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Abstract

In this study, we deal with the concept of spegagd of a numerical semigroup which is
used to find the set of all numerical semigroupsitaming a given numerical

semigroup. We will find the specific gaps of Auimerical semigroups with small
multiplicity. We also find all Arf numerical semigips containing a given Arf

numerical semigroup with small multiplicity.
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Kicuk kathihkl Arf sayisal yarigruplarin 6zel daklari

Ozet

Bu calsmada, verilen bir sayisal yarigrubu kapsayan tunyisa yarigruplarin
bulunmasi probleminde kullanilan bir sayisal yaulgun 6zel bduklari kavrami ile
ilgileniyoruz. Kicuk kathlikli Arf sayisal yarigplarinin 6zel bguklarini bulacaiz.
Verilen kuguk katlihkh Arf sayisal yarigrubu kagsn tum Arf sayisal yarigruplarini
bulacasiz.
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1. Introduction

The concepts and bases of this work are summaraedollows: A numerical
semigroupis a subset of the set of nonnegative integersotéd here byN) closed
under addition, containing the zero element andh Watite complement inN. Every
numerical semigroup S is finitely generated, that is,

S:<q, q,...,q,>: W+ yN+ ..+ yN, where u,u,,...,u, are positive integers such
thatged@, ,u, ,...u, )= 1(see, for instance, [2, 3, 7]). The last condii®equivalent to

saying thatS has finite complement ilN (where gcd is the abbreviation for the
greatest common divisor).

The set A={u,u,..,u,} is said to be theminimal system of generatoffer S

if S=( A, but S=(A\{y} for anyi. The cardinality of the minimal system of
generators ofS is known as thembedding dimensiaof S, and it is denoted bg(S)
The smallest positive element &f is themultiplicity of S, and it is denoted byn(S).

It is known thate(S§< nf $. S is said to be a numerical semigroup réximal
embedding dimensiah e(S = nf $.

The greatest integer not i8 is known as the Frobenius number $f though in the
literature it is sometimes replaced by ttenductorof S, which is the least integex
such thatx+ne S for all ne N. The Frobenius number & is denoted here b (S)

and it is conductor o5 minus one. The conductor & is denoted bg(S)=C. If S
is different from N, it is common to denote the elements ®fthat are less than or
equal toC by §,=0,5,...,.§,,5= Cwith 5, < s siforl<i<n=n(S), and write

S={$-0, 551, 5= G}

where "—>" means that every integer greater tHarbelongs to the set. The elements
$=0,5,....5, are called thesmall element®f S. Note that the first nonzero small

elements = n( 9 is the multiplicity of S and n=n(§ =#(S{0,1,..., F(§ ) is the

number of small elements & ("#A" denotes the cardinality of the sét). Those
positive integers which do not belong $are called gaps 0. The set of all gaps of
S is denoted byH (S). And the number of gaps & is called the genus & and it is

denoted byg(S). The largest gap o8 is the Frobenius numbéd¥(S) of S if S is
different from N .

If S is a numerical semigroup arae S\{O}, the Apery setof S with respectto a is
the selAp(S 9={ = S s a }& Itis easyto seethAp(S g={w,=0, W..., w,},
where w, is the least element ofS such that w =i(moda). Moreover,
(Ap(S 9\{0}) AL }a generates S and max(Ap(S,m)= F(9+ r for any
ae S\{0}[7]. Thus if S is a numerical semigroup with multiplicity, then S is of
maximal embedding dimensidnonly if (Ap(S m)\{0}) ./{m} is the minimal system
of generators foiS.
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Let S is a numerical semigroup. K¢ S and x+se S for allse S\{0}, then the
integer X is called a pseudo-Frobenius number ®f The set pseudo-Frobenius
number of S is denoted byPF(S). There is the relatioa< b if b—ae S on the set

of integers. And this relation is an order relatiorhe set of pseudo-Frobenius number
of the numerical semigrouf can also be obtained by this relation and Apetyptthe
numerical semigrouf: PF(S)={ w- u we Maximals, Ap,S)u [5].

2. Arf numerical semigroups

A numerical semigroupS is called Arf if x+y-ze S for all x,y,ze S, where
x> y>z. This definition was first given by¥. Arf [1] in 1949, and therefore the
condition in this definition is known as tief condition If x>y>z and x>C(S
for all x,y, ze S, thenx+ y— ze 9 and thux+ y— ze S. In order check whether

a numerical semigroup is Arf or not, it is enouglcheck the Arf condition only for the
small elements. There are many equivalent comditim the Arf condition, one of
which states that a numerical semigroup is Arind @nly if 2x— ye Sfor all x,ye S,

where x>y [4].

Any Arf numerical semigroup is of maximal embeddulignension. Thus, ifS is an
Arf numerical semigroup with multiplicitym, then S is minimally generated
by (Ap(S m\{0}) U Jn. The largest element of the s&p(S n) is C(S)+ m-1.

The only numerical semigroup with multiplicity oreeN, which is trivially Arf.

Every numerical semigroup with multiplicity 2 is &mf numerical semigroup and &
is a numerical semigroup with conducto(S) = C, then S=(2,C+1). The following

Propositions of Garcia-Sanchez, Heredia, Kagakad Rosales [4] will be crucial for
this study.

2.1Proposition [[4], Proposition 17] LetC be an integer such that >3 and
C =#1(mod3). Then there is exactly onArf numerical semigroupS with

multiplicity 3 and conductoC given by
i.  S=(3,C+1Ct+ 2 if C=0(mod3),

i. S:<3, C C+ 2> if C=2(mod3).
2.2 Proposition [[4], Proposition 18] Let S be an Arf numerical sgroup with
multiplicity 4 and conductocC.

i. if C=0(mod4), thenS=(4,4k+ 2,G- 1,G 3 for somel<k<—,

i. if C=2(mod4), thenS=(4,4k+ 2,G+ 1,G 3 for somel<k < CZZ,

2O

iii. if C=3(mod4), thenS=(4,C,Gr 2,G- 3.
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2.3 Proposition [[4], Proposition 20] LetS be an Arf numerical semigroup with
multiplicity 5 and conductofC.
i. If C=0(modb), then S is equal to one of

a) S=<5, C-2,C+1,Gr 2,Cr A)

b) S=(5,C+1,C+ 2,Cr 3,G+ 4.
i. If C=2(mod5),thenS=(5,C,C+1,C+ 2,G+ 4,
li.  If C=3(mod5), then S:<5, C C+1,C+ 3,G 4
iv. If C=4(mod5), then S is equal to one of

a) S=<5, C-2,C, G+ 2,CGr 4

b) S=(5,C C+2,Cr 3,G+ 4.

2.4 Proposition [[4], Proposition 22] LetS be an Arf numerical semigroup with
multiplicity 6 and conductoC. We get
i. If C=0(mod6), thenS is equal to one of

a)(6,C+1,C+ 2,C+ 3,C+ 4C+ 5,
b)(6,6t+ 2,64 4C+ 1C+ 3C+ b,
c)(6,6t- 3C+ 1C+ 2C+ 4C+ b,
d)(6,6t+ 4,64 8C+ 1C+ 3C+ b,

for somel<t s%—l )

i. If C=2(mod6), thenS is equal to one of
a)(6,6ur 2,64 4C+ 1IC+ 3+
b)(6,6v+ 3,CC+ 2C+ 3C+ b,
c)(6,6v+ 4,6+ 8C+ 1C+ 3C+ F,

c-2 Cc-2

for somel<u< andl<v< -1.

ii. If C=3(mod6), then
(6,6u+ 3C+ 1C+ 2C+ 4C+ b,

for somel<u<

iv. If C=4(mod6), thenS is equal to one of
a)(6,6ur 2,6u 4C+ 1IC+ L+ ¥,
b)(6,6u+ 4,64 8C+ 1C+ 3C+ I,

for somel<u< Cg4.

v. If C=5(mod6), then
a)(6,C,G+ 2C+ 3C+ 4C+ b,
b)(6,6u+ 3,C,C+ 2,C+ 3C+ 5,
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for somel<u< €-5 .

3. The special gaps of Arf numerical semigroups

We describe the concept of special gap used to dihdwumerical semigroups that
contain a given numerical semigroup. L®tbe a numerical semigroup. The set special

gaps of S denoted bySH(9={ x PR $:2 x £ Itis clearly thaBH(§c H $.
And if xe SH( 9, then{x}uS is again a numerical semigroup [6]. Previous istid

have shown tha{C—l}u S is an Arf semigroup for all Arf semigroup with adurctor

C[4]. This study, we will find special gaps of soad numerical semigroups, and we
will determine Which{x} w Ssemigroup is Arf and in what form they are.

3.1Lemmalf S is an Arf numerical semigroup with multiplicity>1, then
i. Maximalss, A S = Ap .S {0},
i. PF(S)={w-m ve Ap S M{0}}.

3.2 Remark It is clearly that if S:<2, C+]> is the Arf numerical semigroup with
conductor C(S) = C and multiplicity 2, then SH(9={C-1}
and{C—l}uS:<2,C—1>. This numerical semigroup obtained is again arf Ar
semigroup with multiplicity 2.

3.3 TheoremLet S be a numerical semigroup, as in 2.1 Proposition.
i. If C=0(mod3)andS=(3,C+1,G 2, then

{c-1 forC:3_{ {2 for C=3

SH(9 = =
(9 {{C—Z,C—]} for C>3 [{C-2,C-1 for C>¢
i. If C=2(mod3)andS=(3,C,Gr 2, then
SH(S = {C-1 for C=5_ {4 for C=5
{C-3,C-14 forC>5 [{C-3C-1 forC>E

Proof. We first note that all the semigroups in the 2.dp®sition are Arf numerical
semigroups
i If C=0(mod3) and S=(3,C+1,G2 and C>3, then
Ap(S3)={0,C+1, C+ 2} by 2.1 Proposition. ThereforeF(S) ={ C-2, C-1}
by 3.1 Lemma. And
C>6
2C>C+6
2C-2)>C+2
2C-)>C+4
2(C-2),2C-1e S
C-2,C-1e SH(9S.
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Thus SH(§={C1 G2}. Moreover, for C=3 we have S=(3,4,5 and
SH( 9 ={2} by the definition. Hence

SH(S - {2} for C=3
(9= {C-2,c-1 for C>3.

i. If C=0(mod3) and S=(3,C,G+2, then for C>5 we get

Ap(S3)={0,C, C+ 2}. ThereforePF(S)={ C-1, C-3} by 3.1 Lemma. And
C>8
2C>C+8
2(C-3)>C+2
2C-)>C+6
2(C-3),2C-2e S
C-3,C-1e SH(9S.

Thus SH(§={ CG-3, G-1}. Moreover, forC=5 we have S=(3,5,7 and
SH(9 ={4} by the definition. Hence

{4} for C=5

SH(S:{{C—&C—]} for C> 5

3.4 Corollary Let S be a numerical semigroup, as in 2.1 Proposition.

i. If C=0(mod3)andS=(3,C+1 G 3, then{C-} UuS=@, C-1,C+1) is an
Arf numerical semigroup as in 2.1 Proposition[o} {C > 3. Specially, for
C=3,{2usS= (2,3} is an Arf numerical semigroup with multiplicity two

i. If C=2(mod3)andS=(3,C,G+ 2, then{C-1} US=@3, C-1,C) is an Arf
numerical semigroup as in 2.1 Proposition(i].

3.5 TheoremLet S be a numerical semigroup, as in 2.2 Proposition.

i If S:<4,4k+ 2,G-1,G ;% whenC =0(mod4) for somel<k g%, then

SH(S = {4k-2,C-%  forC=4_ (2,3 for C= 4
~|{4k-2,c-3C-3 forC> 4 |{4%k 2C- 3C- 1 forC> .

i, If S:<4,4k+ 2,G-1,G ;SwhenC = 2(mod 4) for somel<k <
SH(9 ={4 k-2, G-3, G-1}.
ii. If S=(4,C,G+ 2,G 3 andC =3(mod4), then

SH(S = {C_Z’C_l} for C= 7 {5,6 for C= 7
“|{c-4,Cc-2,Cc-3 for C>7 |{C-4C 2C ) for & 7

, then

Proof. We first note that all the semigroups in the 2.8p®sition are Arf numerical
semigroups.
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i. If S=(4,4k+2,G-1,G 3 when C=0(mod4) for some 1sk§%, then

Ap(S4)={0,4k+2,C+1,G 3] by 2.2 Proposition. From 3.1 Lemma,
PF(S) ={4 k-2,C-3,C- 1}. Hence we get
C>4
2C>C+4
2C-1)>C+5
2(C-1esS
C-1e SH(9

And if C=4,thenC-3=1and 2 &= 22 Sand2¢ SH(S). Butif C>4, then
C>8
2C>C+8
2(C-3)>C+2
2(C-3)e S
C-3e SH(9

and since2(4k — 2)= 4(X—- 1k S, 4(2k—-1)e SH(S). Thus

SHS = {2,3 forC=4
(9= {4k-2,C-3,C-3 for C> 4

ii. If S=(4,4k+2,G-1,G 3 when C=2(mod4) for somel<k< , then
Ap(S4)={0,4k+ 2, G+ 1,G+ 3} by 2.2 Proposition. Thus
PF(S) ={4 k-2,C-3,C- 1} by Lemma 3.1. Hence we get

C>6
2C>C+6

2(C-3)>C
2(C-1)=>C+4

2(C-3),2C-1e S
C-3,C-1e SH(9
and since2(4k — 2)= 4(X- 1k S, 4(2k-1)e SH(S). Thus
SH(S)={4k-2,C-3,G 1
iii. If S=(4,C,G+ 2,G 3 and C=3(mod4), then Ap(S4)={0,C, C+2,Gr 3}
by 2.2 Proposition. ThuBPF(S)={C-4,C-2,C- 1} by Lemma 3.1. Hence we

get
C>7

2C>C+7
2(C-1)>C+5
2(C-2)>C+3
2(C-1),2C-2)e S
C-2,C-1e SH(S).
Andif C=7,thenC-4=3and 2 3= & S and6¢ SH(S). Butif C>7, then
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Cc>11
2C>C+11
2(C-4)>C+3
2(C-4)e S
C-4e SH(S.

{5,6} for C=7
{C-4,C-2,C-1} for C>7

3.6 Corollary Let S be a numerical semigroup, as in 2.2 Proposition

1.

ii.

1il.

If S=(4,4k+2,G-1,G 3 and C=0(mod4) for some 1<k<-, then

AO

(4k-2)u S and C- 1)u S are Arf numerical semigroups. So
(2,C+1) for k=1
(4k-2)u S=
(4,4-2C+1C+ 3 fork> :
is an Arf numerical semigroups as with multiplyc& or as in 2.2 Proposition[i]

(4,4+2C-1C+} for k;e%

(C-1)u S=

(4C-1C+1C+ 2 for k=%

is an Arf numerical semigroups as in 2.2 Propogjiip or in 2.2
Proposition[iii]. Specially, ifC =4, then

(C-1)U S=(4,4k+ 2,C- 1,G+ }=( 3,4,k is an Arf numerical semigroup as
in 2.1 Proposition[i].

If S=(4,4k+2,G+ 1,G 3 and C=2(mod4) for some 1<k <

, then

(4k-2)u S and C- 1)u S are Arf numerical semigroups. Thus,
(2,C+1) for k=1
(4,4-2C+1C+ 3 for k= :
is an Arf numerical semigroups with multiplicityd as in 2.2 Proposition[ii].
And (C-1)uU S=(4,4k+ 2,C- 1,C+ } is an Arf numerical semigroup as in 2.2
Propositioni].
If S=(4,C,G+ 2,G 3 and C =3(mod4), then{C -1} US=@, C-1,C, C+2)
is an Arf numerical semigroups as in 2.2 Propasjtip

(4k — 2)U S:{

3.7 TheoremLet S be a numerical semigroup, as in 2.3 Proposition.

If C=0(mod5)and S=(5,C- 2,G+ 1,G 2,G 4, then

SH(S = {6,7.9 for C=1C
" {c-7,c-4,c-3,C-1 for C>10
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i. If C=0(mod5)andS=(5,C+1,Gr 2,G 3,G ¥, then

SH(S = {3.4 for C=5
{C-4,C-3,C-2,C-1} for C>5

ii. If C=2(mod5)andS=(5C,G+1,G 2,G #, then

SH(S = {4,6} for C=7
" {c-5,c-4,c-3,Cc-1 for C>7

iv. If C=3(mod5)andS=(5,C,G+1,G 3,G 4, then

SH(S = {4,6,7 for C=¢€
" {c-5,c-4,c-2,Cc-1} for C>8

v. If C=4(mod5)andS=(5C-2,C,G 2,G 4, then

SH(S = {6,8 for C=9
{C-7,C-5,C-3,C-1 for C>9

vi. If C=4(mod5)andS=(5C,Gr 2,G- 3,G ¥, then

) B {6,7,8 for C=¢
SH(9 = SH $_{{C—5,C—3,C—2.C— L for C>9

Proof. We first note that all the semigroups in the 2.®p®sition are Arf
numerical semigroups.

i If S$=(5,C-2,G+ .G 2,G ¥ when C =0(mod5), then
Ap(S5)={0,C-2,C+ 1,G+ 2,C+ 4 by 2.3 Proposition From 3.1 Lemma,
PF(S) ={C-7,C-4,C-3,C- 1}. We get

C>10
2C>C+10
2(C-4)>C+2
2(C-3)>C+4
2C-1)>C+8
2(C-4),2(C- 3),2(G 1S
C-4,C-3,C-1e SH(S
And if C=10,thenC-7=3 and 2 3= &S and 6¢ SH(S). Butif C>10,

then
C>15
2C>C+15
2C-7>C+1
2(C-7)eS
C-7e SH(S.
Thus,
SH(S = {6,7,9 for C=1C
{C-7,C-4,C-3,C-1 for C>10
i, f S:<5,C+ 1G 2,G 3¢ }4 and C =0(modb), then
Ap(S5)={0,C+1,C+ 2,G+ 3,C+ 4 by 2.3 Proposition Thus

PF(S)={C-4,C-3,C-2,C- 1} by 3.1 Lemma. Hence
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we get
C>5
2C>C+5
2(C-2)>C+1
2(C-1)>C+3
2(C-2),2(G- 1 S
C-2,C-1e SH(9.

And if C=5, then C-4=1 and C-3=2. We have 2% 2S and

2-2=4¢ S. Hencel,2¢ SH(S). Butif C>5, then
C>10
2C>C+10
2C-4)>C+2
2(C-3)>C+4
2(C-4),2C-3)e S
C-4,C-3e SH(S.

Thus,

SH(S = {3.4 for C=5
{C-4,C-3,C-2,C-1 for C>5.

If C =2(modb5) and S=<5,C,C+ 1,G 2,G }4

Ap(S5)={0,C,C+1,G+ 2,C+ 4 by 2.3 Proposition
PF(S)={ C-5,C-4,C-3,C- 1} by 3.1 Lemma. Hence we get
C>7
2C>C+7
2(C-3)>C+1
2C-1)=C+5
2(C-3),2(G- 1S
C-3,C-1e SH(S.

then

Hence

And if C=7, then C-5=2 and C-4=3. We have 2 2 4S and

2-3=6¢S. Hence2,3¢ SH(S). Butif C>7, then
C>12
2C>C+12
2(C-5)>C+2
2C-4)>C+4
2(C-5),2C- 4)e S
C-5,C-4e SH(9.

Thus,
{C-5,C-4,C-3,C-1 for C>7
I C =3(mod5) and S=(5,C,C-1,G 3,G ¥4,

Ap(S5)={0,C, C+1,G+ 3,C+ 4} by 2.3 Proposition
PF(S)={C-5,C-4,C- 2,C- 1} by 3.1 Lemma. Hence we get
C>8
2C>C+8
2(C-4)>C
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2(C-2)>C+4
2(C-1)>C+6
2(C-14),2(G- 2),2(C 1E S
C-4,C-2,C—1e SH(S
And if C=8,thenC-5=3and 2 3= G S and3¢ SH(S). Butif C>8, then

C>13
2C>C+13
2(C-5>C+3
2(C-5eS
C-5e SH(S.
Thus,
SH(S={ {4,6,7, for C=¢
{C-5,C-4,C-2,C-1 for C>8
v. f C =4(mod5) and S=(5,C-2,C,G 2,G 4, then
Ap(S5)={0,C-2,C,G+ 2,C+ 4} by 2.3 Proposition Thus
PF(S)={C-7,C-5,C- 3,C- 1} by 3.1 Lemma. Hence we get
C>9
2C>C+9
2(C-3)>C+3
2(C-1)=C+7

2(C-3),2(G- 1S
C-3,C-1e SH(Y9.
Andif C=9,thenC-7=2andC-5=4. We have 2 2 4 S and
2-4=8¢S. Hence2,4¢ SH(S). Butif C>9, then
C=>14
2C>C+14
2C-7)>=C
2(C-5)>C+4
2(C-7),2C-5e S
C-7,C-5e SH(S.

Thus,
SH(S = {6.8 for C:9.
{C-7,C-5,C-3,C-1 for C>9
vi. |f C =4(mod5) and S=<5,C,C+ 2,G 3,6 }l then
Ap(S5)={0,C, C+ 2,G+ 3,C+ 4] by 2.3 Proposition Thus
PF(S)={C-5,C-3,C-2,C- 1} by 3.1 Lemma. Hence we get
C>9
2C>C+9
2(C-3)>C+3
2(C-2)>C+5
2(C-1)>C+7

2(C-3),2(G- 2),2(G 1 S
C-3,C-2,C-1c SH(S).
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Andif C=9,thenC-5=4and 2 4 &S and4¢ SH(S). Butif C>9, then
C>14
2C>C+14
2(C-5)>C+4
2(C-5)eS
C-5e SH(S.
Thus,

SH(S = {6,7.8 for C=9
{C-5,C-3,C-2,C-1 for C>9

3.8 Corollary Let S be a numerical semigroup, as in 2.3 Proposition.

i If C =0(mod5) and S=(5,C-2,G- ,G 2,G ¥, then
{C-1}US=(5,C-2,G-1C+ 1C+ 2 is an Arf numerical semigroup as in 2.3
Propositionliii].

i. If C=0(mod5) and C>5 and S=(5C+r1G 2,G 3,6 4 then
{C-2} S = (5, C-2,G-1C+ 2C+ 4 and
{C-1uS :<5,C— 1,G-1C+ 2C+ ;% are Arf numerical semigroups. However,
if C=5, then{C-2} US and{C-1} US are as in 2.1 Proposition[ii] and 2.2
Proposition[i], respectively. 1C>5, then{C-2} US and{C-1} US are as in
2.3 Proposition[ia] and 2.3 Proposition[iv-b], respectively.

ji. If C =2(mod5) and S=(5,C,G+1,G- 2,G 4, then

{C-3US=(5,C-1,CC+1C+ 2 is an Arf numerical semigroup as in 2.3

Proposition [ib].

iv. If C =3(mod5) and S=(5,C,G+1,G 3,G 4, then
{C-3US=(5,C-1,CC+ 1C+ 3 is an Arf numerical semigroup as in 2.3
Propositionii].

v. If C =4(mod5) and S=(5,C-2,C,G 2,G 4, then
{C-3S=(5C-2,G-1C C+ 2 is an Arf numerical semigroup as in 2.3
Proposition [ii].

vi. If C =4(mod5) and S=(5,C,G+ 2,G- 3,G ¥, then

{C-2} uS=<5, C-2,CC+ 2C+ 3 and {C-1 uS=<5,C—1,C,C+ 2C+ 3

are Arf numerical semigroups as in 2.3 Propositipm-a] and 2.3
Propositionliii], respectively.

3.9 TheoremLet S be a numerical semigroup as in 2.4 Propositionfipr some
1Stg%_1 and C = 0(mod 6).
i. If S=(6,C+1,C+ 2,C+ 3,G+ 4,G+ 5, then

SH(S = {3,4,5} for C=6
- |{C-5,C-4,C-3,G- 2C- 1} for C> €

i. If S=(6,6t 2,6+ 4C+ 1C+ 3C+ b, then
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{4,C—5C-3,C-1} for t=1
SH(9 =
{(6t—4,6—2,C~5,G- 3,G 1} fort> 3
ii. If S=<6,6t+ 3,C+ 1,C+ 2,C+ 4,Gr 5, then
SH(S ={6t-3,C-5,C- 4,G- 2,C- 1
iv. If S=(6,6t 4,6+ 8C+ 1C+ 3C+ F, then
8,C-5C-3,C-1 fort=1
sHg=. ¢ ) or
{6t-2,6t+2,C-5,G 3,G 1} fort> 1

Proof. We first note that all the semigroups in the 2.4p®esition are Arf

numerical semigroups.

i If C=0(mod6) and  S=(6,C+1,C+2,C+ 3,G+ 4,G- 5,  then
Ap(S6)={0,C+1,C+ 2,G- 3,C+ 4,G-+ 5 by 2.4 Proposition. Thus
PF(S)={ C-5,C-4,C-3,C 2,C- I1by 3.1 Lemma. Hence we get

C>6
2C>C+6
2(C-3)>C
2(C-2)>C+2
2C-)>C+4
2(C-3),2(C 2),2(G 1 S
C-3,C-2,C-1e SH(YS).
And if C=6,thenC-5=1andC-4=2. Wehave 2% 2S and
2-2=4¢ S. Hencel,2¢ SH(S). Butif C>6, then
C>12
2C>C+12
2(C-5)>C+2
2C-4)>C+4
2(C-5),2C- 4k S
C-5,C-4e SH(9.

Thus,
SH(S = {34, for C = E.
{C-5,C-4,C-3,C-2C-1 for C>6
i. If C =0(mod 6)and S=(6,6t+ 2,6% 4C+ 1C+ 3C+ b, then
Ap(S6)={0,6t+ 2,6t 4,G- 1,C+ 3C+ 5 by 2.4 Proposition. Thus

PF(S)={6t-4,6t-2,C-5C 3C- 1 by 3.1 Lemma. Hence we get@>6
andt=1, then6t—4=2 and 2.2=4¢ S and 6t—4=2¢ SH(S). If C>6 and

~

t>1, then 6t—4>2 and 2(6— 4)= 6(2— 2 4= &+ &£ S{keN k= 2 =

and 6t—4e SH(S). Similarly
266—2)=6(2- 1 2= &n+ 2SImeN m= 2 1 and 6t—2eSH(Y).
Moreover,
C=>12
2C>C+12
2C-5>C+2
2C-3)>C+6
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2(C-1)=C+10
2(C-5),2(C- 3),2(G 1 S

C-5,C-3,C-1e SH(S.
ThusSH(S={ {4,C-5,C-3,C-1 t=1
{6t-4,6t-2,C-5C 3,CG 1} t> :

i, If S=<6,6t+ 3,CG 1C+ 2C+ 4C+ ,E when C=0(mod6) and, then
Ap(S6)={0,6t+3,C+1,& 2C+ 4C+ 5 by 2.4 Proposition. Thus
PF(S) ={6t-3,C-5,C- 4,G 2C- 1by 3.1 Lemma. Hence we get that i1,
then 6t-3>3 and 2:(6-3)=6 (2-1= &eSTkeN k= 2- 1 and
6t —3e SH(S). Also

C=>12

2C>C+12
2(C-5)>C+2
2(C-4)>C+4
2(C-2)>C+8
2C-1)=C+10

2(C-5),2(C- 4),2C- 2),2(¢ 1& S
C-5C-4,C- 2,C- 1k SH(S
Thus SH(S={6t—3, C-5GC4C2C ).

iv. If C=0(mod6) and  S=(6,6t+4,6% 8C+ 1C+ 3C+ 5  then

Ap(S6)={0,6t+4,6% 8,G 1,C+ 3,C+ 5. Since
6t+4,6t+8,C+1,C+3C+5 are also in minimal system of generators $)f
6t+4,6% 8,G 1C+ 3C+ & Maximalss, Ap(S,¢€. Thus

PF(S)={6t-2,6t+2,C-5C 3C- 1. Hence we get that ift=1, then
6t—2=4 and 6t+2=8 S0 2-4=8¢S and 2-8=16S. We have that
4¢ SH(S) and 8e SH(S). If t>1, then 6t—-2>4 and
2(66—2)=6(2—- 2+ & &+ &SIkeN k= 2= 2 and 6t—2e SH(9).
Similarly 2(6t+2)=6(2 1+ 4= 6n+ £ SEmeN ,m= 2 and 6t+2e SH(S).
Also
C>12
2C>C+12
2(C-5)>C+2
2(C-3)>C+6
2C-1)=C+10
2(C-5),2(C- 3),2(G 1 S
C-5,C-3,C-1e SH(S.
ThusSH(S:{{8=6t+2,C—5,C—3,C—1} t=1
{6t-2,6t+2,C-50C 3,G 1} t> !

3.10 Corollary Let Sbe a numerical semigroup, as in 2.4 Propositiorfipr some
13'[3%_1 and C = 0(mod 6).
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If S:<6, C+1,C+ 2,C+ 3,G+ 4,Cr 5 and C=6, then{3}u8:<3,7,f} and
{4}US=(4,6,7,9 and{5}uS=(5,6,7,8,9 are Arf numerical semigroups as
in 2.1 Proposition[i] and 2.2 Proposition[ii] and 8position[ib].

If S=(6,C+1,C+ 2,C+ 3,C+ 4,G+ 5 and C>6, then
{C-3,uS=p, C-3,C+l, C+2,GC+r4, G H and
{C-2}US=§6,C-2,C+1,C+2,C+ 3,C+ § and

{C-I} US=§, C-1, C+1, C+2, G+ 3, G+ 4 are Arfnumerical semigroups as
in 2.4 Proposition[i-c] and 2.4 Propositiordi} and 2.4 Proposition|\a],
respectively.

If S=(6,6t+ 2,6% 4C+ 1C+ 3C+ b, then
{C-} US=6,61t+2,6t+4,C-1,C+ 1,C+ 3 is an Arfnumerical semigroups
as in 2.4 Proposition[ia].

If t=1, then{4} US={,6, C+1, C+3) is an Arfnumerical semigroups as in
2.2 Proposition[i].

If  t>1, then {6t-2 US=(6,6t-2,6t+2,C+1,C+ 3,C+ 5 is an Arf
numerical semigroups as in 2.4 Propositioth]i-

If S=(6,6t+3,C+ 1,G 2C+ 4C+ F, then
3,C+1.C for t=1. .
{6t-3} US= < T 2> or is an Arf numerical
(6,8—3C+1,G 2C+ 4C+ 5 for t>

semigroup. Whent =1, it is an Arfnumerical semigroups as in Proposition
1[i]. When t>1, it is an Arfnumerical semigroups as in 2.4 Proposition]i-

cl. {C-}uS=6,6t+3,C-1, C+1CG+ 2,C+ 4 is an Arf numerical

semigroups. 2.4 Propositionjv}
If S=(6,6t+ 4,64 8,G 1C+ 3C+ F, then

{6t+2}US=(6,6t+2,6t+4,G- L,C+ 3C+ 5 and
{C-1} US=§,61t+4,6t+8,C-1,C+ 1,C+ 3 are Arf numerical semigroups
as in 2.4 Proposition[b] and Propositionl[iv-b], respectively.

3.11 TheoremLet S be a numerical semigroup, as in 2.4 Propositipnfior some

1<u<

andl<v<

—1 and C = 2(mod 6).

If S=(6,6u+ 2,6u+ 4,C+ LG+ 3,G+ 5, then
6u—2=4,C-5C-3,C-1 for u=1
sH(g =1 U J )
{6u—4,6u-2,C-5,G- 3,G 1} for u> !
If S=(6,6v+3,C,C+ 2,C+ 3G+ b, then
SH(S)={6v- 3,G- 6,C 4,€ 3,E}
If S=(6,6v+ 4,6w+ 8,C+ LG+ 3,G+ b, then
6v+2=8,C-5C-3C-1 for v=1
SH(S = {6v+ } % .
{6v-2,6v+2,C-5G 3,G 1} for v> !
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Proof. We first note that all the semigroups in the 2tdp@sition are Arf numerical

semigroups.For somel<u <

andl<v<

—1landC=2(mod6).

If  S=(6,6ur 2,64 4C+ 1C+ 3C+ £ when C=2(mod6) then
Ap(S6)={0,6u+ 2,6u- 4,G 1C+ 3C+ E by 2.4 Propositon. Thus
PF(S)={6u-4,6u- 2,G- 5,G 3C- 1by 3.1 Lemma. Hence we get that if
u=1, then 2(6-1- 4)= 4¢S and u=1, then 2(6u—4)= 6(A— 21+ 4 S.
Hence if u=l, then 6u—4e SH(S). Similarly,
26u—2)=6(A—- 1 2= &+ 2 S{keN k= 2+ 1 and 6u-—2e SH(Y9.
Moreover
C>8
2C>C+8
2(C-5)>C-2
2(C-3)>C+2
2(C-1)>C+6
2(C-5),2(C-3),2(G 1 S
C-5,C-3,C-1e SH(9Y

{ {6u-2=4,C-5C-3C-1 for u=1
Thus, SH(9 = .
{6u-4,6u-2,C-5,C 3,G 1} for u> !
If C=2(mod6) and S=(6,6v+3,C,C+ 2,CG+ 3,G+ 5,  then
Ap(S6)={0,6 w3,C G+ 2,G+ 3,G- 5§ by 2.4 Proposition. Thus
PF(S)={6 v-3, C-6,C-4,C-3,C1 by 3.1 Lemma. Since
2(6v-3)=6(x- 1 &ke S B keN , k= 2+ 1, we getév—3e SH(S and
C>14
2C>C+14
2C-6)>C+2
2C-4)>C+6
2C-3)>C+8

2(C-1)>C+12

2(C-6),2C- 4),2C- 3),2(¢ 1 S

C-6,C-4,C-3C- k SH(S
And SH(S)={6v-3,G- 6,G 4,6 3,€}.
If C=2(mod6) and S=(6,6v+4,6w 8,C+ LG+ 3G+ b,  then
Ap(S6)={0,6 w4,6w 8,& 1,C+ 3,CG- 5 by 2.4 Proposition. Thus
PF(S)={6 v-2,6 v 2,C-5,C 3,C 1 by 3.1 Lemma. Hence we get that if
v=1, then 2(6-1- 2)= 8 S and v#1l, then
2(6v-2)=6 -3+ 2= 6+ Z YT keN ,n= 2+ ). Hence ifv=1, then
6v—2e SH(S). Similarly, 2(6v+2)= 6( 1+ 4= 60+ & I ke N , m= 2y
and6v+2e SH(S. Moreover

C>14
2C>C+14
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2(C-5)>C+4
2(C-3)>C+8
2(C-1)>C+12
2(C-5),2C-3),2(G 1 S
C-5,C-3,C—1e SH(S
{6v+2,C-5C-3,C-1 for v=1

Thus SH( 9 = .
{6v-2,6v+2,C-5GC 3,CG 1} forv>:

3. 12 Corollary Let Sbe a numerical semigroup, as in 2.4 Proposition[ii]

If S=(6,6u+ 2,6u+ 4C+ 1C+ 3G+ E then{bu-2}uSand{C-}US are
Arf numerical semigroups andC -5} U Sis an Arf numerical semigroup for
C-2

6

If u=1, then{6u-2}uS={4}U S=(4,6, C+1, G+ 3 is an Arf numerical
semigroupas in2.2 Proposition(ii].

If u#l, then {6u—-2}uS=(6,6u- 2,6u+ 2,G+ 1G+ 3G £ is an Arf

numerical semigroup as in 2.4 Propositionji-

I u=%, then {C- US=6, C-1, GG+l G2, G3 is an Arf

u=

numerical semigroup as in 2.4 Propositioal|i-

If u¢C—2' then {C-1} US=6,6 W2,6 w4, C-1, G 1, G 3 is an Arf

numerical semigroup as in 2.4 Propositiob|i-
If C=8, then{C-5} L S={,8,10) is anArf numerical semigroup as in 2.1
Proposition(ii].

If C>8 and Uu=——o, then

{C-5US=6,6u3=C5GCGC2G3GH is an Arf numerical
semigroup as in 2.4 Propositionpi}.

If S=(6,6v+3,C,C+ 2,G+ 3,G+ b, then {6v-3} U'S and{C -1} U S are Arf
numerical semigroups

If v=1, the6v-3}uS=8}U S=@, C G2) is an Arf numerical
semigroupas in2.1 Proposition[ii].

If v#1, then{6v-3US=(6,6v- 3,C,C+ 2,G+ 3,G- Fis anArf numerical
semigroup as in 2.4 Propositionpi}.

And {C-} US=6,6w3,C-1,GGCr2 G 3 is an Arf numerical
semigroup as in 2.4 Propositiorji}.

If S=<6,6v+ 4,6 8,C+ 1,G+ 3G+ E then{6v+2} uS and{C-1} U S are

Arf numerical semigroups. And
{Bv+2}US=(6,6w 2,6w 4G+ 1G 3G £ is an Arf numerical
semigroup as in 2.4 Propositionhi}.
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{C-Zu S:<6,6 w4,6 w8, C-1, G 1, Cr 3 is an Arfnumerical semigroup
as in 2.4 Proposition[d ]

3.13 TheoremLet S be a numerical semigroup as in 2.4 Propositign[ikor some
l<u< 0;3 and C = 3(mod 6),

If S=(6,6u+ 3,G- L,C+ 2,C+ 4G+ b, then

(6u-3,C-4,G 261 for C= !

SH(S)=
) {{6u—3,C— 5,G- 4G 2,611 for C>

Proof. We first note that all the semigroups in the 2.4p®sition are Arf numerical
semigroups.

If S=<6,6u+ 3C+ 1,G 2C+ 4C+ ﬁ when C=3(mod6) then
Ap(S6)={0,6u+ 3,C+ 1,G 2C+ 4C+ 5 by 2.4  Proposition. Thus
PF(S)={6u-3,C-5GC 4,GCG 2C- 1 by 3.1 Lemma. Since
2(6u—3)=6(— 1= e S(TkeN , t= 2 ) we get6u—3e SH(S. Moreover, if
C=9,thenC-5=4and2-4=8¢ SandC—-5=4¢ SH( 3 But if C>9, then

C>9
2C>C+9
2(C-5)>C-1
2(C-4)>C+1
2(C-2)>C+5
2(C-1)>C+7
2(C-5),2(G- 4),2C- 2),2(C & S
C-5,C-4C- 2C- & SH(S.
{3,5,7,8 for C= ¢

H SH(S)=
ence SH(S) {{GU—S,C— 5G 4,6 2,6 1 for C=

3.14 Corollary Let S be a numerical semigroup, as in 2.4
Proposition[iii]. Then {6u-3}u Sand {C-1} US are Arf numerical
semigroups.

If u=1, then{6u-3=3}u S=(3,C+1C+ 2 is anArf numerical semigroup as in

2.1 Proposition[i]. Ifu#1, then {6u-3} U S=(6,6u- 3,C+ 1,G+ 2,G+ 4G ¥ is

anArf numerical semigroup as in 2.4 Proposition(iii].
If u:%, then {C-1}US=(6,C-1,C,Cr 1,G+ 2,G+ 4 is anArf numerical
semigroup as in 2.4 Proposition[a].

i u¢Cg3, then {C-1US= S=(6,6u 3,G- 1,G LG 2G ¥ is an Arf

numerical semigroup as in 2.4 Propositionfii-
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3.15 TheoremLet S be a numerical semigroup, as in 2.4 Propositipn[kor some
l<u< Cg“ and C = 4(mod6) .

i If S=(6,6u+ 2,6u+ 4,C+ 1L.C+ 3G+ 5, then
SH(§ .| 18u-2=4.C-5C-3C-F foru=1
{6u—4,6u-2,C—5,C 3,G 1 for us :

i. If S=(6,6u+ 4,6ur 8,Cr 1.G+ 3G+ % then
6U+2-8,C-5C-3C-1} for u=1
sH(g =1 BY” ) .
Bu—2,6u+2,C—-5C 3G 1 for u> ’

Proof. We first note that all the semigroups in the 2rdp@sition are Arf numerical
semigroups.

i f S=(6,6w 2,64 4,6 IC+ [+ X, then
Ap(S6)={0,6u+ 2,6u+ 4,G 1,C+ 3G+ 5 by 2.4 Proposition. Thus
PF(S)={6u-4,6u-2,G 5C 3C- 1 by 3.1 Lemma. Ifu=1, then
26u—4)=2(6 - 4= 2 2= &S and we get 2¢ SH(9),

20u-2)=2(6 - 2= 2 4 &S and 4eSH(S. If u=l1l, then
2(6u-4)=12u- 8 6(2u 2 4 6+ 4 SkeN s= @ ). and
2(6u—2)=6(2u 1 = 6+ 2 EkeN f= @2- ). and
6u—4,6u— 2 SH(S). Moreover
C=>10
2C>C+10
2(C-5)=>cC
2(C-3)>C+4
2C-1)>C+8

2(C-5),2(G 3),2(G 1S
C-5,C-3,C- 1 SH(S).
Thus SH(S={ {fu-2=4,C-5C-3C-1 foru=1
{6u-4,6u-2,C-5,C 3,G 1} for u>:

i. If S=<6,6u+ 4,6u 8,6 1C+ X+ )E then
Ap(S6)={0,6u+ 4,6+ 8,G 1,C+ 3G+ 5 by 2.4 Proposition. Thus
PF(S={6u-2,6u+ 2,C 5G 3C- 1 by 3.1 Lemma. Ifu=1, then
2(6u-2)=2(61+ 2= 24 &S and 2(6u+2)=2(6 1 2 2 & 1&S.
So 4¢ SH(S and 6u+ 2= 8e SH(YS). If u=1then
26u-2)=12u 4= 6(2u I} 2 6 & @keN t= 2 ) and
6u—2e SH(S, 2(6u+2)=6(2up 4 6n+ & $EkeN m= 2) and
6u+ 2e SH(S. Moreover

C>10
2C>C+10
2(C-5)>C
2(C-3)>C+4
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2(C-1)>C+8
2(C-5),2(G- 3),2(C 1k S
C-5,C-3C- 1= SH(S)
Thus SH(S:{ {6u+2=8,C-5C-3,C-1 for u= 1'
{(6U—2,6u+2,C—5G 3,G 1} for u>

3.16 Corollary Let Sbe a numerical semigroup, as in 2.4 Proposition[iv]

If S=(6,6u+ 2,60+ 4C+ 1C+ 3G+ E then{6u-2}uUS and{C-L U S are

Arf numerical semigroups.

If u=1, then {6u-2US={4 U S=(4,6,G- 1,G- 3 is anArf numerical

semigroup as in 2.2  Propositionii]. If uzl, then

{6u-2}US=(6,6u- 2,6u+ 2,G+ 1G+ 3G £ is an Arf numerical

semigroup as in 2.4 Proposition[b}.

And {C-}US=66u2,6u4,GC1G 1,G 3 is an Arf numerical

semigroup as in 2.4 Propositionpi}.

If S=(6,6u+ 2,6u+ 4,C+ LG+ 3G+ b, then{6u+2}u S and{C-J US are

Arf numerical semigroups.

{6u+2tUS=(6,6u+2,6uw4,C+1,G-3,G: 5 is an Arf numerical

semigroup as in 2.4 Proposition[a}.
C-4

If U=——,

6
{C—l}uS=<6,6 W3,6 H4,6u 8 G 1,G $=< 6,G 1,C,G 1,6 3¢ )z
is anArf numerical semigroup as in 2.4 Propositioniii].

If u;«s%, then {C-} US=§,6 4,6 W8, G 1,G 1, G 3 is an Arf

then

numerical semigroup as in 2.4 Propositiorgji-

3.17 TheoremLet S be a numerical semigroup, as in 2.4 Propositionppr some

1<uc<

c (; 5 andC= 5(mod 6).

If S=(6,C,Gr 2,C+ 3C+ 4C+ 5, then
{(C-406-3G 261 forC=1
(C-6,C-4,G 3, 2,6 1 for C> 1
If S=(6,6u+3,C,C+ 2,C+ 3G+ 5, then
(u-3,C-4,G 3¢ 1L forC=1
{6u-3,C-6,G- 4G 3,61 for C> 1

SH(S):{

SH(S)={

Proof. We first note that all the semigroups in the 2rdp@sition are Arf numerical
semigroups.
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i S=(6,C,C+2,C+ 3,Gr 4,G+ 5, then
Ap(S6)={0,C,C+2,G+ 3,C+ 4,G+ 5 by 2.4 Proposition. Thus
PF(S)={C-6,C-4,C-3,C 2,C- 1 by 3.1 Lemma. Hence we get
C>11
2C>C+11
2(C-4)>C+3
2(C-3)>C+5
2(C-2)>C+7
2(C-1)>C+9
2(C- 4),2(G- 3),2(C 2),2(C BS
C-4,C- 3G 2,G ESH 6
If C=11, then2-(C—-6)= 2 5= 10z Sand5¢ SH(S. But, If C>11, then
and2C>C+1land 2(C-6)>C-1. So2(C-6)e S and(C-6)e SH(S.
(C-4,G-3G 26} forC=1
(C-6,C-4,G3C 2c )l forC> 1

If C =5(mod 6) and S=(6,6w 3,C,G 2C+ 3C+ k then
Ap(S6)={0,6u+3,C,G 2C+ 3C+ 5 by 2.4 Proposition. Thus
PF(S)={6u-3,C-6,C- 4,G 3C- 1 by 3.1 Lemma. Hence we get, then
2-(6u-3)= 60— 1= e S(IkeN , n= u- ) and6u—3e SH(S). Moreover
C>11
2C>C+11
2(C-4)>C+3
2(C-3)>C+5
2(C-1)>C+9
2(C-4),2(C- 3),2(C 13 S
C-4,C-3,GC ESHS!
If C=11, then2(C—-6)=2-5=10z S and5¢ SH(9. But, If C>11, then
and2C>C+11and 2(C-6)>C-1. So2(C-6)e S and(C-6)e SH(9.
{(6u-3,G-4G 3G 1L forC=1
{6u-3,G-6,G- 4,G 3,61 for C> 1

So SH(S)={

So SH(S)={

3. 18 Corollary Let Sbe a numerical semigroup, as in 2.4 Proposition[v].

If S=(6,C,G+ 2,C+ 3C+ 4Ct+ b, then{C-2} US and{C-L} US are Arf
numerical semigroups.

{C-2US=6, C-2, C G+2, G+3, G5 is an Arfnumerical semigroup as
in 2.4 Proposition[vb ].

{C- US=6, C-1, C G+2, G+3, G- 4 is an Arfnumerical semigroup as
in 2.4 Proposition[ivb].

If S=(6,6u+3,C,C+ 2,C+ 3G+ b, then{6u-3}uS and{C-1} US are Arf
numerical semigroups.
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If u=1, then{6u—3} U S=(3,C,C+ 2 is anArf numerical semigroup as in
2.1 Propositionlii].

If u>1, then{6u—3 U S=(6,6u- 3,C,G+ 2,G- 3,G- bis anArf numerical
semigroup as in 2.4 Propositionp:

And {C-uUS=66w3 C1GG2GCG3 is an Arf numerical
semigroup as in 2.4 Proposition[iii].

3.19 Example 1. Let S:<5,8,9,11,12. Sis an Arf numerical semigroup as in 2.3
Proposition(iii). For{?}uS:<5,7,8,9,1ﬁ is an Arf numerical semigroup containing
S( the only one that differs in just one elemenfrom {7}US:<5,7,8,9,1>1 we
obtain a new Arf semigroup whicf6} ({7} wS)=(5,7,8,9,11. By repeating this

process we obtain all Arf semigroup contain@8,9,11,12, which we draw bellow
as a graph in Fig. 1

$=(58,9,1112
Lul7)
(5,7,8,9,11
Luie}
(5,6,7,8,9
v o4 N3
(4,5,6,7 (35,7
Juf2h Nuf{3 o4
(25 (343
Nufsh ol
(23
Loy
N

Figurel. Arf semigroup containing,8,9,11,12.
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