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Abstract:  The behaviour and periodicity of the solutions of the following system of difference equations is

examined
Ay, } { A X, }
Xn+1 = Max ,——— ¢ Yn41 = Max ,
" { Xn-1 Xn-1 " Yn-1 Yna

where the initial conditions are positive real numbers.
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X —max{ A dn } Y, —max{ A X }
n+l = v Y1 = )
’ Xn-1 Xh—1 ’ Yn-1 Yna

Maksimumlu Fark Denkleminin Coztmleri

Ozet: Asagidaki fark denklem sisteminin ¢oziimlerinin periyodikligi ve davranmislar: incelenmigtir.

X —max{ A dn }y —max{ A X }
n+l = (Y = ,
" Xn-1 Xp-1 ’ Yn-1 Yn1

Baslangi¢ sartlar: pozitif reel sayilardir.
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1. INTRODUCTION

Recently, there has been a great interest in studying the periodic nature of nonlinear difference
equations. Although difference equations are relatively simple in form, it is, unfortunately,
extremely difficult to understand thoroughly the periodic behavior of their solutions. The periodic
nature of nonlinear difference equations of the max type has been investigated by many authors.
See for example [1-30].

Definition 1.1. Let | be an interval of real numbers and let f: 1" — 1 be a continuously
differentiable function where s is a non-negative integer. Consider the difference equation

Xpe1 = T(Xs Xpg0e0 X)) for n=0,1,2,... (2)
with the initial values X_q,...,Xo € | . A point X called an equilibrium point of the (2) if
X =f(X,...X).
Definition 1.2. A positive semicycle of a solutions {Xn }::  of the (2) consist of a string of terms
{XI : X|+1,---’Xm} all greater than or equal to equilibrium X with |1 >—-s and m <o such that
either | =—s or I >-s ve X_, <X andeither m=o00 or m<oo and X, <X.
Definition 1.3. A negative semicycle of a solutions {Xn };O:_s of (2) consist of a string of

terms {XI s X[ig ey Xm} all less than or equal to equilibrium X with 1 > —s and m <o such
that either | =—s or I >-s and x,_, > X and either m=c or m<o and X, >X.

2. MAIN RESULT
Let X and y be the unique positive equilibrium of the (1), then clearly

x=2 = w2=15%=1 and x=L = X’ =7,
X X
y=— =Y :12y:l and Yy=— =Y =X,
y y
We can obtain X =1 and y =1.

Lemma 2.1. Assume that
0<X, <X <Y, <Yy <A 0<X, <X <Y<Y, <A0<X, <Yy, <X <Y, <A,
0<X, <Y <Yy <X <A Q<X <Y<Y, <X <A0<X, <Y, <X <Yy, <A,
0<Y, <X <Y, <X;<A0<y, <X <X, <Y, <A0<y, <y, <X <X;<A,
O0<yY, <Y, <X <X <AO0<y, <X, <Y, <X<AO0<y <X, <X<Yy, <A,
O<y <X <Yy <X, <A 0<y, <Yy, <X <X;<A0<y, <y, <x,<X <A,
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0<y, <X, <Yy <X <A0<y, <X <X,;<Y, <A0<y, <X, <X<Y, <A,
0<X <Y <Yy <X, <A 0<X <Y, <X, <Y, <A0<X, <Y, <Y, <X, <A,
0<X <X <Y<Y, ;<A 0<X <X, <Y, <Y, <A0<Xx, <y, <X,<Y, <A,

Then the following statements are true for the solutions of the (1) :
(X, Y, ) is the solution, solution x,, for n > 0and solution y,, for n>0;

a) Every positive semicycle consists of three terms.

b) Every negative semicycle consists of two terms.

c) Every positive semicycle of length three is followed by a negative semicycle of length two.
d) Every negative semicycle of length two is followed by a positive semicycle of three.

Proof.

X, X4 X,
{1 xo} 1

y, =maxq—,—>t=—>Y,
y—l -1 y—l

0
Xy =MaXq—, == =MaX4 X ,— r=—2>X,
X X% Yol Yo
{1 X } { 1 1 _
Y, =maxq—,—=r=maxqy ,—r=—>Y,
Yi Vi Xo Xo
1y, v
X, = maxq—,=% =max{Xy Y} =y, <X,
XZ XZ
3] ‘
Y, =maxq{—,— =max{YoX711X1}—X1<y’
Yo Y2
1y, v
X5:max - =max{y0,yox,1}:y0<xi
X3 X3
1 x,
y5=max{—,—}=maX{Xo,Xoy =% <Y,
Ys Y¥s
{1 5} {1 xo} 1
Xg = MaxX{q—, = =Mmaxq—,— r=—>X,
X4 X4 y—l y—l y,]_
{1 X } { 1 yo} 1 o
Yo = MaxX{—,—>r=MaxXq—,— r=—>Y,
Yo Yy Xy Xy Xy

{1 yﬁ} {1 1 } 1
X, = max{—, =% b =max{—, = >X,
XS X5 yO yOX—l yOX—l
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_ 1Y
Xy = max{x8 X
ym_max{i,ﬁ

Yo Vs

Consequently, we have obtained:

X >X, %>, X >X, X, <X, X <X, X >X, X, >X, X >X, X <X, X,<X, ..

yl>V! y2>V: y3>7, y4<7! y5<7! y6>7! y7>7' y8>7! y9<7! y10<7’

Hence, the solution is X, for n > 0 and solution Yy, for n>0;

Every positive semicycle consists of three terms,
a) Every negative semicycle consists of two terms,

b) Using the proof a);

The solution is X, for N >0 and solution y, for n > 0 every positive semicycle consists of
three terms, every negative semicycle consists of two terms;

c) Using the proof a);

Therefore, the solution X, for n > 0 and solution Y, for N >0 every negative semicycle of

length two is followed by a positive semicycle of length three.

Lemma 2.2. Assume that

A<xy <y <Yy <x,; <L A<xy <y, <x, <y, ;<L A<xy<y, <y, <x,<]1,
A<y, <x, <xy <y, <1, A<y, <x, <y, <x,;<lJA<x,<x, <y, <y, <1,
A<x,; <xy <Yy <y <L A<x <y, <x, <y, <l,A<x,;<x,<y,<y,<l,
A<x0<x71<y0<y71<1,A<x0<y71<x71<y0<1,A<x71<y71<x0<y0<1,
A<x <Yy <Yy <Xy <lA<x <y, <y, <x, <1, A<y, <x,<x,<y,<]1,
A<y_1<x_l<y0<x0<1'A<y_1<xo<x_1<y0<1,A<y0<x_l<y_l<xo<1,
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A<y, <y <x;<xy<LA<y, <y, <x,<x,;<1l,A<y,<x,<y, <x,<1,
A<y <Yy <x, <Xy <1l A<y <y, <x,<x;<l, A<y, <x,<x,<y,<l,

Then the following statements are true for the solutions of the (1) :
X,, Y, is the solution, solution X, for n >1and solution y,, for n>1;

a) Every position semicycle consists of three terms.

b) Every negative semicycle consists of three terms.

c) Every positive semicycle of length three is followed by a negative semicycle of length three
d) Every negative semicycle of length three is followed by a positive semicycle of three.

Proof. Similarly, we can obtain the proof of Lemma 2.2 as in the proof of Lemma 2.1.

Theorem 2.1. Let A=1 and (x,,.y,) be the solution of the (1) for
0<X, <X <Y, <Yy <A0<X, <X <Y<Y, ;<A 0<X, <Yy, <X<Y, <A,
O<x_1<y_l<y0<x0<A,0<x_1<y0<y_1<x0<A,0<x_1<y0<xo<y_1<A,
0<Y, <X <Y, <X;<A0<y, <X <X, <Y, <A0<y, <y, <X <X;<A,
O<y0<y_1<x_l<xo<A,O<y0<x_1<y_1<x0<A,0<y0<x_1<x0<y_1<A’
0<y <X <Yy <X, <A 0<y, <Y, <X<X;<A0<y, <y, <x,<X <A,
O<y, <X, <Y, <X <A0<y, <X <X, <Y, <A0<y, <x,<Xx <Y, <A,
0<Xy <Y, <Yy <X ;<A 0<X <Yy <X, <Y, ;<A0<X <Y, <Y,<X,;<A,
0<Xy <X <VYo<VY, <A D<K <X, <Y, <Y, <A0<X <Yy, <X;<Y, <A

Then every (X, Y, ) is periodic with period ten:

i1 1+ 00111
X(n): T :_1y,1:y01_: ,—,Xfl,Xo, ey

X1 %Ya Yo Y YoXu %

1.1 1+ .11 1
y(n): B 1_1X,1|X01_1 '_'yfl’yO' en

y,]_ yO X*l XO Xfl XO yfl yO

Proof.

xl:max{ 1 ’yo}: 1 ,
X-l -1 X-1

X
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Y. Y
1y
X, = max{—,—} =max{ Yo, YoX1 } = Yo,
X3 X3
1 x,
Y. =max<—,—+t=max{x,, X,y ,} =X,
5 {y3 ys} { 0 0 l} 0

&<
Il
3
D
X
——
e
23
Il
3
D
X
——
=
2
e
H_/
I
|-

<
[oe]

I
3
b}
X

&<
Il
3
=3
—— T ——
|~
XS <

<<
o

=
..|><
_— —
Il

3
&
—
.L><
=
Il
|~

>
3

|~
5

— ——
Il
3
QD
X

PRON
>
iR
<
o
>
LN
N
Il
>
=

<<
©
[
3
QD
X

max {X,Y_, Y} =Y.,

<
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X0 = max{z,i—:} = max{Xp, %Y1} = X,
1

Yo = max{—,ﬁ} = maX{Yo’X-NO} = Yo
Yo Y

If n>0, then
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1.1 1 01 1 1 .
x(n) =4—; Y0 Yo — X X e
Xy XYa Yo Y1 YoXy X

i1 1 . .1 1 1 .
y(n):{_! 1_1X,11X0a_a ’_1y—1’y0’ ...}.
Y YoXu X X1 %Y1 Yo

Theorem 2.2. Let A<1 and (xn, yn) be the solution of the system of difference equations (1) for

A<xy <y <y <x,; <1, A<xy<y,<x,; <y, <l,A<x,<y,<y,<x,<1,
A<y, <x,;<xy <y, <1, A<y, <xy <y, <x,<l,A<x,<x,<y, <y, <1,
A<x,; <xy <Y<y <L A<x <y, <x <y, <l,A<x,<x,<y,<y,<l,
A<x0<x71<y0<y71<1,A<x0<y71<x71<y0<1,A<x71<y71<x0<y0<1,
A<x <Yy <Yy <X <L A<x, <y, <y, <x, <1, A<y, <x,<x,<y,<]1,
A<y_1<x_l<yo<x0<1,A<y_1<x0<x_1<y0<1,A<y0<x_l<y_1<x0<1,
A<y, <y <x;<xy <l A<y, <y, <x;<x,; <1, A<y, <x,<y, <x,<1,
A<y_1<y0<x_1<x0<1,A<y_1<y0<xO<x_1<1,A<y0<xo<xfl<y71<1

Then every (X,,Y, ) is periodic with period six:

X(n)z{h; 1 ;i;yfl;x_l;xo; }
X—l y—l yO XO
1

X 1 X
Y(n)z{ 0 v =Y 10 Yoi }

y—l —1 X0 yO
Proof.
Xl:max{i,ﬁ}:ﬁ,
Xy Xy X,
ylzmax{i,_o}:h’
y—l y—l X—l
{A 1} {A 1} 1
X, =Maxq—,==¢=maxy—,—=—,
X0 XO XO y—l y—l
{A xl} {A 1} 1
y, =max{—,—>t=max{—,—r=—o,
yO yO yO X—l X—l

{A yz} {Ax_l 1} 1
X, = max{—,22 \ = max ,—=—,
XX Yo Yol Yo
y3=max{i,ﬁ}=max{‘4y1,i}=i,

yl yl XO XO XO
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If n>1, then:
X(n) {y_ i’i, Yo X 45 %o },
X1 Ya Yo %X
X 1 1 X
y(n)={ e Sl e VA VA }
Y X3 X Yo

3. EXAMPLES

Example 3.1. If the initial conditions are selected as follows:

x[-1]=0.3;x[0] =0.4;y[-1]=0.8;y[0] = 0.9; A=1;

The following solutions are obtained:

x(n) = {3.3333333, 3.125,1.111111112,0.8,0.8999999999,1.25, 3.703703703704, 2.5,0.3,0.4, 3.3333333335,}

3.125,1.111111112,0.8,0.89999999,1.25,3.703703703703704,2.5,0.3,0.4,...

(n)= 1.25,3.703703703703704,2.5,0.3,0.4,3.3333333335,3.125,1.11111111112,0.8,0.89999999,1.25,
~ 13.703703703703704, 2.5,0.3,0.4,3.3333333,3.125,1.111111112, 0.8,0.89999999999, ...

The graph of the solutions is given below.
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xlnl

Figure ? x(n) graph of the solutions
A AN AN AN AN T
ST
TIT ¥ 1 ¥ [ ¥ %1 ¥ [ ¥
SRR A S .

Figure 2. y(n) graph of the solutions

Example 3.2. If the initial conditions are selected as follows:
A=0.1x[-1]1=0.9; x[0] =0.3; y[-1] =0.5; y[0] =0.7
The following solutions are obtained:
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x(n)={0.777778,2.,1.42857,1.66667,0.9,0.3,0.777778, 2.,1.42857,1.66667,0.9,0.3, ...}
y(n)={0.6,1.11111,3.33333,1.28571,0.5,0.7, 0.6,1.11111,3.33333,1.28571,0.5,0.7, ...}
The graph of the solutions is given below.

Xl
20}

15/

L[]
1 O)‘: 1

05/

[05F

10}
Figure 3. x(n) graph of the solutions
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Figure 4. y(n) graph of the solutions
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