) = Adis (V[(@,9)1]) (V(@, 9)2) = Aais([(2, y)]) (2, y)
A(m1Sa)(miSu) = A([m1S (@, y)1])(m15(2,y)2)) =
A(raSa)(maSu) = A([m2S(z, y)1]) (725(2, y)2)

and
A(msSa)(msSu) = M[msS(z, y)h]) (w3 S(z,y)2) = A([y])(y) = 0.
By Lemma [5| (i) and the assumption Afy](x) = oo,
Me)(w) = Al(@,y)1])((z,9)2)
= sup{Aais([V(z, 9)1)(V(, y)2), A([m1 S (z, y)1]) (715 (2, y)2),
A([m2S (2, y)i]) (w25 (2, y)2), A[wsS (@, y)1]) (w3 S (2, y)2) b
sup{0, A([y])(z)} = A([y]) () = o0
If a = [{(z,9)1, (x,9)2}], u = (,9)2, then
Adis (V) (Vu) = Aais (V{2 9)1, (2,9)2})(V (2, y)2) = Aais([2]) (z) = 0.
A(mSa)(m1Su) = A{m1S(z,y)1, m15(z,y)2}
A(maSa)(maSu) = A([{m2S(@, y)1, m2S(x, y)2}
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and

A(msSa)(msSu) = M{msS (@, y)1, 135 (2, y)2 1) (735(x,y)2) = A[y]))(y) = 0,
Note that [{z,y}] C [y]. Since A is a limit structure, we get A([y])(z) < A([{z,y}])(z).
By the assumption A([y])(z) = oo, it follows that A([{z, y}])(x) = occ.

By Lemma [f] (i),

Ma)(w) = A[{(@y)1, (@ y)2}]) (@, )1)
= sup{Aais({V (2, 9)1, V(2,9)2})(V(2, y)2), M[{m1S5 (2, y)1, m1.5(2,9)2}])
(m1S(z, 9)2), A[{m2S (2, y)1, w25 (2, y)2}]) (7 25(%1/)2)7/\([{7%5(%?;)1’
m35(x,y)2}) (w35 (2, y)2)} = sup{0, 00} =

Case 2: Let (z,2) = Vu # (x,y) for some z € X and Va = [(z,y)]. It follows
that u = (2,2)1 = (2,2)2 and a = [(z,y)1], [(z,y)2] or [{(z,y)1, (z,9)2}]-

If @ = [(z,9):] or [{(z,y)1,(x,y)2}] for i = 1,2 and u = (2,2)1 = (z,2)2, then
Adis(Va)(Vu) = Agis([(z,9)]) (2, 2) = 0o since Ag;s is a discrete limit structure and
(z,y) # (2, 2). It follows that
Ma)(u) = sup{Aas(Va)(Vu), A(m1Sa)(m1Su), AN(m2Sa)(r2Su), AM(m3Sa)(7w3Su)}

= sup{oo, A(m15a)(z, 2), A(m2Sa)(z, 2), A(m3Sa)(z,2)} = 0

Case 3: Suppose Vu # (z,y) and Va # [(z,y)], then Ags(Va)(Vu) = oo since
Adis 18 a discrete limit structure, and consequently
Ma)(u) = sup{ais(Va)(Vu), A(m1Sa)(m15u), M(maSa)(meSu), AN(m3Sa) (m35u)}

= sup{oo, A(m1Sa)(m1Su), A(m2Sa)(maSu), A3 Sa) (s Su)} = 0.

Hence, for all @ € F(X? VA X?) and v € X? VA X2, we have

Ma) = {H{v}7 a = [v]

1
[
)

00, a# [y
i.e., A is discrete limit structure on X2V X? and by Deﬁnition (X,\)isTy. O

Theorem 18. A gauge-approach space (X,D) is T1 if and only if for each distinct
points © and y in X, there exists d € D such that d(z,y) = oo = d(y, z).

Proof. Let (X,®) be Ty, z,y € X with x # y. Let v = (z,y)1,v = (z,y)2 €
X2V X2 Note that

d(m1S(u), m15(v)) = d(m1S(x,y)1, m1S (7, y)2) = d(x,z) =0,
d(maS(u), w38 (v)) = d(meS(x,y)1, m2S(x,y2) = d(y, x),

d(m3S(u), m35(v)) = d(m3S (2, y)1, 735 (2, y2) = d(y,y) =0,
and
dais(Vu, Vv) = dgis(V(z,y)1, V(z,y)2) = dais((x,y), (,y)) =0,
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where dg;s is the discrete extended pseudo-quasi metric on X2 VAo X2 and 7; :

X3 — X are the projection maps for i = 1,2,3. Since u # v and (X,®) is T , by

Lemma [5] (ii),

oo = Sup{ddis(vu’ V”U), d(ﬂls(u)v 7Tl‘g(v))v d(WQS(u)v 7T2S(v))7 d(ﬂ3S(u)> 7T3S(v))}
= 5up{0ad(ya$)} = d(y,.l?)

and consequently, d(y,x) = oo.
Similarly, if u = (x,9)2 and v = (z,y); € X? VA X?, then,

d(m18(u), m8(w)) = d(m1S(xz,y)2, 715 (z,y)1) = d(z,z) =0,
d(maS(u), ™S8 (v)) = d(waS(x,y)2, m2S(z,y1) = d(z,y),
d(ﬂgS(U),?T3S(U)) = d(ﬂ35(z7y)27ﬂ3s(z7yl) = d(yay) = 07

and
dais(Vu, Vv) = dais(V(,y)2, V(z,9)1) = dais((z,9), (2,9)) = 0,

Since u # v and (X, D) is Ty , by Lemma (ii),

oo = sup{das(Vu, Vv),d(m15(u),m15w)), d(m2S(u), m2S(v)), d(mw3S(w), m35(v))}
= sup{0,d(z,y)} = d(=z,y)

and consequently, d(z,y) =

Convelrsely7 let H be an 1n1t1al gauge basis on X2 VA X? induced by S : X2 Va
X? — (X3,D3) and V: X2V X2 — (X2, Dys), where D4 is discrete gauge on
X? and ©% is the product structure on X°. Suppose d € H and u,v € X? VA X2

If u = v, then d(u,v) = 0 since d is the extended pseudo-quasi metric.
If u # v and Vu # Vo, then dg;s(Vu, Vv) = oo since dg;s is discrete. By Lemma

Bl (ii),
d(u,v) = sup{dais(Vu, Vo), d(71S(u), m15(v)), d(m25(u), 7S (v)), d(73S(u), m35(v))}
sup{oo, d(r1S(u), 715(v)), d(m2S(w), 7S (v)), d(w5S5(u), 735(v))}

= OQ.

Suppose u # v and Vu = (z,y) = Vo for some z,y € X with  # y, it follows
that v = (z,y); and v = (z,y)2 or u = (z,y)2 and v = (x,y);. Let u = (z,y); and
v =(z,y)s.

d(u,v) = d((z,y)1, (2,9)2)
= sup{duis(V(z,9)1, V(2,9)2), d(m15(z, y)1, m15(2,y)2),
d(m2S(z,y)1, 728 (2, y)2), d(m3S(z, y)1.S, w35 (2, y)2) }
= sup{0,d(y,z)} = d(y,z) = o0

by the assumption d(y, z) = co.
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If u = (z,y)2 and v = (z,y)1, then

d(u,v) = d((z,9)2, (x,9)1)
= sup{dais(V(2,y)2, V(z,y)1), d(m15(z,y)2, T1.5(2, y)1),
d(m25(z,y)2, 28 (2, y)1), (735 (2, y)2, 73S (2, y)1) }
= sup{0,d(z,y)} = d(z,y) = oo,

by the assumption d(z,y) =
Hence, for all u,v € X? Vo X2, we have

d(u,v){o, U=

00, UFv

i.e., d is discrete extended pseudo-quasi metric on X2 VA X2, ie., H = {E} By
Definition [L6], (X, D) is T7. O
Remark 19. (¢f. [18,22]) (i) The transition from gauge to distance is given by
0(x, A) = sup inf d(z,y)
deD yeA

(i) The transition from distance to gauge is determined by
D ={depgMet*(X)VAC X,Vz € X : ingd(x,y) <d(z,A)}
ye

Theorem 20. Let (X, ®) be an approach space. The following are equivalent:
(i) (X,®) isTy.
(ii) For all z,y € X with x # y, M[z])(y) = 00 = A([y])(z).
(i) For all xz,y € X with x # y, there exists d € ® such that d(x,y) = 0o =
d(y, ).

(iv) For all x,y € X with x # vy, §(x,{y}) = 00 = d(y, {z}).
Proof. (i) < (i1) and (i) < (i4i) follow from Theorem [17] and Theorem [18] respec-
tively.

(#5i) = (iv): Suppose for all z,y € X with © # y, there exists d € ® such
that d(z,y) = oo = d(y,x). By Remark 9 (i), o0(z, {y}) = sup e(z,y) = oo, and

iy, {z}) = Sgg e(y, x) = oo and consequently, 6(x, {y}) = o0 = 6(y, {z}).

(tw) = (4i7): Suppose Va,y € X with x # y, é(x,{y}) = co = §(y, {z}). Take
A = {y}, then by Remark (19 (ii), for all e € D, e(z,y) < §(z,{y}) and e(y,z) <
d(y,{z}). In particular, there exists d € ® such that d(x,y) = é(z, {y}) = oo and
d(y,z) = §(y, {x}) = oo and consequently, d(z,y) = co = d(y, x). O

Definition 21. (c¢f. [20]) Let (X, &) be an approach space.
If topological co-reflection (X, 7e) is T1 (we refer it to usual Ty ), then an ap-
proach space (X, ®) is called T1.

Theorem 22. Let (X, ®) be an approach space. The following are equivalent.
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(i
(ii
(iii
(iv

(X, qu) 18 Tl.

For all z,y € X with z #y, M\([z])(y) > 0.

For all x,y € X with x # y, there exists d € D such that d(x,y) > 0.
For all z,y € X with x #y, 6(z,{y}) > 0.

Proof. Tt is given in [16] 20 22]. O

— — — —

Example 23. Let X =[0,00], AC X and 6 : X x 2X — [0, 00| be a map defined
as:

oo, A=0
6(z,A) =40, z€A
2, xz¢A

By Theorem and Theorem a distance-approach space (X,0) is T1 (in the
usual sense) but it is not Ty (in our sense).

Remark 24. (1)

(i) In category Top of topological spaces and continuous functions as well as
in the category SULIm semiuniform limit spaces and uniformly continuous
maps [24], by Theorem[15 and by Remark 4.7(2) of [§] both T (in our sense)
and T4 (in the usual sense) are equivalent and they reduce to usual T,
separation axiom. However, in the category pgsMet of extended pseudo-
quasi-semi metric spaces and non-expensive maps, by Theorem 3.3 of [11],
an extended pseudo-quasi-semi metric space (X,d) is Ty iff for all distinct
points x,y of X, d(z,y) = oo and by Theorem 3.4 of [I1], (X,d) is T1 (in
the usual sense, i.e., (X,7q) is Ty, where T4 is the topology induced from
d) iff for all distinct points x,y of X, d(x,y) > 0.

(ii) By Theorem and Theorem an approach space (X, ®) is Ty if and only
if (X,8) is Ty at p for all p € X. Moreover, by Theorem and Theorem
if an approach space (X, ®) is Ty (in our sense), then (X, ®) is T1 (in
the usual sense) but by Efcample reverse implication is not true.

(iii) By Frample (i), a distance-approach space (X,8) is both Ty at a and
T4 (in the usual sense) but it is not Ty (in our sense). Furthermore, by
E:mmple (i), a distance-approach space (X, 9) is T1 (in the usual sense)
but it is not Ty at a. Hence, there is no relation between T1 (in the usual
sense) and local T;.

(iv) By Remark 2.12 (2) of [6], T1 and local Ty (i.e., Ty at p for allp € X)
azxtoms could be equivalent.

5. CONCLUSIONS

In this paper, we gave a characterization of both local T7 and T3 limit (resp.
guage) approach spaces and determined the result that (X, ®) approach space is
Ty at p for all p € X iff it is T3. Moreover, it is shown that by Theorem
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and Theorem Ty (in our sense) implies Ty (in the usual sense), but reverse
implication, by Example is not true. Furthermore, by Example [12| (i) and (ii),
there is no relation between T (in the usual sense) and local T;.
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