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Abstract

In this study, we introduce the concepts of strongly (Am , p)—Ceséro summability, A™ -statistical Cauchy

sequence and A™ -statistical convergence in a paronormed space. We give some certain properties of
these concepts and some inclusion relations between them.
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1. BACKGROUND AND PRELIMINARIES

Fast [1] and Steinhaus [2] introduced the concept of statistical convergence for sequences of real numbers.
Several authors studied this concept with related topics [3-5].

The asymptotic density of K < N is defined as,

8(K) = Iim%|{k <n:keK}|

n—oo

where K be a subset of the set of natural numbers N and denoted by 5(K). || indicates the cardinality
of the enclosed set.

A sequence (Xk) is called statistically covergent to L provided that

lim=|{k <n:fx, ~L|> )| =0

n—oo n

for each €>0. It is denoted by st—limx, =L.

A sequence (Xk ) is called statistically Cauchy sequence provided that there exist a number N = N(g) such
that
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lim=[{k <n:fx, —xy[2 )| =0

n—o0 n
for everye >0.

Definition 1.1 f: [O, oo) — [0, oo) is called the modulus function which satisfies the following conditions.

For V' X,y €[0,)
i) f(x)=0<x=0,
i) f(x+y)< f(x)+f(y),
iii) f is increasing function,

iv) f iscontinuous from the right at 0.

Definiton 1.2 [1] (X, ) is called convergent (or g -convergent) to L in a paranormed space (X,Q)

provided that k, € Z* such that g(x, —L) <& for k >k, forevery £>0.

Itis written by g —limx, =L and L is called the g -limit of the sequence (%)

Definiton 1.3 [1] (x, ) is called statistically covergent to L in a paranormed space (X,g) if for each
e>0,

.1

lim=|{k<n:g(x, —L)>&}|=0.

n—oo n

It is written by g(st)—ll(imxk = L. The set of these sequences is indicated by S_ .
—0

Definiton 1.4 [1] A sequence (Xk) is called statistically Cauchy sequence in a paranormed space (X : g)
provided that there is a number N = N(g) such that

.1y

lmﬁ‘{JS n :g(Xj—XN)ZS}‘=O
for every € >0. In brief we called such as these sequences g(st) -Cauchy.
2. MAIN RESULTS

Definiton 2.1 (X, ) is called A™-convergent (or g(A™)-convergent) to L. in a paranormed space (X,g)
provided that k, € Z" such that g(A™x, —L) < for k >k, and for every £>0.

In this case it is written by g(Am)—ll(im X =L and L is called the g(A™)-limit of the sequence (X, ).

Definiton 2.2 [6] (x, ) is called A™ -statistically convergent to L in a paranormed space (X,g) if for
each € >0,
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lim = {k<n :g(Amxk—L)>s}‘=0.

n—oo n

In this case, we write g(st,A™ )—limx_= L. The set of these sequences is indicated by S_(A™).
k 9

k—o
Definiton 2.3 (x, ) is called A" -statistically Cauchy (or g(st,A™)-Cauchy) sequence in a paranormed

space (X,g) provided that there exists a number N = N(g) such that

lim > {k<n:g(A"x, —Ame)ZS}‘:O

n—o0 n
for every £>0.

Theorem 2.4 If (x, ) is A"-statistically convergent in a paranormed space (X,g), then its g(st,A™)
limit value is unique.

Theorem 2.5 If g (Am)—l!im X, =L then g (st,Am)—lim X, = L But converse case is not true.

Proof. Assume that g(Am)—lmxk=L. Then for every €>0, there is NeZ" such that
g(A™, —L)<e forall n>N. We have

A(e) ={keN:g(A™x, —L)>e} = {1,2,3,..}
and 8(A(g)) = 0. Hence, g(st,Am)—lm X, =L.

Let us show the converse case is not true with an example.

Example 2.1

Let choose p, :% for all k e N . Then, we have

© 1
E(Am,p):{x =(X,): Z‘Amxk‘k <oo}
k=0
The paranorm on this space is
© 1
g(x)= (Z‘Amxk‘k] :
k=0
If (X, ) defined by

N k, if k=n’>neN
A7X, = .
0, otherwise

we have

K(s)=‘{k£n:g(Amxk)Zs}‘ ,0<e<l.
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So we see that

0, otherwise

and

{1, if k=n?,neN

m!g (A'"xk) - 0, otherwise

Therefore (X, ) is not A™-convergent to a number in (X,g). Since 8(K(&)) =0, (X, ) is
A" -statistically convergent to 0 in (X,g).
Theorem 2.6 Let @ (st,A"‘)—lim X, =Landg (st,Am)—lim X, = L,. Then

) g(stAm)-lim(x Ty )=LFL,,

i) g(Am,st)—limaxkzaLl, aeR.

Theorem 2.7 (x,) in a paranormed space (X,g) is A" -statistically convergent to L if and only if
provided that

K={k, <k, <k, <...<k, <..} =N with §(K) =1
and g(A™x, —L)—>0 as N — oo,

Proof. Assume that (Xk) is A™ -statistically convergentto L, thatis, g (st,A”‘)—lim X, = L. Now, write
—o

Krz{neN:g(Amxkn—L)Z%}, Mrz{neN:g(Amxkn—L)<%} for r=12,... . Then

8(K,)=0. Hence,

M>M,oM;>..oM,oM,,,; D... (1)

i+l

and

S(M,)=1,r=12,.. )
We need to prove (an) is g(A”‘)-convergent to L for ne M, . On contrary suppose that (ka) is not
g(A™)-convergentto L . Therefore, there s & >0 such that g(Amxkn - L) > ¢ for infinitely many terms.
Let M, :{neN: g(Amxkn —L)<8} and ¢>1/r, reN. Then 5(M5)=0 and by (1), M, cM,.

Hence, §(M, )=0. This contradicts (2). Consequently (an) is g(Am)-convergent to L.
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Now we assume that there is a set K={k, <k, <k;<...<k,<..} with §(K)=1, such that

g(Am)—Iimxkn:L. Then, N eZ* such that g(A"‘xkn—L)<g for n>N. We choose

n—o0

K, ={neN:g(A™,—L)>z} and K° = {Ky,Ky 5} - 8(K?) =1 and K,  N—K. Thisimplies
that 5(K5):0. Hence, g(s.t,Am)—ll(i_rI\oxk =L .

Theorem 2.8 (Xk) in a paranormed space (X,g) is A" -statistically convergent if and only if it is A™-
statistically Cauchy.

2. STRONGLY SUMMABILITY IN A PARANORMED SPACE WITH A MODULUS FUNCTION

Definition 3.1 (xk) is called strongly (Am,p)-Ceséro summable to L in a paranormed space (X,g)
(0< p<o) if
1 p
lim= A"x.—L)) =0.
- 2.(0(a" ~U)
This definition is a special case of Definition 3.5 which was given by Altundag in [6]. In this case, we write
X, — L[Cl,g,Am]p.
L is called the [ C,,g,A™ ] -fimit of (X, ).
Theorem 3.2 If X, — L[Cl,g,Aml) (0< p<w), then (X,) is A™ -statistically convergent to L in a
paranormed space (X,g).
Proof. Let X, — L[Cl,g,Am]p . We have the inequaltiy
18 p_ 1 3 p
- A™x, —L)) == A"x, —L
S2(o(am L)) =l > (g(am L))

(g(Amxka))sz

zi|K
n

€

as N — 0. Since 1zn:(g(A”‘xk —L))p — 0, we have Iim£|KS|:O and s0 8(K,) =0, where

n k=1 n—w N

K, = {k <n:g ((Amxk —L))p 2 s} . So (Xk) is A" -statistically convergent to L in a paranormed space

(X,9).
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Theorem 3.3 If A™-statistically convergent to L in a paranormed space (X,g) and (X, )€(,, then

m
X, — L[Cl,g,A ]p.
Proof. Suppose that (X, ) € (,, and A"-statistically convergent to L in a paranormed space (X,g). Then,
we have 3(K,)=0 for £>0. since (x,)el,, there is a M >0 such as g(A"x, -L)<M

(k=1,23....). We obtain the equality

%;(Q(Amxk —L))p =% 2 (g(Amxk —L))p +% ; (g(Amxk —L))p
keK, keK,
=35,(n)+S,(n)
where
S,(n) :% kZi; (g(Aka —L))p
keK,
and

n

s,(n) :% kz; (9(a™, -L))p .

If ke K., thenS, (n) < €”. Moreover, we have

€

S,(n) s(sup(g(Amxk —L)))@KTJ < M|% —0

as N —oo and for ke K. Since 8(K,) =0, x, —>L[Cl,g,Am]p.

Definition 3.4 (Xk) is called strongly (Am : p) -Cesaro summable to L with respect to a modulus function
f in a paranormed space (X,g) provided that

1imlzn:f((g(Amxk —L))”): 0 (0<p<w)

n—ow N =1

and we write x, — L(w/( f,g,A™, p)). We note that if we choose p, = p in Definition 3.5 which was
k k

given in [6] we obtain the definition of strong (Am , p) -Cesaro summability.

Corollary 3.5
i) Let x — L(W(f,g,Am, p)) and f be any modulus function. Then, (X, ) is A"-statistically

convergent to L in a paranormed space (X,g).
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. . . . . m) m
i) A modulus function £ is bounded if and only if S  (A™)=w(f,9,A", p).

4. CONCLUSION

In this paper, the concepts of strongly (Am , p) -Cesaro summability, A™ -statistical Cauchy sequence and

A" -statistical convergence in a paronormed space are examined. Some new properties of these concepts
in paranormed spaces are obtained.
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