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1. Introduction 
This paper deals with the one-dimensional Advection-

Diffusion (AD) equations 1-3 defined as; 

 

 

 

 

 

 

 
 

where 𝛾1(𝑡), 𝛾2(𝑡) and 𝑓(𝑥) are known functions, 𝛼 > 0 is 

flow velocity constant and 𝜇 > 0 is the diffusion constant. 

It is clear that the AD equation given by equation 1 

reduces to the one-dimensional heat equation for 𝛼 = 0. 

The AD equation given by equation 1 is a partial 

differential equation that describes the transport and 

diffusion of physical quantities such as mass, heat and 

energy (Dehghan, 2004; Mittal and Jain, 2012). Whereas 

the term “advection” in the equation 1 refers to the 

movement of molecules within fluids, the term 

“diffusion” describes the random movement of particles 

from regions of high density to regions of low density. 

This means that 𝑢(𝑥, 𝑡) represents the concentration at 

position 𝑥 and time 𝑡. In addition, the AD equation is used 

to mathematically explain many phenomena related to 

heat transfer, fluid mechanics, chemistry, biology, 

environmental sciences, and other disciplines. Several of 

these include heat transfer in a drainage film Isenberg 

and Gutfinger (1973) water transfer in soils Parlange 

(1980), the spread of underground water pollution 

Guvanasen and Volker (1983), long-range transport of 

pollutants in the atmosphere Zlatev et al. (1984), the 

propagation of pollutants in rivers and streams Chatwin 

and Allen (1985), the movement of drugs within body 

tissues (Chapman et al., 2008; Naghipoor et al., 2018) and 

the voluminous concentration of a pollutant Goh et al. 

(2012). 

Although the analytical solution to the AD equation, 

which models certain physical phenomena in nature, may 

be available for specific conditions, they can sometimes 

be computationally expensive. Moreover, physical 

phenomena may be more complicated than expected. For 

this reason, scientists have developed approximate 

solutions to the AD equation under various boundary and 

initial conditions. The following methods have been 

proposed to find approximate solutions to the AD 

equation: weighted finite difference scheme Dehghan 

(2004), finite difference scheme Salkuyeh (2006), 

unconditionally stable finite difference scheme Karahan 

(2007), high-order compact scheme Mohebbi and 

Dehghan (2010), Taylor-Galerkin finite element method 

Kadalbajoo and Arora (2010), Taylor-Galerkin method 

Dağ et al. (2011), cubic B-spline collocation method 
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𝑢𝑡 + 𝛼𝑢𝑥 − 𝜇𝑢𝑥𝑥 = 0, 𝑥 ∈ [𝑎, 𝑏], 𝑡 ≥ 0, (1) 

with initial condition, 
 

𝑢(𝑥, 0) = 𝑓(𝑥), 𝑥 ∈ [𝑎, 𝑏] (2) 

and boundary conditions, 
 

𝑢(𝑎, 𝑡) = 𝛾1(𝑡),𝑢(𝑏, 𝑡) = 𝛾2(𝑡), 𝑡 ≥ 0 (3) 
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Mittal and Jain (2012), exponential B -spline collocation 

method Mohammadi (2013), cubic Hermite collocation 

method for linear and nonlinear AD equation Mittal et al. 

(2013), differential quadrature approach using quartic 

and quintic B-spline methods Korkmaz and Dağ (2016), 

matrix equation-based strategies Palitta and Simoncini 

(2016), a fourth-order numerical method using cubic B-

spline functions Mittal and Rohila (2020), UMIST scheme 

as a position discretization for the finite difference 

method Ünal (2022), a high-order B-spline Galerkin 

method Iqbal et al. (2023), an open near-optimal 

quantum algorithm Novikau and Joseph (2025).  

In this paper, we have used a cubic Hermite Galerkin 

finite element method to find numerical solutions of the 

AD equation given by equation 1 with the initial and 

boundary conditions given by equation 2 and equation 3, 

respectively. In Section 2, the cubic Hermite Galerkin 

finite element method is presented. In Section 3, 

numerical examples are used to test the present method, 

and obtained numerical results are given in tables and 

graphics. In Section 4, a brief conclusion is given. 

 

2. Materials and Methods 
Suppose 𝑎 = 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑁 < 𝑥𝑁+1 = 𝑏 is a uniform 

partition of the interval [𝑎, 𝑏] and ℎ = 𝑥𝑘+1 − 𝑥𝑘 , 𝑘 =

1(1)𝑁. For 𝑘 = 1(1)𝑁, at the 𝑥𝑘  knots points, the cubic 

Hermite B-spline functions 𝐻2𝑘−1 and 𝐻2𝑘  are defined on 

the interval [𝑥𝑘−1, 𝑥𝑘+1] as follows (Prenter, 1989; Ganaie 

and Kukreja, 2014): 
 

𝐻2𝑘−1 =

{
 
 

 
 2 (

𝑥−𝑥𝑘−1

ℎ
)
3

− 3(
𝑥−𝑥𝑘−1

ℎ
)
2

+ 1, 𝑥 ∈ [𝑥𝑘−1, 𝑥𝑘]

−2(
𝑥−𝑥𝑘

ℎ
)
3

+ 3(
𝑥−𝑥𝑘

ℎ
)
2

+ 1,𝑥 ∈ [𝑥𝑘 , 𝑥𝑘+1]

0,             otherwise

  (4a) 

and 

𝐻2𝑘 =

{
 
 

 
 2 (

𝑥−𝑥𝑘−1

ℎ
)
3

− 3(
𝑥−𝑥𝑘−1

ℎ
)
2

+ 1,𝑥 ∈ [𝑥𝑘−1, 𝑥𝑘]

−2(
𝑥−𝑥𝑘

ℎ
)
3

+ 3(
𝑥−𝑥𝑘

ℎ
)
2

+ 1, 𝑥 ∈ [𝑥𝑘 , 𝑥𝑘+1]

0,             otherwise.

 (4b) 

There are 2𝑁 + 2 the cubic Hermite B-spline functions in 

the interval [𝑎, 𝑏]. Now, we apply the local coordinate 

transformation defined as ℎ𝜉 = 𝑥 − 𝑥𝑗 to express the 

cubic Hermite B-spline functions given by equations 4a 

and 4b in terms of the local coordinate parameter 𝜉. In 

this case, a typical finite interval [𝑥𝑗, 𝑥𝑗+1] is mapped to 

the interval [0,1], the cubic Hermite B-spline functions in 

terms of local parameter 𝜉 over the element [0,1] and 

their derivatives are as follows: 
 

𝐻1(𝜉) = (1 + 2𝜉)(1 − 𝜉)
2, 𝐻1

′(𝜉) = 6(𝜉2 − 𝜉),

𝐻2(𝜉) = ℎ𝜉(1 − 𝜉)
2, 𝐻2

′ (𝜉) = ℎ(1 − 4𝜉 + 3𝜉2),

𝐻3(𝜉) = 3𝜉
2 − 2𝜉3, 𝐻3

′ (𝜉) = 6(𝜉 − 𝜉2),

𝐻4(𝜉) = ℎ(𝜉
3 − 𝜉2), 𝐻4

′ (𝜉) = ℎ(3𝜉2 − 2𝜉), }
 
 

 
 

 (5a) 

𝐻1
′′(𝜉) = 6(2𝜉 − 1),

𝐻2
′′(𝜉) = ℎ(6𝜉 − 4),

𝐻3
′′(𝜉) = 6(1 − 2𝜉),

𝐻4
′′(𝜉) = ℎ(6𝜉 − 2).}

 
 

 
 

 (5b) 

Let 𝑈(𝑥, 𝑡) be the approximate solution corresponding to 

the analytical solution 𝑢(𝑥, 𝑡) of the AD equation. Thus, 

the approximate value 𝑈(𝑥𝑗, 𝑡𝑛) at the nodal point (𝑥𝑗, 𝑡𝑛) 

is denoted by 𝑈𝑗
𝑛. Since the cubic Hermite B-spline 

functions have been chosen as the approximation 

functions, the approximate solution 𝑈(𝑥, 𝑡) is written as; 
 

𝑢(𝑥, 𝑡) ≈ 𝑈(𝑥, 𝑡) = ∑  
2(𝑁+1)
𝑗=1 𝐻𝑗(𝑥)𝑎𝑗(𝑡)  (6) 

where 𝑎𝑗(𝑡) are the time-dependent parameters to be 

determined. The non-zero cubic Hermite B-spline 

functions on 𝑒𝑘 = [𝑥𝑘 , 𝑥𝑘+1] for 𝑘 = 1(1)𝑁 are 𝐻2𝑘−1, 

𝐻2𝑘, 𝐻2𝑘+1 and 𝐻2𝑘+2. This enables fast computation and 

low memory usage by taking advantage of the benefits of 

sparse matrices. Then, the approximate solution given by 

equation 6 is denoted by; 
 

𝑈(𝑥, 𝑡) = ∑  2k+2
𝑗=2k−1 𝐻𝑗(𝑥)𝑎𝑗(𝑡) (7) 

for the interval [𝑥𝑘 , 𝑥𝑘+1]. When the indices of the 

approximate solution given by equation 7 are adjusted, 
 

𝑈(𝑥, 𝑡) = ∑  4
𝑗=1 𝐻(𝑗+2𝑘−2)(𝑥)𝑎𝑗+2𝑘−2(𝑡) (8) 

is obtained. The first and second derivatives of 

approximate solution given by; 
 

𝑈𝑥(𝑥, 𝑡) = ∑  4
𝑗=1 𝐻𝑥(𝑗+2𝑘−2)(𝑥)𝑎𝑗+2𝑘−2(𝑡), (9a) 

𝑈𝑥𝑥(𝑥, 𝑡) = ∑  4
𝑗=1 𝐻𝑥𝑥(𝑗+2𝑘−2)(𝑥)𝑎𝑗+2𝑘−2(𝑡) (9b) 

respectively. Furthermore, when the local coordinate 

transformation ℎ𝜉 = 𝑥 − 𝑥𝑗 is applied to the derivatives 

𝑈𝑥 and 𝑈𝑥𝑥 given by equations 9a and 9b, ℎ𝑑𝜉 = 𝑑𝑥 ⇒

𝑑𝜉/𝑑𝑥 = 1/ℎ since 𝑈𝑥 = 𝑈𝜉/ℎ and 𝑈𝑥𝑥 = 𝑈𝜉𝜉/ℎ
2 the 

approximate solution and its derivatives can be 

expressed in terms of local parameter as; 
 

𝑈(𝑥, 𝑡) = ∑  4
𝑗=1 𝐻𝑗(𝜉)𝑎𝑗+2𝑘−2(𝑡), (10a) 

𝑈𝑥(𝑥, 𝑡) =
1

ℎ
∑  4
𝑗=1 𝐻𝑗

′(𝜉)𝑎𝑗+2𝑘−2(𝑡), (10b) 

𝑈𝑥𝑥(𝑥, 𝑡) =
1

ℎ2
∑  4
𝑗=1 𝐻𝑗

′′(𝜉)𝑎𝑗+2𝑘−2(𝑡). (10c) 

We will now examine the time discretization of the AD 

equation given by equation 1. Assume that 0 = 𝑡0 < 𝑡2 <

⋯ < 𝑡𝑀−1 < 𝑡𝑀 = 𝑇 is a uniform partition of the interval 

[0, 𝑇] and ∆𝑡 = 𝑡𝑛+1 − 𝑡𝑛, 𝑛 = 0(1)𝑀. When the AD 

equation is discretized using the Crank-Nicolson method 

as; 
 

𝑢𝑛+1−𝑢𝑛

Δ𝑡
+ 𝛼

𝑢𝑥
𝑛+1+𝑢𝑥

𝑛

2
− 𝜇

𝑢𝑥𝑥
𝑛+1−𝑢𝑥𝑥

𝑛

2
= 0 (11) 

a semi-discrete scheme is obtained (Başhan et al., 2018; 

Başhan et al., 2020). If we rearrange equation 11, 
 

𝑢𝑛+1 + 𝑟1𝑢𝑥
𝑛+1 − 𝑟2𝑢𝑥𝑥

𝑛+1 = 𝑢𝑛 − 𝑟1𝑢𝑥
𝑛 + 𝑟2𝑢𝑥𝑥

𝑛   (12) 

is obtained where 𝑟1 = 𝛼Δ𝑡/2, 𝑟2 = 𝜇Δ𝑡/2. 

To obtain the weighted residual form, which is one of the 

steps in the Galerkin method, equation 12 is multiplied 

by the weight function 𝑤(𝑥) and integrated over the 

interval [𝑎, 𝑏], 
 

∫ 𝑤𝑢𝑛+1𝑑𝑥
𝑏

𝑎
+ 𝑟1 ∫ 𝑤𝑢𝑥

𝑛+1𝑑𝑥
𝑏

𝑎
− 𝑟2 ∫ 𝑤𝑢𝑥𝑥

𝑛+1𝑑𝑥
𝑏

𝑎
  

= ∫ 𝑤𝑢𝑛𝑑𝑥
𝑏

𝑎
− 𝑟1 ∫ 𝑤𝑢𝑥

𝑛𝑑𝑥
𝑏

𝑎
+ 𝑟2 ∫ 𝑤𝑢𝑥𝑥

𝑛 𝑑𝑥
𝑏

𝑎
. (13) 

When partial integration is applied to the ∫ 𝑤𝑢𝑥𝑥𝑑𝑥
𝑏

𝑎
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term in equation 13, the weak form as; 
 

∫ 𝑤𝑢𝑛+1𝑑𝑥
b

𝑎
+ 𝑟1 ∫ 𝑤𝑢𝑥

𝑛+1𝑑𝑥
b

a
+ 𝑟2 ∫ 𝑤𝑥𝑢𝑥

𝑛+1𝑑𝑥
b

a
  

−𝑟2𝑤𝑢𝑥
𝑛+1|𝑎

b = ∫ 𝑤𝑢𝑛𝑑𝑥
b

a
− 𝑟1 ∫ 𝑤𝑢𝑥

𝑛𝑑𝑥
b

a
  

+𝑟2 ∫ 𝑤𝑥𝑢𝑥
𝑛𝑑𝑥

b

𝑎
− 𝑟2𝑤𝑢𝑥

𝑛|a
b (14) 

is found. Since equation 14 is true on [𝑎, 𝑏] interval, it 

also is true for the subinterval [𝑥𝑘, 𝑥𝑘+1] ⊆ [𝑎, 𝑏]. So, the 

weak form is written as following; 
 

∫ 𝑤𝑢𝑛+1𝑑𝑥
𝑥𝑘+1
𝑥𝑘

+ 𝑟1 ∫ 𝑤𝑢𝑥
𝑛+1𝑑𝑥

𝑥𝑘+1
𝑥𝑘

+ 𝑟2 ∫ 𝑤𝑥𝑢𝑥
𝑛+1𝑑𝑥

𝑥𝑘+1
𝑥𝑘

  

−𝑟2𝑤𝑢𝑥
𝑛+1|𝑥𝑘

𝑥𝑘+1 = ∫ 𝑤𝑢𝑛𝑑𝑥
𝑥𝑘+1
𝑥𝑘

− 𝑟1 ∫ 𝑤𝑢𝑥
𝑛𝑑𝑥

𝑥𝑘+1
𝑥𝑘

  

+𝑟2 ∫ 𝑤𝑥𝑢𝑥
𝑛𝑑𝑥

𝑥𝑘+1
𝑥𝑘

− 𝑟2𝑤𝑢𝑥
𝑛|𝑥𝑘
𝑥𝑘+1 . (15) 

After substituting the approximate solution and its 

derivatives given by equations 8, 9a and 9b, for the terms 

𝑢, 𝑢𝑥 , and 𝑢𝑥𝑥 in equation 15 , and substituting the cubic 

Hermite B-spline functions given by equations 4a and 4b 

for the weight function, the resulting equation is obtained 

by applying the local coordinate transformation 

ℎ𝜉 = 𝑥 − 𝑥𝑘 local coordinate transformation is applied to 

the resulting equation, the interval [𝑥𝑘 , 𝑥𝑘+1] is mapped 

to the interval [0,1]. In addition, if the local variable 

representations given by equations 10a, 10b and 10c are 

substituted for the approximate solutions 𝑈, 𝑈𝑥 , and 𝑈𝑥𝑥 

and the local parameters given by equations 5a and 5b 

are substituted for the cubic Hermite B-spline functions 

in the equation obtained via local transformation, in this 

case, if we consider for 𝑖 = 1(1)4 𝑑𝐻𝑖/𝑑𝑥 = (𝑑𝐻𝑖/

𝑑𝜉)(𝑑𝜉/𝑑𝑥) ⇒ 𝐻𝑥 = 𝐻𝑖
′/ℎ the equation, 

 

∫ 𝐻𝑖 ∑  4
𝑗=1 𝐻𝑗𝑎𝑗+2𝑘−2

𝑛+1 𝑑𝜉
1

0
+
𝑟1

ℎ
∫ 𝐻𝑖∑  4

𝑗=1 𝐻𝑗
′𝑎𝑗+2𝑘−2
𝑛+1 𝑑𝜉

1

0
  

+
𝑟2

ℎ2
∫ 𝐻𝑖

′∑  4
𝑗=1 𝐻𝑗

′𝑎𝑗+2𝑘−2
𝑛+1 𝑑𝜉

1

0
−

𝑟2

ℎ
(𝐻𝑖∑  4

𝑗=1 𝐻𝑗
′𝑎𝑗+2𝑘−2
𝑛+1 )

0

1
  

= ∫ 𝐻𝑖 ∑  4
𝑗=1 𝐻𝑗𝑖𝑎𝑗+2𝑘−2

𝑛 𝑑𝜉
1

0
+

𝑟1

ℎ
∫ 𝐻𝑖∑  4

𝑗=1 𝐻𝑗
′𝑎𝑗+2𝑘−2
𝑛 𝑑𝜉

1

0
  

+
𝑟2

ℎ2
∫ 𝐻𝑖

′∑  4
𝑗=1 𝐻𝑗

′𝑎𝑗+2𝑘−2
𝑛 𝑑𝜉

1

0
−

𝑟2

ℎ
(𝐻𝑖∑  4

𝑗=1 𝐻𝑗
′𝑎𝑗+2𝑘−2
𝑛 )

0

1
  (16) 

is obtained. Equation 16 can be written in a clearer 

manner by putting it in parentheses as; 
 

∑  4
𝑗=1 (∫ 𝐻𝑖𝐻̂𝑗𝑑𝜉

1

0
+
𝑟1

ℎ
∫ 𝐻𝑖𝐻𝑗

′𝑑𝜉
1

0
)𝑎𝑗+2𝑘−2

𝑛+1   

+∑  4
𝑗=1 (

𝑟2

ℎ2
∫ 𝐻𝑖

′𝐻𝑗
′𝑑𝜉

1

0
−
𝑟2

ℎ
𝐻𝑖𝐻𝑗

′|
0

1
) 𝑎𝑗+2𝑘−2

𝑛+1   

= ∑  4
𝑗=1 (∫ 𝐻𝑖𝐻̂𝑗𝑑𝜉

1

0
+
𝑟1

ℎ
∫ 𝐻𝑖𝐻𝑗

′𝑑𝜉
1

0
)𝑎𝑗+2𝑘−2

𝑛   

+∑  4
𝑗=1 (

𝑟2

ℎ2
∫ 𝐻𝑖

′𝐻𝑗
′𝑑𝜉

1

0
−
𝑟2

ℎ
𝐻𝑖𝐻𝑗

′|
0

1
) 𝑎𝑗+2𝑘−2

𝑛   (17) 

In equation 17 the integrals are defined as 𝐴̂𝑖𝑗 =

∫ 𝐻𝑖𝐻̂𝑗𝑑𝜉
1

0
, 𝐵̂𝑖𝑗 = ∫ 𝐻𝑖𝐻̂𝑗

′𝑑𝜉
1

0
, 𝐶̂𝑖𝑗 = ∫ 𝐻𝑖

′𝐻̂𝑗
′𝑑𝜉

1

0
, 

𝐷̂𝑖𝑗 = 𝐻𝑖𝐻̂𝑗
′|0
1 where k is the number of elements and j = 1, 

2, 3, 4, 
 

(𝐴̂𝑒 +
𝑟1

ℎ
𝐵̂𝑒 +

𝑟2

ℎ2
𝐶̂𝑒 −

𝑟2

ℎ
𝐷̂𝑒)𝑎𝑗+2𝑘−2

𝑛+1

= (𝐴̂𝑒 −
𝑟1

ℎ
𝐵̂𝑒 −

𝑟2

ℎ2
𝐶̂𝑒 +

𝑟2

ℎ
𝐷̂𝑒) 𝑎𝑗+2𝑘−2

𝑛
  (18) 

the numerical scheme is obtained. Here, the matrices 𝐴̂𝑒 , 

𝐵̂𝑒, 𝐶̂𝑒 and 𝐷̂𝑒  are 4 × 4 square matrices. The matrices 

obtained by calculating the integrals are shown below: 

𝐴̂𝑒 =

[
 
 
 
 
 
 
 
 
13

35

11ℎ

210

9

70

−13ℎ

420
11ℎ

210

ℎ2

105

13ℎ

420

−ℎ2

140
9

70

13ℎ

420

13

35

−11ℎ

210
−13ℎ

420

−ℎ2

140

−11ℎ

210

ℎ2

105 ]
 
 
 
 
 
 
 
 

, 𝐵̂𝑒 =

[
 
 
 
 
 
 
 
 
−1

2

ℎ

10

1

2

−ℎ

10
−ℎ

10
0

ℎ

10

−ℎ2

60
−1

2

−ℎ

10

1

2

ℎ

10
ℎ

10

ℎ2

60

−ℎ

10
0 ]

 
 
 
 
 
 
 
 

, 

 

𝐶̂𝑒  =

[
 
 
 
 
 
 
 
 
6

5

ℎ

10

−6

5

ℎ

10
ℎ

10

2ℎ2

15

−ℎ

10

−ℎ2

30
−6

5

−ℎ

10

6

5

ℎ

10
ℎ

10

−ℎ2

30

−ℎ

10

2ℎ2

15 ]
 
 
 
 
 
 
 
 

, 𝐷̂𝑒 = [

0 −ℎ 0 0
0 0 0 0
0 0 0 ℎ
0 0 0 0

]. 

In the global system created by combining the element 

matrices 𝐴̂𝑒 , 𝐵̂𝑒, 𝐶̂𝑒 and 𝐷̂𝑒  , the general rows of the 

matrices 𝐴, 𝐵, 𝐶 and 𝐷 

𝐴 =
1

420
(
54 13ℎ 312 0 54 −13ℎ
−13ℎ −3ℎ2 0 8ℎ2 13ℎ −3ℎ2

), 

𝐵 =
1

60
(
−30 −6ℎ 0 12ℎ 120 −6ℎ
6ℎ ℎ2 −12ℎ 0 6ℎ −ℎ2

), 

𝐶 =
1

30
(
−36 −3ℎ 72 6ℎ −36 3ℎ
3ℎ −ℎ2 0 8ℎ2 −3ℎ −ℎ2

), 

𝐷 = (0 0 0 0 0 0)  

and the numerical scheme in the global system is created 

in the following form: 
 

(𝐴 +
𝑟1

ℎ
𝐵 +

𝑟2

ℎ2
𝐶 −

𝑟2

ℎ
𝐷) 𝑎𝑗+2𝑘−2

𝑛+1

= (A −
𝑟1

ℎ
𝐵 −

𝑟2

ℎ2
𝐶 +

𝑟2

ℎ
𝐷) 𝑎𝑗+2𝑘−2

𝑛  
 (19) 

where equation 19 is a system of inhomogeneous 

algebraic equations consisting of 2N+2 equations and 

2N+2 unknowns. 

Applying the boundary conditions to equation 19, the 

left-hand boundary condition is 𝑈(𝑎, 𝑡) = 𝛾1(𝑡), and from 

equation 9, 
 

𝐻1(𝑎)𝑎1(𝑡) + 𝐻2(𝑎)𝑎2(𝑡) + 𝐻3(𝑎)𝑎3(𝑡) + 𝐻4(𝑎)𝑎4(𝑡) 

= 𝛾1(𝑡) (20) 

is written. Since 𝐻2(𝑎) = 𝐻3(𝑎) = 𝐻4(𝑎) = 0, and 

𝐻1(𝑎) = 1 substituting these values into the equation 20 

yields 𝑎1(𝑡) = 𝛾1(𝑡) for all 𝑡. Similarly, from the right-

hand boundary condition 𝑈(𝑏, 𝑡) = 𝛾2(𝑡), and from 

equation 9, 
 

𝐻2N−1(𝑎)𝑎2N−1(𝑡) + 𝐻2N(𝑎)𝑎2N(𝑡) + 𝐻2N+1(𝑎)𝑎2N+1(𝑡) 

+𝐻2N+2(𝑎)𝑎2N+2(𝑡) = 𝛾1(𝑡)  (21) 

is written. Since 𝐻2𝑁−1(𝑏) = 𝐻2𝑁(𝑏) = 𝐻2𝑁+2(𝑏) = 0 and 

𝐻2𝑁+1(𝑏) = 1 substituting these values into the equation 

21 yields 𝑎2𝑁+1(𝑡) = 𝛾2(𝑡) for all 𝑡. If the known values 

𝑎1(𝑡) and 𝑎2𝑁+1(𝑡) are substituted into the system of 

equation 19, the number of unknowns will be 2𝑁. To 

obtain a solvable system of equations, the number of 

equations must equal the number of unknowns. 

Consequently, if the first and (2𝑁 − 1)th equations are 

removed from the system of equation 19 the new system 

of equations, which is the application of the boundary 

conditions, is expressed in matrices form as; 
 

𝐾𝑋𝑛+1 = 𝐿𝑋𝑛 +  𝑅, 𝑛 = 0(1)𝑀 − 1  (22) 

where for 𝑖, 𝑗 = 1(1)2𝑁 
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𝐾 = [𝑘𝑖𝑗] = [𝐴 +
𝑟1

ℎ
𝐵 +

𝑟2

ℎ2
𝐶 −

𝑟2

ℎ
𝐷]

2𝑁×2𝑁
 , 

𝐿 = [𝑙𝑖𝑗] = [𝐴 +
𝑟1
ℎ
𝐵 +

𝑟2
ℎ2
𝐶 −

𝑟2
ℎ
𝐷]

2𝑁×2𝑁
, 

 𝑅 =

[
 
 
 
 
 
 
 

𝑙11𝛾1
𝑛 − 𝑘11𝛾1

𝑛+1¹

𝑙21𝛾1
𝑛 − 𝑘21𝛾1

𝑛

0
⋮
0

𝑙2𝑁+1,2𝑁+1𝛾2
𝑛 − 𝑘2𝑁+1,2𝑁+1𝛾2

𝑛+1

𝑙2𝑁+2,2𝑁+1𝛾2
𝑛 − 𝑘2𝑁+2,2𝑁+1𝛾2

𝑛+1]
 
 
 
 
 
 
 

2𝑁×1

 

and 

𝑋 = [𝑎2 𝑎3 ⋯ 𝑎2𝑁−1 𝑎2𝑁 𝑎2𝑁+2]𝑇. 
 

In this case, an initial value 𝑋0 is required to proceed 

with iterative solutions for the system of equation 22. For 

this to occur, the number of equations must equal the 

number of unknowns. Therefore, considering the initial 

condition given by equation 2, 𝑁 + 1 equations were 

obtained from the equality 𝑈(𝑥𝑘 , 0) = 𝑓(𝑥𝑘). This is 

insufficient to determine the initial values. Although 

there are 2𝑁 + 2 unknowns, there are only 𝑁 + 1 

equations. Additional equations are therefore required. 

For this reason, points known as inner points were used 

in the initial condition given by equation 2. 

Namely, given the points 𝑥₁ = 𝑎, 𝑥𝑁+1 = 𝑏 and the roots 

of the quadratic Legendre polynomial ∓1/√3 ∈ [−1,1], 

the equivalent of these points in a typical subinterval 

[𝑥𝑘 , 𝑥𝑘+1] for 𝑖 = 1,2 and 𝑘 = 1(1)𝑁 is; 
 

𝜂𝑘𝑖 =
𝑥𝑘+1+𝑥𝑘

2
+ (−1)𝑖

ℎ

2√3
  (23) 

in the form. If the local coordinate transformation 

ℎ𝜉 = 𝑥 − 𝑥𝑘 is applied to roots given by equation 23, 

values 𝜉1 = (1 − 1/√3)/2 and  𝜉2 = (1 + 1/√3)/2, the 

roots of the shifted quadratic Legendre polynomial in the 

interval [0,1], is obtained and the relations 𝜂𝑘1 = ℎ𝜉1 +

𝑥𝑘 , 𝜂𝑘2 = ℎ𝜉2 + 𝑥𝑘 exist. If the inner points given by 

equation 23 are substituted into equation 2, where 

𝑖 =  1, 2 and 𝑘 is the number of elements, 𝑈(𝜂𝑘𝑖 , 0) =

𝑓(𝜂𝑘𝑖) is obtained. Besides, we could write, 
 

𝐻1𝑖𝑎2𝑘−1
0 + 𝐻2𝑖𝑎2𝑘

0 + 𝐻3𝑖𝑎2𝑘+1
0 + 𝐻4𝑖𝑎2𝑘+2

0 = 𝑓(𝜂𝑘𝑖) (24) 

due to 𝐻1(𝜉i) = 𝐻2𝑘−1(𝜂𝑘𝑖), 𝐻2(𝜉i) = 𝐻2𝑘(𝜂𝑘𝑖), 

𝐻3(𝜉i) = 𝐻2𝑘+1(𝜂𝑘𝑖), 𝐻4(𝜉i) = 𝐻2𝑘+2(𝜂𝑘𝑖). If the 

predetermined values 𝑎1
0 = 𝛾1

0 and 𝑎2𝑁+1
0 = 𝛾2

0 are 

substituted into the equation 24 and the resulting 

equation is rearranged matrices form such that 

𝐸𝑋0 = 𝐹 (25) 

where  

𝐸 =

[
 
 
 
 
 
 
 
 
 
 
𝐻21 𝐻31 𝐻41 0 0 0 0 0

𝐻22 𝐻32 𝐻42 0 0 0 0 0

𝐻11 𝐻21 𝐻31 𝐻41 0 0 0 0

𝐻12 𝐻22 𝐻32 𝐻42 0 0 0 0

⋯
0 0 0 0 𝐻11 𝐻21 𝐻31 𝐻41
0 0 0 0 𝐻12 𝐻22 𝐻32 𝐻42
0 0 0 0 0 𝐻11 𝐻21 𝐻41
0 0 0 0 0 𝐻12 𝐻22 𝐻42]

 
 
 
 
 
 
 
 
 
 

2𝑁×2𝑁

  

and 

𝐹 =

[
 
 
 
 
 
 
 
 
 
 
𝑓(𝜂11) − 𝐻11𝛾1

0

𝑓(𝜂12) − 𝐻12𝛾1
0

𝑓(𝜂21)

𝑓(𝜂22)
⋮

𝑓(𝜂N−1,1)

𝑓(𝜂N−1,2)

𝑓(𝜂N1) − 𝐻31𝛾2
0

𝑓(𝜂N2) − 𝐻32𝛾2
0]
 
 
 
 
 
 
 
 
 
 

2𝑁×1

.  

In this way, the values of 𝑋0are calculated from equation 

25 and the consecutive calculations are performed.  

 

3. Results 
In this section, the proposed method in Section 2 is 

applied to five model problems. The error norms of the 

obtained numerical results were calculated using the 

following formulas (equations 26a and 26b), 
 

𝐿∞ = ‖𝑢 − 𝑈‖∞ = max
1≤𝑘≤𝑁

|𝑢𝑘
𝑛 − 𝑈𝑘

𝑛| , (26a) 

𝐿2 = ‖𝑢 − 𝑈‖2 = (ℎ∑  𝑁
𝑘=1 |𝑢𝑘

𝑛 −𝑈𝑘
𝑛|2)

1/2
. (26b) 

The Courant number 𝐶𝑟 , the diffusion number 𝑆 and the 

Peclet number 𝑃𝑒 which are dimensionless parameters 

used in the analysis of numerical calculations of the AD 

equation, are calculated as follows: 
 

𝐶𝑟 = 𝛼
Δ𝑡

ℎ
, 𝑆 = 𝜇

Δ𝑡

ℎ2
, 𝑃𝑒 =

𝐶𝑟

𝑆
=

𝛼

𝜇
ℎ (27) 

The advection term dominates for high values of the 

Peclet number, whereas the diffusion term dominates for 

low values of the Peclet number Mohammadi (2013).The 

obtained numerical results are given in the tables and 

graphics for various parameters. Throughout this paper, 

the initial and boundary conditions given by equation 2 

and equation 3 were determined using the analytical 

solution of the equation. All numerical calculations were 

obtained using MatlabR2022b program on 16G RAM, 

2.70 GHz computer. 
Problem 1: We consider the AD equation with following 

the analytical solution given by for 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑇], 
 

𝑈(𝑥, 𝑡) =
𝜏0

𝜏
exp (−

(𝑥−𝑥0−𝛼𝑡)
2

2𝜏2
)  (28a) 

where 𝜏2 = 𝜏0
2+ 2𝜇𝑡 Rizwan (1997). 

In equation 28a, we take 𝐿 = 1, 𝜏0 = 0.025, 𝑥0 = −0.5, 

𝛼 = 1 and 𝜇 = 0.01 as given in Dehghan (2004) and then 

the exact solution is obtained as, 
 

𝑈(𝑥, 𝑡) =
0.025

√0.000625+0.02𝑡
exp (−

(𝑥+0.5−𝑡)2

0.00125+0.04𝑡
). (28b) 

The comparison of the absolute errors at times 

𝑡 = 1.0, 2.0, 3.0 for Problem 1 with parameters 

ℎ = 0.01, Δ𝑡 = 0.001 are presented in Table 1. It is seen 

from table that the absolute errors of the present method 

were less than errors in the other studies. Subsequently, 

ℎ = Δ𝑡 = 0.01 spatial and temporal step sizes were 

selected and the comparison table of the approximate 

and exact solutions at time 𝑡 = 1.0 is given in Table 2. 
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Table 1. A comparison of the absolute error at various 𝑥 and 𝑡 = 1.0, 2.0, 3.0 of Problem 1: ℎ = 0.01, 𝛥𝑡 = 0.001 

𝑥 Present 

Nazir et 

al. 

(2016) 

Mohammadi 

(2013) 

Mittal 

and Jain 

(2012) 

Present 

Nazir 

et al. 

(2016) 

Mohammadi 

(2013) 

Mittal 

and Jain 

(2012) 

Present 

Nazir et 

al. 

(2016) 

 t=1.0 t=2.0 t=3.0 

0.1 1.20e-07 2.28e-06 1.04e-06 1.06e-06 1.05e-15 
1.00e-

13 
1.00e-13 1.01e-13 5.70e-27 1.09e-23 

0.2 3.39e-07 1.46e-06 5.01e-06 5.02e-06 4.72e-14 
3.60e-

12 
3.61e-12 3.65e-12 1.17e-25 7.47e-22 

0.3 6.21e-07 9.22e-06 1.82e-05 1.82e-05 1.20e-12 
7.38e-

11 
7.49e-11 7.56e-11 6.49e-25 3.20e-20 

0.4 2.68e-06 3.11e-06 1.01e-05 1.08e-05 2.07e-11 
1.01e-

09 
1.02e-09 1.06e-09 1.84e-22 1.01e-18 

0.5 5.40e-07 3.91e-06 4.57e-05 4.63e-05 2.55e-10 
9.79e-

09 
1.00e-08 1.04e-08 9.38e-21 2.43e-17 

0.6 3.91e-06 2.49e-05 4.04e-06 4.17e-06 2.27e-09 
6.57e-

08 
7.24e-08 7.27e-08 3.07e-19 4.42e-16 

0.7 2.39e-06 1.67e-05 3.72e-05 3.78e-05 1.47e-08 
2.99e-

07 
3.45e-07 3.53e-07 7.23e-18 5.78e-15 

0.8 1.09e-06 1.89e-05 7.05e-06 7.10e-06 6.79e-08 
8.35e-

06 
1.13e-06 1.14e-06 1.22e-16 4.33e-14 

0.9 1.32e-06 1.99e-05 8.88e-06 8.98e-06 2.17e-07 
8.96e-

06 
2.09e-06 2.12e-06 1.22e-15 1.43e-13 

 

Table 2. A comparison of approximate solutions obtained at time 𝑡 = 1.0 for Problem 1: ℎ = 𝛥𝑡 = 0.01 

x Exact Present 
Kadalbajoo and Arora 

(2010) 
Mittal and Jain (2012) 

0.1 0.0035992 0.0035870 0.0035860 0.0035861 

0.2 0.0196423 0.0196085 0.0196139 0.0196139 

0.3 0.0660099 0.0660733 0.0660910 0.0660911 

0.4 0.1366028 0.1368714 0.1368574 0.1368574 

0.5 0.1740777 0.1741278 0.1740807 0.1740807 

0.6 0.1366028 0.1362103 0.1362195 0.1362195 

0.7 0.0660099 0.0657757 0.0658153 0.0658154 

0.8 0.0196423 0.0197517 0.0197571 0.0197572 

0.9 0.0035992 0.0037290 0.0037190 0.0037190 

 

It can be seen that the approximate solution by the 

present method comply very well with the results of 

exact and other studies. Taking 𝑃𝑒 = 0.5, 1.0, 2.0, 4.0 the 

exact and numerical solutions are also depicted at 

𝑡 = 0.6, 0.8, 1.0, 1.2 for ℎ = 0.01, 𝛥𝑡 = 0.001 in Figure 1. 

As shown from Figure 1, the waves generated by an 

increase in the Peclet numbers have greater amplitude 

and more completed waveforms. 

Problem 2: The analytical solution of this problem is 

given by (Cecchi and Pirozzi, 2005; Mohebbi and 

Dehghan, 2010) as, 
 

𝑈(𝑥, 𝑡) = 𝑒−𝑡sin(𝑥 − 𝜇𝑡), 𝑥 ∈ [0,2], 𝑡 ∈ [0,1].  (29) 

The numerical solution by presented method of Problem 

2 was calculated by selecting ℎ = 1/64, Δ𝑡 = 0.05ℎ at 

𝑡 = 1.0, and the comparison table of absolute errors is 

presented in Table 3 for 𝑃𝑒 = 1000, 10000, 20000 and 

𝜇 = 1. From Table 3, it is clearly shown that presented 

method achieves good results even at high Peclet 

numbers and is superior to other studies. The graphs of 

the presented numerical solutions and analytical 

solutions at 𝑡 = 0(0.2)1, the graph of the absolute error 

at 𝑡 = 1 have been plotted in Figure 2 for ℎ = 1/64, 

𝛥𝑡 = 0.05ℎ and 𝑃𝑒 = 20000. From the figure, the 

approximate solutions were found to be consistent with 

analytical solutions, and the absolute error at 𝑡 = 1 was 

observed to be quite small. Then, the absolute errors 

were calculated for ℎ = 1/60, 𝛥𝑡 = 0.001, 𝜇 =

1.0, 0.1, 0.01 at 𝑡 = 1 and they were compared with Mittal 

and Rohila (2020) in Table 4. It can be seen from Table 4 

that the absolute errors obtained using these parameters 

yield results that are virtually identical to those from the 

Mittal and Rohila (2020) experiments. 
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Figure 1. The graphics of numerical (o) and exact (-) solution of Problem 1 for 𝑃𝑒 = 0.5, 1.0, 2.0, 4.0: ℎ = 0.01, 𝛥𝑡 =

0.001 

 

Table 3. A comparison of absolute errors of Problem 2 for 𝑃𝑒 = 1000, 10000, 20000 at 𝑡 = 1.0: ℎ = 1/64, 𝛥𝑡 = 0.05ℎ 

𝑥 Present 

Mohebbi 

and 

Dehghan 

(2010) 

Mittal 

and 

Rohila 

(2020) 

Present 

Mohebbi 

and 

Dehghan 

(2010) 

Mittal 

and 

Rohila 

(2020) 

Present 

Mohebbi 

and 

Dehghan 

(2010) 

Mittal 

and 

Rohila 

(2020) 

 𝑃𝑒 = 1000 𝑃𝑒 = 10000 𝑃𝑒 = 20000 

0.25 9.11e-09 1.43e-06 1.53e-08 8.36e-09 1.06e-06 1.49e-08 8.90e-09 1.02e-04 1.42e-08 

0.50 2.22e-08 1.75e-06 3.67e-08 2.21e-08 4.91e-07 3.60e-08 2.34e-08 2.20e-04 3.53e-08 

0.75 3.69e-08 1.90e-06 6.08e-08 3.75e-08 6.94e-06 6.32e-08 3.89e-08 3.47e-04 6.51e-08 

1.00 4.99e-08 9.75e-07 8.22e-08 5.06e-08 2.56e-05 7.80e-08 5.06e-08 4.71e-04 7.50e-08 

1.25 4.93e-08 1.10e-07 8.12e-08 4.93e-08 7.03e-05 9.11e-08 4.92e-08 6.52e-04 9.52e-08 

1.50 4.47e-08 2.05e-07 7.32e-08 4.46e-08 1.58e-04 5.60e-08 4.46e-08 8.02e-04 1.16e-08 

1.75 3.73e-08 2.88e-07 6.63e-08 3.71e-08 2.69e-04 9.05e-08 3.71e-08 7.40e-04 9.37e-08 
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Figure 2. Left: The graphics of numerical solution (o) and exact solution(-), right: The graphic of absolute error at 𝑡 = 1 

of Problem 2 for 𝑃𝑒 = 20000: ℎ = 1/64, 𝛥𝑡 = 0.05ℎ. 

 

Problem 3: In this problem, the analytical solution with 

μ = 0.1, α = 1.0 is given by (Chawla et al., 2000; Mittal 

and Rohila, 2020; Mohebbi and Dehghan, 2010) as; 
 

𝑈(𝑥, 𝑡) = 𝑒5𝑥−
5𝑡
2
−
𝜋2𝑡
40 (cos (

𝜋𝑥

2
) +

1

4
sin (

𝜋𝑥

2
)) , 

𝑥 ∈ [0,1], 𝑡 ∈ [0,5]. (30) 

The absolute errors obtained by the presented method of 

Problem 3 for Δ𝑡 = 0.01, 0.001 and ℎ = 0.02,0.01 at 𝑡 = 5 

are presented in Table 5. The Table 5 indicates that the 

absolute errors are quite small. Next, Table 6 is presented 

a comparison of the absolute errors obtained for Problem 

3 using the presented method with the absolute errors 

obtained from other studies in the literature for 

𝛥𝑡 = 0.01 and ℎ = 0.01 at t = 2. It is seen from the table, 

that the absolute errors of the proposed method are 

smaller. For ℎ = 0.01, 𝛥𝑡 = 0.001, the three-dimensional 

graph of the numerical solution of Problem 3 in the 

solution domain (𝑥, 𝑡) ∈ [0,1]x[0,5], and the graph of the 

absolute error at t = 5 are presented in Figure 3. As time 

progressed, a decrease in advection propagation was 

observed in the graph, and the absolute error was very 

close to zero at the final time. 

 
Table 4. A comparison of absolute errors of Problem 2 for 𝜇 = 1.0, 0.1, 0.01at = 1 : ℎ = 1/60, 𝛥𝑡 = 0.001 

𝑥 Present 
Mittal and 

Rohila (2020) 
Present 

Mittal and 

Rohila (2020) 
Present 

Mittal and 

Rohila (2020) 

 μ = 1.0 μ = 0.1 μ = 0.01 

0.1 4.63e-09 4.58e-09 3.90e-09 4.00e-09 4.98e-09 5.59e-09 

0.2 8.80e-09 8.74e-09 9.02e-09 9.15e-09 1.13e-08 1.14e-09 

0.3 1.25e-08 1.24e-08 1.51e-08 1.52e-08 1.87e-08 1.89e-08 

0.4 1.56e-08 1.56e-08 2.19e-08 2.21e-08 2.70e-08 2.72e-08 

0.5 1.82e-08 1.81e-08 2.92e-08 2.94e-08 3.60e-08 3.62e-08 

0.6 2.02e-08 2.01e-08 3.66e-08 3.68e-08 4.54e-08 4.56e-08 

0.7 2.16e-08 2.16e-08 4.39e-08 4.42e-08 5.49e-08 5.52e-08 

0.8 2.25e-08 2.24e-08 5.09e-08 5.12e-08 6.41e-08 6.45e-08 

0.9 2.28e-08 2.27e-08 5.72e-08 5.75e-08 7.22e-08 7.25e-08 
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Table 5. The absolute errors of Problem 3 at = 5 : 𝛥𝑡 = 0.01, 0.001 and ℎ = 0.02,0.01 

 𝛥𝑡 = 0.01 𝛥𝑡 = 0.001 

𝑥 ℎ = 0.02 ℎ = 0.01 ℎ = 0.02 ℎ = 0.01 

0.1 1.592116e-10 1.593328e-10 1.461626e-12 1.585555e-12 

0.2 4.671363e-10 4.672292e-10 4.531048e-12 4.664998e-12 

0.3 1.003891e-09 1.003862e-09 9.936575e-12 1.003584e-11 

0.4 1.864114e-09 1.863768e-09 1.868911e-11 1.864813e-11 

0.5 3.130599e-09 3.129549e-09 3.174011e-11 3.133653e-11 

0.6 4.807195e-09 4.804715e-09 4.935498e-11 4.815146e-11 

0.7 6.673586e-09 6.668365e-09 6.973385e-11 6.691043e-11 

0.8 7.999574e-09 7.989307e-09 8.627134e-11 8.034616e-11 

0.9 7.019997e-09 7.001022e-09 8.248459e-11 7.086434e-11 

 
Table 6. A comparison of absolute errors of Problem 3 at 𝑡 = 2: 𝛥𝑡 = 0.01, ℎ = 0.01 

𝑥 Present 
Mittal and Rohila 

(2020) 
Rohila (2024) 

Mittal and Jain 

(2012) 

Mohammadi 

(2013) 

0.1 4.98e-07 4.99e-07 5.03e-07 5.60e-07 5.02e-07 

0.2 1.44e-06 1.44e-06 1.46e-06 1.32e-06 1.16e-06 

0.3 3.06e-06 3.06e-06 3.09e-06 2.13e-06 1.81e-06 

0.4 5.62e-06 5.62e-06 5.69e-06 2.06e-06 2.06e-06 

0.5 9.35e-06 9.36e-06 9.50e-06 1.15e-06 1.15e-06 

0.6 1.43e-05 1.43e-05 1.45e-05 7.94e-07 7.94e-07 

0.7 1.98e-05 1.98e-05 2.01e-05 6.19e-06 6.19e-06 

0.8 2.37e-05 2.37e-05 2.42e-05 1.48e-05 1.48e-05 

0.9 2.09e-05 2.08e-05 2.13e-05 1.95e-05 1.95e-05 

 

 
 

Figure 3. The graph of the numerical solution of Problem 3 in the solution domain (𝑥, 𝑡) ∈ [0,1]𝑥[0,5] for 𝜇 = 0.1 and 

the graph of absolute error at 𝑡 = 5: ℎ = 0.01, 𝛥𝑡 = 0.001. 

 

Problem 4: In this problem, the proposed method was 

tested using the analytical solution of the AD equation in 

the form given by Mittal and Jain (2012). 

𝑈(𝑥, 𝑡) = √
20

20+𝑡
exp (−

(𝑥−2−𝛼𝑡)2

4𝜇(𝑡+20)
),   

𝑥 ∈ [0,1], 𝑡 ∈ [0, 𝑇]. (31) 

In this problem, it is taken as 𝛼 =  0.8 and 𝜇 =  0.1. The 

approximate solutions and the absolute errors for 

Problem 4 were calculated at 𝑡 =  1.0, 5.0 for ℎ =  0.05 

and 𝛥𝑡 =  0.01. The obtained values are shown in Table 

7. It can be seen from the table that the numerical 

solutions of this problem are in good agreement with 
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exact solution and the absolute errors are very small, at 

levels closer to zero. Subsequently, the absolute errors at 

different times for ℎ =  0.01 and 𝛥𝑡 =  0.001 were 

calculated, compared with the results in (Mittal and Jain, 

2012; Mohammadi, 2013; Nazir et al., 2016) and 

presented to the readers in Table 8. As shown in the 

table, the results obtained by the proposed method are 

better than those from the compared studies. The graphs 

of the analytical and the approximate solutions for 

ℎ = 0.01, 𝛥𝑡 = 0.001 at times 𝑡 =  1.0, 2.0, 3.0, 4.0, 5.0 

are shown in Figure 4. The graph of the absolute error at 

the final time is also shown in the same graph. The graph 

shows that the analytical and approximate solutions are 

in quite strong conformity. A comparison the error 

norms obtained by the presented method of Problem 4 

for Δ𝑡 = 0.001, ℎ = 0.01 at 𝑡 = 1.0, 5.0 are presented in 

Table 9. It is seen from the Table 9, that the error norms 

of the proposed method are smaller at 𝑡 = 5.0. 

 

Table 7. A comparison of approximate and exact solutions of Problem 4 at 𝑡 =  1.0, 5.0: ℎ = 0.05, 𝛥𝑡 = 0.01 

 t=1.0 t=5.0 

𝑥 Present Exact Absolute Error Present Exact Absolute Error 

0.1 0.4097319044 0.4097319360  3.16e-08  0.0275274449 0.0275274321 1.28e-08 

0.2 0.4364170366 0.4364171091  7.25e-08  0.0309441357 0.0309441089 2.68e-08 

0.3 0.4637346798 0.4637348002  1.20e-07  0.0347154038 0.0347153621 4.17e-08 

0.4 0.4915904304 0.4915906039  1.74e-07  0.0388684747 0.0388684175 5.72e-08 

0.5 0.5198801437 0.5198803723  2.29e-07  0.0434314357 0.0434313632 7.25e-08 

0.6 0.5484903690 0.5484906493  2.80e-07  0.0484331019 0.0484330155 8.64e-08 

0.7 0.5772989232 0.5772992421  3.19e-07  0.0539028581 0.0539027621 9.60e-08 

0.8 0.6061756046 0.6061759283  3.24e-07  0.0598704765 0.0598703808 9.56e-08 

0.9 0.6349830414 0.6349832915  2.50e-07  0.0663659088 0.0663658361 7.27e-08 

 

Table 8. A comparison of absolute errors of Problem 4 at 𝑡 = 1.0, 2.0, 5.0: ℎ = 0.01, 𝛥𝑡 = 0.001 

 t=1.0 t=2.0 t=5.0 

𝑥 Present 

Nazir et 

al. 

(2016) 

Mohamm

adi 

(2013) 

Mittal 

and Jain 

(2012) 

Present 

Nazir et 

al. 

(2016) 

Mohamm

adi 

(2013) 

Mittal 

and Jain 

(2012) 

Present 

Nazir et 

al. 

(2016) 

Mohamm

adi 

(2013) 

0.1 3.23e-10 2.44e-08 8.71e-09 9 .96e-09 1.53e-12 3.50e-09 7 .71e-09 8 .45e-09 1.29e-10 8.77e-10 1 .73e-09 

0.2 7.32e-10 4.00e-08 1 .08e-08 1 .91e-08 6.60e-11 6.15e-09 1 .08e-08 1 .76e-08 2.69e-10 1.45e-09 1 .02e-09 

0.3 1.21e-09 4.57e-08 2 .05e-08 2 .70e-08 2.05e-10 7.57e-09 3 .05e-08 2 .71e-08 4.18e-10 1.68e-09 3 .91e-10 

0.4 1.74e-09 4.14e-08 3 .60e-08 3 .33e-08 4.15e-10 7.40e-09 3 .60e-08 3 .67e-08 5.72e-10 1.54e-09 1 .96e-09 

0.5 2.29e-09 2.73e-08 3 .71e-08 3 .78e-08 6.85e-10 5.46e-09 4 .71e-08 4 .59e-08 7.25e-10 1.02e-09 3 .59e-09 

0.6 2.81e-09 5.32e-08 3 .90e-08 4 .02e-08 9.87e-10 1.86e-09 4 .40e-08 5 .38e-08 8.64e-10 1.98e-10 5 .25e-09 

0.7 3.19e-09 2.04e-08 3 .74e-08 3 .99e-08 1.26e-09 2.71e-09 3 .74e-08 5 .89e-08 9.60e-10 7.68e-10 6 .94e-09 

0.8 3.24e-09 4.17e-08 2 .80e-08 3 .60e-08 1.39e-09 6.71e-09 2 .80e-08 5 .79e-08 9.56e-10 1.54e-09 8 .57e-09 

0.9 2.50e-09 4.34e-08 1 .65e-08 2 .55e-08 1.12e-09 7.24e-09 1 .65e-08 4 .36e-08 7.27e-10 1.56e-09 9 .13e-09 

 



Black Sea Journal of Engineering and Science 

BSJ Eng Sci / Halil BEYAZIT et al. 1565 
 

 
 

Figure 4. Left: The graphics of numerical solution (o) and exact solution (-) of Problem 4, Right: The graphic absolute 

error at = 5 : ℎ = 0.01, 𝛥𝑡 = 0.001. 

 

Table 9. A comparison of error norms of Problem 4 at 𝑡 = 1.0, 5.0: ℎ = 0.01, 𝛥𝑡 = 0.001 

 𝑡 =  1.0 𝑡 =  5.0 

𝑥 Present Nazir et al. (2016) Present Nazir et al. (2016) 

 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 𝐿2 𝐿∞ 

0.1 3.23e-10 2.44e-08 8.71e-09 9 .96e-09 1.53e-12 3.50e-09 7 .71e-09 8 .45e-09 

0.2 7.32e-10 4.00e-08 1 .08e-08 1 .91e-08 6.60e-11 6.15e-09 1 .08e-08 1 .76e-08 

0.3 1.21e-09 4.57e-08 2 .05e-08 2 .70e-08 2.05e-10 7.57e-09 3 .05e-08 2 .71e-08 

0.4 1.74e-09 4.14e-08 3 .60e-08 3 .33e-08 4.15e-10 7.40e-09 3 .60e-08 3 .67e-08 

0.5 2.29e-09 2.73e-08 3 .71e-08 3 .78e-08 6.85e-10 5.46e-09 4 .71e-08 4 .59e-08 

0.6 2.81e-09 5.32e-08 3 .90e-08 4 .02e-08 9.87e-10 1.86e-09 4 .40e-08 5 .38e-08 

0.7 3.19e-09 2.04e-08 3 .74e-08 3 .99e-08 1.26e-09 2.71e-09 3 .74e-08 5 .89e-08 

0.8 3.24e-09 4.17e-08 2 .80e-08 3 .60e-08 1.39e-09 6.71e-09 2 .80e-08 5 .79e-08 

0.9 2.50e-09 4.34e-08 1 .65e-08 2 .55e-08 1.12e-09 7.24e-09 1 .65e-08 4 .36e-08 

 

4. Discussion and Conclusion 
In this study, an approximate solution of the one-

dimensional linear advection-diffusion equation was 

obtained using the cubic Hermite B-spline Galerkin 

method. The main contribution of this paper is the 

development and validation of an effective numerical 

method for solving partial differential equations. The 

proposed method has been shown to be accurate and 

reliable through its compatibility with analytical 

solutions and existing studies in the literature, while also 

providing better results than some previously reported 

methods. It should also be noted that this is clearly 

evident when examining the graphs plotted for each 

model problem, provided that the method is consistent 

with the physical behavior of the problems. We believe 

that the method, which performs well in solutions of the 

advection-diffusion equation without nonlinear terms, 

may also be effective in numerical solutions of nonlinear 

partial differential equations. Many computational and 

applied sciences could benefit from the proposed 

method, which is expected to facilitate the approximate 

solution of partial differential equations with distinctive 

characteristics encountered in the mathematical 

modeling of various real-world problems. 
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