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Abstract

The Central Limit Theorem (CLT) is one of the cornerstones of statistics and probability theory. In this study, the
practical validity of the CLT was examined through simulations conducted on different continuous distributions
such as Beta, Exponential, Gamma, Log-Normal, and Weibull. While the literature generally addresses the
convergence of the sample mean to normality in broad terms, in this study, the rate of convergence and the effect
of sample size were analyzed using different metrics, including variance, skewness coefficient, maximum
approximate error (MaxError), and the Berry bound based on the Berry-Esseen theorem. The simulation results
provide a detailed perspective on the reliability and limitations of the CLT. The history of the CLT dates back to
early theoretical studies and, over time, it has been recognized as a tool that allows the distribution of sample
means to approach the normal curve even when the underlying population is not normal. This property has made
the CLT a fundamental concept in various fields, including political science, computer science, psychology,
medical research, and engineering. Despite its widespread use, the practical outcomes of the CLT are often not
sufficiently understood in terms of the effects of factors such as sample size and skewness on convergence. In this
study, simulation methods were applied to different continuous distributions. Consequently, in addition to classical
measures of mean and variance, additional criteria were considered. Thus, the rate at which distributions approach
normality and the conditions under which the CLT can be reliably applied were evaluated more comprehensively.
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Merkezi Limit Teoremi’nin Farkh Siirekli Dagihmlar Altinda incelenmesi: Yakinsamayi
Etkileyen Faktorlerin Simiilasyon Temelli Bir Arastirmasi

Ozet

Merkezi Limit Teoremi (MLT), istatistik ve olasilik teorisinin temel taslarindan biridir. Bu ¢alismada, MLT nin
pratik gecerliligi; Beta, Ustel, Gamma, Log-Normal ve Weibull gibi farkli siirekli dagilimlar {izerinde
gerceklestirilen simiilasyonlar araciligryla incelenmistir. Literatiirde genellikle 6rneklem ortalamasinin normallige
yakinsamasi genel ¢ercevede ele alinirken, bu calismada yakinsama hizi ve 6rneklem biiyiikliiglintin etkisi;
varyans, ¢arpiklik katsayisi, maksimum yaklagik hata (MaxError) ve Berry—Esseen teoremine dayali Berry siniri
gibi farkli 6lgiitler kullanilarak analiz edilmistir. Simiilasyon sonuglari, MLT nin giivenilirligi ve sinirliliklar:
hakkinda ayrintili bir bakig agisi sunmaktadir. MLT nin tarihi erken donem kuramsal ¢aligmalara dayanmakta
olup, zamanla anakiitle dagilimi normal olmasa bile 6rneklem ortalamalarmin dagiliminin normal egriye
yaklastigin1 gosteren giiglii bir ara¢ olarak kabul edilmistir. Bu 6zelligi sayesinde MLT; siyaset bilimi, bilgisayar
bilimi, psikoloji, tip arastirmalar1 ve miihendislik gibi pek ¢ok alanda temel bir kavram haline gelmistir. Bununla
birlikte, MLT’nin yaygin kullanimina ragmen, o6rneklem biiyiikligii ve carpiklik gibi faktdrlerin yakinsama
tizerindeki etkileri uygulamada ¢ogu zaman yeterince anlasilmamaktadir. Bu ¢aligmada farkli siirekli dagilimlar
iizerinde simiilasyon yontemleri uygulanmistir. Boylece klasik ortalama ve varyans 6lgiitlerine ek olarak ilave
kriterler de dikkate alinmistir. Sonug olarak, dagilimlarin normallige hangi hizda yaklastigi ve MLT nin hangi
kosullar altinda giivenle uygulanabilecegi daha kapsamli bir sekilde degerlendirilmistir.

Anahtar sozciikler: Merkezi Limit Teoremi, Normal Dagilim, Carpikiik, Simiilasyon, Berry—Esseen Teoremi

1. Introduction

The Central Limit Theorem (CLT) is the most fundamental theory in modern statistics (Kwak & Kim, 2017). The
history of CLT begins with Pierre-Simon Laplace, who had no concrete theorem and mostly used his approach to
CLT as a tool to solve other mathematical problems. Robert Leslie Ellis, Siméon Denis Poisson, Peter Gustav
Lejeune Dirichlet, and Augustin Louis Cauchy discussed Laplace's work (Plenar, 2019).

CLT shows that a distribution of means of many samples (rather than individual scores) approximates a normal
curve even if the underlying population is not normally distributed. A distribution of means is a distribution
consisting of many means calculated from all possible samples of a given size taken from the same population.
According to CLT, the shape of the distribution of sample means approximates a normal curve if the distribution
of the population of individual scores has a normal shape or if the size of each sample constituting the distribution
is at least 30 (Nolan & Heinzen, 2011).

CLT can be used in many real-life fields such as political science, computer science and psychology (Winters,
2022).

Additionally, multiple parametric tests are used to assess the statistical validity of clinical studies performed by
medical researchers; however, most researchers are unaware of the value of CLT despite routinely using parametric
tests (Kwak & Kim, 2017). Therefore, this study is important for researchers in different branches to understand
CLT.

Many studies have been conducted on CLT. Lee et al., derived the exact distribution of the sum for random samples
from the uniform distribution and then compared the exact distribution with the approximate normal distribution
obtained by CLT. They discussed five existing normality tests based on the difference between the target normal
distribution and the empirical distribution to check the similarity between two distributions, namely the Anderson-
Darling test, Kolmogorov-Smirnov test, Cramer-von Mises test, Shapiro-Wilk test and Shaprio-Francia test. For
comparison purposes, normality tests were applied to simulated data (Lee et al., 2014).

Barri, simulated a population with 10000 data points according to five different distribution types: uniform,
platykurtic normal, positively-skewed exponential, negatively-skewed triangular, and bimodal. All populations
and sampling distributions with their means and standard deviations are shown in histograms for analysis. He

13



Citation / Atif: BAYBAS 8., (2026). Central Limit Theorem under Different Continuous Distributions: A Simulation-Based Investigation of
Factors Affecting Convergence. Istatistik Arastirma Dergisi, 16 (1), 12-23.

validated the principles of CLT and showed that if the distribution of the population is close to normal, a smaller
sample size is needed for CLT to be valid (Barri, 2019).

Zhang et al., explored the misconceptions about CLT among social science researchers and cleared up these
misconceptions by explaining the definition and characteristics of CLT in a way that social science researchers
can understand. They examined misconceptions about CLT among graduate students and social science
researchers by explaining the prerequisites for understanding CLT, presenting a formal definition of CLT, and
detailing its implications (Zhang et al., 2023).

In this study, CLT was investigated by simulation method on different continuous probability distributions such
as Beta, Exponential, Gamma, Lognormal and Weibull. While the literature mostly evaluates the convergence of
the sample mean to normality within a general framework, in this study, criteria such as variance, skewness
coefficient, maximum error of approximation (MaxError) and Berry Bound were also taken into account. Thus,
not only the validity of CLT but also the speed and sample size at which each distribution approaches normality
were evaluated. With simulation, the applicability of CLT under different distributions is discussed more
comprehensively. In addition, the Berry-Esseen relationship, which is usually treated theoretically, has been
evaluated quantitatively through simulation in this study, and a more concrete and comparative perspective on the
applicability of CLT has been presented. This approach goes beyond classical CLT interpretations and provides
the opportunity to reveal the speed at which distributions converge to the normal distribution with numerical data.

2. Distributions
In this section, general information about the distributions to be used in the study is given.
2.1. Normal Distribution

The general normal distribution is derived from the standard normal distribution. It is characterized by two
parameters, and 2, which, we will shortly see, are in fact the mean and variance (Burkardt, 2014). The Probability
Density Function (PDF) for the Normal Distribution is defined in equation 1 (Winters, 2022).

1 _ow?

e 202 —o<x<
f(x; b, 0%) = {ov2m 1)
0, otherwise

The normal distribution curve is symmetrical and bell-shaped. The score showing the highest frequency is in the
middle of the normal distribution curve, and the scores showing the lowest frequency are at the extremes. It can
be noted that the two components of normality are skewness and kurtosis. Skewness is related to the symmetric
nature of distributions; if the mean of the distribution is to the right of 0 and the scores are stacked to the right, the
distribution is skewed to the left (tail long on the left, negatively skewed); if it is to the left, the distribution is
skewed to the right (tail long on the right, positively

skewed). Kurtosis is related to the sharpness of the distribution, and distributions can be either sharp (if the kurtosis
value is above 0) or nearly flat (if the kurtosis value is below 0, the data density in the tails is high). When skewness

and kurtosis are 0, the distribution is considered normal (Uysal & Kilig, 2022). Figure 1 shows three curves: left-
skewed, normal, and right-skewed, respectively (Nolan & Heinzen, 2011).

Mean

Figure 1. Left-Skewed, Normal, and Right-Skewed Distributions
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2.2. Beta Distribution

The beta distribution is a family of continuous probability distributions normalized by two positive parameters, a
and B, in the interval [0,1]. PDF for the Beta Distribution is defined in equation 2.

A -0 a>08>00<x<1
fecap) =4 B@p ’ co T @

0, otherwise

The B(a, B) expression in the probability density function is defined in equation 3, using Gamma functions
(Sarisoy & Gamgam, 2010).

r@re

I'(a+p) )

B(a,B) =

2.3. Gamma Distribution

It is a two-parameter continuous probability distribution. One of these parameters is taken as scale parameter: S,
shape parameter: a. The exponential distribution is a special case of the gamma distribution, the sum of exponential
variables of which is the gamma distribution. PDF for the Gamma Distribution is defined in equation 4 (Yeler,
2019).

1
x4 1e=*/B, a>0, >0,T(a)>0x>0
a
fea,p) ={*T@ @

0, otherwise

2.4. Exponential Distribution
If the probability density of a variable X fits the following definition, it has an exponential distribution and is called

an exponential variable. 4 is the scale parameter. PDF for the Exponential Distribution is defined in equation 5
(YYeler, 2019).

fOsD) =2, 1> 0,x>0
f(x; 1) =30, otherwise (5)

2.5. Log-Normal Distribution
A random variable X is log-normally distributed if log(X) has a normal distribution. Usually, natural logarithms

are used, but other bases would lead to the same family of distributions, with rescaled parameters. PDF for the
Log-Normal Distribution is defined in equation 6 (Limpert et al., 2001).
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202 x>0
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otherwise

2.6. Weibull Distribution

It is a three-parameter continuous probability distribution. The parameters a, # and 0 are known as the shape,
scale and location parameters, respectively. PDF of the three-parameter for the Weibull Distribution is defined in
equation 7.

_ a—1 x—0\%
flapB,0) {%(Cﬁe) e_(Te)' a>0,8 >0,x>60-0<0<o0
xX,a,p, =

k 0, otherwise

U]

By a shift transformation, equation (7) can be reduced to the two-parameter version. PDF of the two-parameter for
the Weibull Distribution is defined in equation 8 (Teimouri et al., 2013).

flsap) = {(% (f)“‘l e_(%)“' a>0, >0x>0

k k otherwise

®)

2.7. Berry-Esseen Theorem

Although some distributions can be approximated by the normal distribution, they may not be useful
approximations if they converge too slowly to the normal distribution. The Berry-Esseen Theorem shows how it
helps to know when an estimate is good. The Berry-Esseen theorem specifies the rate of convergence to the normal
distribution by limiting the maximum error of approximation between the normal and the standardized sample
mean F, distribution. According to the classical Berry-Esseen Theorem, if X4, ..., X,, are i.i.d. random variables
each with a finite third moment, then

E|X1—ul?
W@—Mmsai;ﬁi ©)

Where F, is the CDF of @ ¢(.) is the CDF f the standard normal distribution and a is a constant. The term

E|X; — p|? in equation 9 shows that the random variable’s third moment, which often characterizes the variable’s
skewness, plays an important role in the rate of convergence to the normal distribution (Zhang et al., 2023).

3. Matenials and Methods
3.1. Simulation Study

In this section, Beta, Exponential, Gamma, Lognormal and Weibull distributions are obtained through simulation.
For each distribution, 10,000 random numbers were generated. The simulation study was carried out separately
for different sample sizes such as n = 10,20,30,50,100 and 1000. For each distribution, sample mean,
variance, skewness coefficient, maximum error of approximation (MaxError) and Berry-Esseen limit (Berry
Bound) were calculated. In addition, the histogram graph of the distribution for each sample size was drawn and
the process of convergence to normality was observed visually. Matlab program was used in the simulation study.
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3.1.1. Beta Distribution

In the simulation study for the beta distribution, the parameters of the distribution were taken as a=5, p=1.
Accordingly, the results obtained according to different sample diameters are shown in Table 1.

Table 1. Values Calculated from Simulation Data for Sample Sizes Different from the Beta (5,1) Distribution

Maximum  Convergence

L Sample Size . Coefficient of Approximation Speed (Berry -
Distribution Mean Variance Skewness Comment
(n) Error Bound)
(MaxError)
Good
10 0.83336 0.00196 0.38205 0.03433 0.27459 convergence
(CLT holds)
Good
20 0.83332 0.00099 0.27964 0.02017 0.19084 convergence
Beta (CLT holds)
Distribution Good
(5.1) 30 0.83368 0.00066 0.20933 0.02457 0.15400 convergence
(CLT holds)
Good
50 0.83338 0.00040 0.16288 0.01892 0.12146 convergence
(CLT holds)
Good
100 0.83338 0.00020 0.13277 0.01514 0.08604 convergence
(CLT holds)
Good
1000 0.8333 0.00002 0.04548 0.01031 0.02709 convergence
(CLT holds)
10 n=10,Beta®, 4 {5M®E G 3 14 n = 20, Beta(5,1) Distribution 16 n =30, Beta(5,1) Distribution
9 12 14
4 & e 6
o " samplemean o sample Mean ° camplemoan
25 n =50, Beta(5,1) Distribution 30 n = 100, Beta(5,1) Distribution 100 n = 1000 , Beta(5,1) Distribution
2 s -
20 70
%15 % % 60
E E 15 E 50
0.75 %:mple M;)‘;?-.S 0.9 0.78 0.8 SOa.;I:p‘e ?\Aaedan 0.86 0.88 0.82 g_aarf:‘ple MeO‘;?‘d 0.85

Figure 2. Histograms of Simulation Data Generated for Sample Sizes Different from the Beta (5,1) Distribution

As a result of examining Table 1 and Figure 2, it was observed that the sample mean converged to the theoretical
expected value of 0.8333 and the variance became smaller as the sample size increased. Additionally, it was
observed that the skewness coefficient decreased as the sample size increased and the distribution became
increasingly symmetrical. It has been observed that the beta distribution has a left-skewed structure in small sample
sizes with parameter values of a=5, B=1. However, when the sample size is n > 50, the skewness decreases
significantly and the tendency of the distribution to converge to normality becomes stronger. It was observed that
as the sample size increases, the maxerror, that is, the difference between the theoretical distribution and the
sampling distribution, decreases and this difference remains within the Berry Bound limits. This situation reveals
a convergence process that does not exceed the limits of CLT and yields more reliable results as the sample size
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increases. Additionally, it is observed that the convergence speed decreases significantly when n > 50 and the
MaxError and Berry Bound values decrease rapidly. This shows that convergence is fast when n > 50 in the
Beta distribution. This process reveals that the Beta distribution approaches the normal distribution more rapidly
asn = 50.

3.1.2. Gamma Distribution

In the simulation study for the gamma distribution, the parameters of the distribution were taken as a=0.5, g=1.
Accordingly, the results obtained according to different sample diameters are shown in Table 2.

Table 2. Values Calculated from Simulation Data for Different Sample Sizes from the Gamma (0.5,1) Distribution

Maximum  Convergence

Coefficient of Approximation Speed (Berry Comment

Sample Size

Distribution ) Mean Variance Skewness Error - Bound)
(MaxError)
Good
10 0.50176 0.05077 0.94668 0.05860 0.48144 convergence
(CLT holds)
Good
20 0.50099 0.02527 0.66349 0.04232 0.32809 convergence
(CLT holds)
Good
30 0.49821 0.01642 0.56192 0.04223 0.26284 convergence
(CLT holds)
Good
50 0.49834 0.00991 0.39877 0.03918 0.20136 convergence
Gamma
S (CLT holds)
Distribution Good
0.5.1) 100 049968 000487  0.25723 0.02012 0.14628  convergence
(CLT holds)
Good
1000 0.50000 0.00050 0.10504 0.01115 0.04642 convergence
(CLT holds)
. n=10, G2, A M@ QG s n=20, 5,1) a5 n=30, 5,1)
1.8
5 25 3
14 2 25
2" = 2
2 1 €15 2
8 o8 8 815
0:4 05
0.2 ‘ 08
] 0 0
0 05 1 1.5 0 0.5 1 0.2 0.4 0.6 08 1 1.2
Sample Mean Sample Mean Sample Mean
45 n =50, Gamma(0.5, 1) ‘ n =100, Gamma(0.5, 1) 18 n=1000, 5, 1)
4 5 16
3.5 14
3 4 12
%2.5 % %m
1.5 2 6
1 4
0.5 ' 2
] ] ]
0.2 0.4 0.6 0.8 1 0.3 0.4 05 0.6 0.7 0.8 0.45 . 0.55 0.6
Sample Mean Sample Mean Sample Mean

Figure 3. Histograms of Simulation Data Generated for Sample Sizes Different from the Gamma (0.5,1)
Distribution

As aresult of examining Table 2 and Figure 3, it was observed that the mean converged to the theoretical expected
value of 0.5. It was observed that as the sample size increases, the variance becomes smaller. Additionally, it was
observed that the skewness coefficient decreased as the sample size increased and the distribution became
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increasingly symmetrical. It has been observed that the Gamma distribution has a right-skewed structure in small
sample sizes with parameter values of a = 0.5, 8 = 1. However, when the sample size is n > 50, the skewness
decreases significantly and the tendency of the distribution to converge to normality becomes stronger. It was
observed that as the sample size increases, the maxerror, that is, the difference between the theoretical distribution
and the sampling distribution, decreases and this difference remains within the Berry Bound limits. This situation
reveals a convergence process that does not exceed the limits of CLT and yields more reliable results as the sample
size increases. Additionally, the convergence speed decreased significantly when n > 50 and it was observed that
MaxError and Berry Bound values decreased rapidly. This shows that convergence is fast when n > 50 in the
Gamma distribution. This process reveals that the Gamma distribution converges more rapidly to the normal
distribution as n > 50.

3.1.3. Exponential Distribution

In the simulation study for the exponential distribution, the parameter of the distribution was taken as 4 = 1.
Accordingly, the results obtained according to different sample diameters are shown in Table 3.

Table 3. Values Calculated from Simulation Data for Sample Sizes Different from the Exponential (1) Distribution

sample Coefficient Maximum Convergence Speed
Distribution - Mean Variance of Skewness Approximation Error  (Berry - Bound) Comment
Size (n)
(MaxError)
Good
10 0.99751 0.10071  0.62584 0.04461 0.35847 convergence
(CLT holds)
Good
20 1.00290 0.05035 0.41203 0.02573 0.25313 convergence
(CLT holds)
Good
30 1.00150 0.03274  0.40500 0.02628 0.21089 convergence
Exponential (CLT holds)
Distribution Good
(1) 50 1.00060 0.02022  0.30443 0.02350 0.16433 convergence
(CLT holds)
Good
100  0.99977 0.01016  0.16421 0.01394 0.11482 convergence
(CLT holds)
Good
1000 1.00000 0.00099  0.04481 0.00624 0.03641 convergence
(CLT holds)
e n = 10 , Exponential(A = 1) R n =20, Exponential(A = 1) as n = 30, Exponential(4 = 1)
z08 z z
0 canpantem . o Ganemean samplohean
n = 50 , Exponential(A = 1) ) n = 100 , Exponential(A = 1) n = 1000 , Exponential(A = 1)

06 08 1 12 14 16 0.6 0.8 1 1.2 14 0.8 095 1 1.05 11
Sample Mean Sample Mean Sample Mean

Figure 4. Histograms of Simulation Data Generated for Sample Sizes Different from the Exponential (1)
Distribution
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As aresult of examining Table 3 and Figure 4, it was observed that the mean converged to the theoretical expected
value of 1. It was observed that as the sample size increases, the variance becomes smaller. Additionally, it was
observed that the skewness coefficient decreased as the sample size increased and the distribution became
increasingly symmetrical. It has been observed that the exponential distribution has a right-skewed structure in
small sample sizes with a parameter value of A=1. However, when the sample size is n = 50, the skewness
decreases significantly and the tendency of the distribution to converge to normality becomes stronger. It was
observed that as the sample size increases, the maxerror, that is, the difference between the theoretical distribution
and the sampling distribution, decreases and this difference remains within the Berry Bound limits. This situation
reveals a convergence process that does not exceed the limits of CLT and yields more reliable results as the sample
size increases. Additionally, the convergence speed decreased significantly when n > 50 and it was observed that
MaxError and Berry Bound values decreased rapidly. This shows that convergence is fast when n = 50 in the
exponential distribution. This process reveals that the exponential distribution approaches the normal distribution
more rapidly as n = 50.

3.1.4. Log-Normal Distribution

In the simulation study for the Log-Normal distribution, the distribution parameters were takenas u = 0,0 = 1.
Accordingly, the results obtained according to different sample diameters are shown in Table 4.

Table 4. Values Calculated from Simulation Data for Sample Sizes Different from the Log-Normal (0,1)
Distribution

sample Coefficient Maximum Convergence Speed
Distribution Si Mean Variance of SkewnessApproximation Error(Berry - Bound) Comment
ize (n)
(MaxError)
Good
10 1.64830 0.45884 1.72340 0.08942 0.78349 convergence
(CLT holds)
Good
20 1.64660 0.22830 1.26720 0.07431 0.58224 convergence
(CLT holds)
Log-Normal Good
Distribution 30 1.64900 0.15596 1.07160 0.06315 0.52535 convergence
(0.1) (CLT holds)
' Good
50 1.65090 0.09162 0.78573 0.04841 0.41498 convergence
(CLT holds)
Good
100 1.64660 0.04699  0.62158 0.04502 0.32010 convergence
(CLT holds)
Good
1000 1.65000 0.00469 0.19574 0.01099 0.09697 convergence
(CLT holds)

Mormal Curve:

n = 10 , Lognormal(y=0, o=1) n = 20 , Lognormal(u=0, o=1)

n = 30 , Lognormal(=0, o=1)

Density

o 2 4 & 8 1 2 3 a 5 6
Sample Mean Sample Mean

n = 50 , Lognormal(y=0, o=1) n = 100 , Lognormal(p=0, o=1)

Density
Density
Density

L}

25 3 as 1 15 2 2.8 a Ex 1.4 18 1.6 1.7 18 19

1 15 2 .
Sample Mean Sample Mean Sample Mean

Figure 5. Histograms of Simulation Data Generated for Sample Sizes Different from the Log-Normal (0,1)
Distribution
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As aresult of examining Table 4 and Figure 5, it was observed that the mean converged to the theoretical expected
value of 1.65. It was observed that as the sample size increases, the variance becomes smaller. Additionally, it was
observed that the skewness coefficient decreased as the sample size increased and the distribution became
increasingly symmetrical. It has been observed that the log-normal distribution has a right-skewed structure in
small sample sizes at parameter values g = 0,6 = 1. However, when the sample size is n>100, the skewness
decreases significantly and the tendency for the distribution to converge to normality becomes stronger. It was
observed that as the sample size increases, the maxerror, that is, the difference between the theoretical distribution
and the sampling distribution, decreases and this difference remains within the Berry Bound limits. This situation
reveals a convergence process that does not exceed the limits of CLT and yields more reliable results as the sample
size increases. Additionally, the convergence speed decreased significantly when n = 100 and it was observed
that MaxError and Berry Bound values decreased rapidly. This shows that convergence is fast when n = 100 in
the Log-Normal distribution. This process reveals that the Log-Normal distribution converges more rapidly to the
normal distribution as n > 100.

3.1.5. Weibull Distribution

In the simulation study for the Weibull distribution, the parameters of the distribution were takenas 4 = 1,k =
0.5. Accordingly, the results obtained according to different sample diameters are shown in Table 5.

Table 5. Values Calculated from Simulation Data for Sample Sizes Different from the Weibull (1,0.5) Distribution

sample Coefficient Maximum Convergence Speed
Distribution Si Mean Variance of Skewness Approximation Error  (Berry - Bound) Comment
ize (n)
(MaxError)
Good
10 1.99400 2.05270 2.07470 0.12231 0.97622 convergence
(CLT holds)
Good
20 1.99190 0.99125 1.44870 0.09412 0.67119 convergence
(CLT holds)
Good
30 1.99100 0.67221 1.25130 0.08217 0.60628 convergence
(CLT holds)
Good
50 1.99970 0.40114 0.93944 0.06021 0.42629 convergence
Weibull (CLT holds)
Distribution Good
(1,0.5) 100  2.00620 0.20410 0.67862 0.04035 0.30353 convergence
" (CLT holds)
Good
1000 2.00000 0.01971 0.21638 0.01655 0.10379 convergence
(CLT holds)

—istogram

n = 20 , Weibull(A=1, k=0.5)

Normal Gurve.

n = 10 , Weibull(A=1, k=0.5)

n = 30 , Weibull(A=1, k=0.5)

5 10 5 2 4 6 1 2 3 4 ) 6 7
Sample Mean Sample Mean Sample Mean
n = 50 , Weibull(A=1, k=0.5)

n = 100 , Weibull(A=1, k=0.5) n = 1000 , Weibull(A=1, k=0.5)

Zost

1 a s 6 a 5 1.8 18

a a 2 a 2.4 26
Sample Mean Sample Mean

2 22
Sample Mean

Figure 6. Histograms of Simulation Data Generated for Sample Sizes Different from the Weibull (1,0.5)
Distribution
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As aresult of examining Table 5 and Figure 6, it was observed that the mean converged to the theoretical expected
value of 2. It was observed that the variance decreases as the sample size increases. It was also observed that the
coefficient of skewness decreases as the sample size increases, and the distribution becomes increasingly
symmetrical. It was observed that the weibull distribution had a right-skewed structure in small sample sizes at
parameter values A=1, k=0.5. However, when the sample size is n = 100, the skewness decreases significantly
and the tendency for the distribution to converge to normality becomes stronger. It was observed that as the sample
size increases, the maxerror, that is, the difference between the theoretical distribution and the sampling
distribution, decreases and this difference remains within the Berry Bound limits. This situation reveals a
convergence process that does not exceed the limits of CLT and yields more reliable results as the sample size
increases.

Additionally, the convergence speed decreased significantly when n > 100 and it was observed that MaxError
and Berry Bound values decreased rapidly. This shows that convergence is fast when n = 100 in the Weibull
distribution. This process reveals that the Weibull distribution converges more rapidly to the normal distribution
asn = 100.

4. Conclusion

In this study, the effect of sample size on various statistical measures was investigated by simulations on different
continuous distributions such as Beta, Exponential, Gamma, Log-Normal and Weibull. Furthermore, by going
beyond the classical CLT determinations, we focus not only on the sample mean and variance but also on factors
such as skewness of distributions, maximum error of approximation and Berry Bound. Thus, a more in-depth
perspective on the convergence process was brought, and the speed at which different distributions approach
normality was analyzed. The results show that as the sample size increases, the mean approaches the theoretical
value, the variance and skewness coefficient decrease, and accordingly the distribution becomes more symmetrical
and reliability increases. When the maximum approximation error (MaxError) and Berry Bound values are taken
into account, it is seen that the convergence occurs within the Berry Bound limits in all distributions, therefore the
CLT is valid.

In the highly skewed Log-Normal and Weibull distributions, convergence to the normal distribution becomes
evident with a sample size of n > 100, while in the less skewed Beta, Exponential and Gamma distributions, this
convergence occurs earlier and faster as of n > 50. This suggests that CLT should be evaluated not only with
sample size but also with other factors.

Although n > 30 is generally accepted as a threshold value for CLT validity in the literature, there are cases where
this value may be insufficient when different criteria are taken into account. In line with these findings, the
approach presented in the study reveals that when evaluating the applicability of CLT, not only classical criteria
such as mean and variance should be considered, but also additional statistical indicators such as skewness
coefficient, Berry Bound value and MaxError should be taken into account. These criteria allow for a more realistic
and comparative analysis of the speed at which different distributions converge to normality. In addition, numerical
evaluation of Berry Bound values through simulation concretely reveals the practical equivalent of a theoretical
result and provides a new approach to assessing the applicability of CLT.

In conclusion, this study not only confirms that increasing sample size plays a critical role in the approximation of
distributions to normality, but also makes a significant contribution to the literature by revealing the differences in
the convergence speeds of different continuous distributions. This comprehensive approach makes a significant
contribution to classical CLT applications and allows for a more accurate interpretation of sample size-dependent
convergence processes. In this context, considering the mean, variance, skewness and Berry-Esseen bounds
together ensures that more robust and reliable results are obtained in statistical inferences. In future research,
expanding these analyses to more diverse distributions and under different parametric conditions can provide
significant contributions to the field of theoretical and applied statistics.
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