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Abstract

In this paper, we introduce a parametric family of Baskakov type operators depending on a real-valued
function ¢ and on two auxiliary sequences of functions u,, and v,,. We call these operators the a-Baskakov
operators. Under a natural nonnegativity assumption on the coefficients, we investigate their weighted
approximation properties on [0, ). We establish a weighted Korovkin type convergence theorem, obtain
quantitative estimates for the rate of convergence by means of the weighted modulus of continTamma uity
associated with ¢ and prove a Voronovskaya type asymptotic formula. Finally, we briefly discuss a
numerical example illustrating the approximation behavior of the proposed operators on a compactinterval.

Keywords: Baskakov operators, weighted approximation, rate of convergence, Voronovskaya type theorem.

Baskakov Operatorlerinin Yeni Bir Parametrik Yapisi ile
Yaklasim

Ozet

Bu ¢alismada, reel degerli bir § fonksiyonuna ve u, ile v, yardimci fonksiyon dizilerine bagh parametrik bir
Baskakov tipi operator ailesi tanitilmaktadir. Bu operatorler a -Baskakov operatorleri olarak
adlandirilmaktadir. Katsayilar tizerindeki dogal bir negatif olmama varsayimi altinda, bu operatorlerin
[0, 00) tizerindeki agirlikh yaklasim 6zellikleri incelenmektedir. Agirlikli Korovkin tipinde bir yakinsaklik
teoremi elde edilmekte, ¢ ile iligkili agirhikli siireklilik modiili yardimiyla yakinsama hizina iliskin nicel
tahminler verilmekte ve Voronovskaya tipinde bir asimptotik formiil ispatlanmaktadir. Son olarak, dnerilen
operatorlerin kompakt bir aralik tizerindeki yaklasim davranigini gosteren sayisal bir 6rnek kisaca ele
alinmaktadir.

Anahtar Kelimeler: Baskakov operatorleri, agirlikli yaklasim, yakinsama hizi, Voronovskaya tipi teorem.
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1. Introduction

In 1957, Baskakov [1] introduced the classical positive linear operators on [0, ) defined
by

. k
W0 =) puf (7). xeloe)nen M
where =
n+k—1 x¥
Pni(x) = ( K )W . (2)

In 2011, Cardenas-Morales et al. [2] defined generalized Bernstein operators by
B, (f o £71) and also obtained a better degree of approximation depending on &. This type
of approximation operator generalized the Korovkin set from {1,x,x2} to {1,¢,&2}.
Accordingly, Patel et al. [3] introduced generalized Baskakov operators and obtained the
following operator:

oY) k

n+k—1 E(x) [k

i = v = Y (CTE TN B0y () ®)
k=0 (1 + E(x)) n

for x € [0,),n € N and for f defined on [0, ) such that &(x) is a function satisfying the

following conditions:

i £(0)=0and inf &'(x) =1,
x€[0,0)

ii. ¢ is a continuously differentiable function on [0, ).
Chen et al. [4] introduced a parametric extension of the Bernstein polynomials by means
ofa parameter a, where a € [0,1] and investigated several of its approximation properties.
Later, the operator family proposed in [4] attracted considerable attention and was further
developed in numerous studies [5-12]. In 2021, Usta [13] defined a new construction of
the Baskakov operator given in [3] which depends on w,(x) and v, (x), where u, (x) and
v, (x) are sequences of functions defined on Q c [0, ), for x € Q,n € N:

[oe]

n+1 k
RE(fix) = n+k—-1y (1+u,(0)) (£G) +v,(x)) N . .
(fi) ;( . ) (30 1o+ a0 () @
Here, ¢ is a function satisfying conditions (i) and (ii). On the other hand, 1111_1)1‘30 u,(x) = 0 and

|un(x)| < Uy, rlll_IEO Un(X) = 0and |Un(x)| < Uy

In this paper, we introduce a nonnegative real parametric extension of the Baskakov
operators, referred to as the a-Baskakov operators. Their definition is based on a real-
valued function ¢ and two sequences of functions u, (x) and v, (x) defined on [0, ).

The structure of the paper is as follows. Section 2 provides the necessary preliminary
material. In Section 3, the new a-Baskakov operators are defined by means of u, (x), v, (x)
and &(x). In addition, we present the construction of the proposed operators and compute
their moments as well as central moments. Section 4 is devoted to the investigation of their
convergence properties in a weighted space. In Section 5, the rate of convergence of these
newly defined parametric Baskakov operators is established by using the weighted
modulus of continuity. A Voronovskaya type theorem is proved in Section 6. Finally,
Section 7 contains graphical illustrations and numerical examples.

2. Preliminaries

Let f be a continuous function on [0, ) and let p(x) be a weight function defined by
p(x) = 1 + &*(x).Then B, [0, o) denotes the normed space

By[0,0) = {f: [0,0) > R: |[f(x)] < M. p(x),x € [0,0)} (5)
where M is a positive constant depending on f, endowed with the norm
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|f ()l
(7l — 6
f p xE Ooo) ( ) ( )
In addition, we consider the following subspaces:
C,[0,00) = {f € B,[0,) : f is continuous on [0, 00)}, @)
Cx[0,00) = {f € C,[0,) : llj;E %l k¢, kg is constant depending on f}, (8)
. If &)l . .
C,[0,00) = 1 f € C,[0,): ( ) is uniformly continuous on [0, ©) ¢. (€))

Another important tool in weighted approximation theory is the weighted modulus of
continuity introduced by Holhos [14]. For each f € C,[0, ) and every § > 0, itis defined
by

If &) = fFOI

R O ETION a0
13€2 2161
Lemma 2.1. [14] If f € C;[0, o), then
(lsilréwf(f’ 6)=0.
3. Construction of the Operators
For every x € [0,%) and n € N, define
‘ _mt+k-1 (1 + vn(x))n(f(x) + un(x))k
P () = ( k )(1 + () + up (%) + vy (x))HE’ fe=0. an
where u,,(x) = 0 and v,(x) = 0.
Then, for f € C,[0, 00) and 0 < a < 1, we define the a Baskakov operator by
k+1
W (fix) = an)n,k(x)(f e (H)+a- a)zq)nk(x)(f s (=) a2
Equivalently, =
Wi = Y BEaro e (5), (13)
where =
Pag () = agy (), (14)
and fork > 1,
P () = ap (0 + (1~ )y, (). (15)

Here, ¢ is a function satisfying conditions (i) and (ii). On the other hand, lim u,(x) = 0 and
n-—-oo
[u, ()| < uy, lim v,(x) = 0and |v,,(x)| < v,.
n—oo
It is clear that the operators in (12) are linear and positive. If « = 1 and v,(x) = u,,(x) =

0, then the operators in (12) reduce to those given by Patel et al. [3]. Furthermore, if in
addition & (x) = x, then the classical Baskakov operators given in (1) are obtained.
Lemma 3.1. For the operators Wf'a and forall x € [0, ), we have
L W (egx) =1
ii. Wf'a(el; x) = P (x) + l_—a
n+1 3-2a

i, W (e x) = TopE(x )+

iv. an'a(e3; x) = (n+1)(n+2)

Pn(X) + =
D2 30 )+3(n+1)(2 a)

7-6a

lpn( )+ lpn( )+_,
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VW) = OO iy OO0
(n+1)(25 18a) lpn( ) + 15 4a l,bn( ) + 1_a
where ¢;(t) = (f(t)) ,j =01, 2 3,4 and wn(x) = %
Proof.
D shm=1, (16)
- k=0
D k() =m0, (7)
o k=0
D K] () = nn+ DYEE) + i (), (18)
k=0
D 08 () = n(n+ D+ DY +3n(n+ DY) +my ), (19)
k=0
and

z k‘*(pik(x) =nn+ DM +2)n+3)DPr(x) + 6n(n+ D(n + 2)P3(x) + 7n(n + P2 (x) + np, (x). (20)

k=0

Now, for ¢;(t) = (f(t))j,

o5 (5)= ) @
Thus,

@)

Wfa(e],x)— Zk’(pnk(x)+ Z(k+1)1g0 (0. (22)

From (22), the first three moments can be obtained exp11c1tly as follows. For e, (t) = 1, we
have

Wi e =a ) 0f @ +(1-a) ) ¢l () =1 (23)
k=0 k=0
For e, (t) = &(t), using (17), we obtain
— 1 -
Wi o) =) kol + 1—“Z(k F D000 = () + (1= 0) (1,0 + ) = 9,0 + . (29)

Similarly, for e, (t) = (f(t)) usmg (18), we have

Wf'“(ez;x) = n—kz k2<p () + )Z(k + 1)2<pn,k(x)
_n+ 1 1-—-

_ a(
Pi(x) + “on (25)
The remaining identities for e3 and e, are obtamed in the same way by using (19), (20) and
the binomial expansion of (k + 1)/. This completes the proof.
Lemma 3.2. For the operators Wf'a,

i W e — (5 x) =, (x) — E(0) + =,
i (o= §@)5%) = (ha() — §()” + BLC2OMO0M0 | 1t

n

n+1 3 1
YR + wn(x)> +1-w (—w,%(x) F () + )
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i W (e — £@) 5 x) = (Y0 —§0)" +
2(Pn(@-£)° (3PE@ -(5-20)Pn @ -2(1-@) () N

n
1197 () +(6(5-2a)-88 (x) )3 () +(25-18a—12(2—a) (x)) 3 (%) —4(7-6a)§ () Pr (x) +6(1-a)§? (x)
TLZ
617 (%) +(20-8a) 1P} (1) +(25-18a) P} (x) +(15-14@)Pp () —4(1—a)§ (x) 41
n3 nt '
Proof. The result follows immediately from the linearity of W:’“ and the identities obtained
in Lemma 3.1.

+

4. Direct Theorems in Weighted Spaces

In this section, we examine the convergence behavior of the newly introduced parametric
Baskakov operators in weighted spaces. To this end, we first recall the following weighted
Korovkin type theorem established by Gadjiev [15].
Lemma 4.1. [15] For each n > 1, let L,;: C,[0, ) — B, [0, ) be a positive linear operator
such that
ILp(p; )| < Mpp(x), x=0 (26)
where M,, > 0 is a constant depending on n.
Theorem 4.2. [15] Let (L,),>; be a sequence of positive linear operators from C, [0, o)
into B, [0, 00). If
,lliHL”L”(ti) —t'l,=0, i=012 27)
then
lim [ILn (f; ) = fll, = 0, (28)
for every f € C}[0,0).
Accordingly, our main result is as follows.
Theorem 4.3. Let p(x) = 1+ é%(x) and let Wf'“: C,[0,0) — B,[0, ) be the operators
defined by (12). Then, for each f € C¥[0, ),

lim W (f; ) ~ £ = 0. (29)
Proof. (i) Let f € C[,‘ [0, ). By Lemma 4.1, we have
f
WE(f20 = W (D pix) S IFIW (o320 S I My () S My pG) (30)
where M; > 0 is a constant depending on f. It follows from (10) that W,f‘“(f; ) E

B,[0, ).

(ii) From Lemma 3.1, it follows that
: Eacr.y_ 1l =
tim W51 - 1], = o.

2 () —E()v,(x) _ 1 -
fa ARCGDER %——na‘
W) —¢ll, = sup < 2

< U, + Uy +1—0(
< Su =
oy 1HE00) T aelom 1+ 1-v, 2(0-v)

—. (3D
n

Consequently,
lim [[W;(& ) = ]| =o.

Next, by the moment formula for an’a (€% +), we obtain

13
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§arg2 2
&a N _ |Wn (E!)_g |
%o =1, = s, = e

2(x) 3-2a 1—a
(w200 - £200) + 2D 3220y, 9 4 1
< sup >
x€[0,00) 1+ f (x)
[r(x) —§2(x)] 1 i)l 3-2a [ ()1
< — 5, 1T sup 3 sup >
x€[0,00) 1+¢ x) N xe[0,00) 1+¢ x) N xelo,00) 1+¢ )
1—a
n2
1
Uy + 20, +u2 +v2  1+u, +u (3—2a)7+un+1—a 32)
- (1-1v,)? n(l —v,)? n 1—-v, n2
Hence,
lim ||W,54(6% ) — €2 = o. (33)
n—oo P

Thus, all the conditions of Theorem 4.2 are fulfilled. Consequently, an application of
Theorem 4.2 yields lim ||W,*(f; ) — f||p = 0 for f € C¥[0, ). This completes the proof.
n—oo

5. Rate of Convergence of Wf{“

This section is devoted to obtaining the rate of convergence of an,a in terms of the
weighted modulus of continuity w;(f; 8).
Theorem 5.1. [14] Let L,,: C,[0,0) — B, [0, 0) be a sequence of positive linear operators
with
L L (€% ) = €%l = ap,

i LGS =€ 2 = b

i Ln (%) — &2, = cn

iv. L, (8% ) - E3I|p; =dp

where a,, b, ¢,, and d,, tends to zero as n — oo. Then

1L, (F) — fllpg < (7 +4a, + 2c)we(f;560) + anllfll, (34)
for every f € C,[0, ), where
8, = 2¢/(a, + 2b, + ¢,)(1 + a,) + a, + 3b, + 3¢, + d,,. (35)
Theorem 5.2. Let {W,f""}n>1 be the sequence of positive linear operators defined by (12).
Then, we get
WG = £l 5 = 7 + 26053 8 (36)
where
8 = 2y/2b, + ¢, + 3b, + 3¢, + d,, 37)
and
R (38)
Uy + 20, + U2 + 2 1+u, +ul (3—26()%+un 1-—a
n = (1 —v,)? n(l —1v,)?2 n 1l-wv, n? (39)
4 - ud +3u2 +3u, +v3+3v2+3v, (GBn+2)(1-u,)?
" (1—-v,)3 n*(1—-v,)?

14
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(3n+3)(2—a)(1+un+un) (7 - 6a)( +un) 1-—a

n2(1 — v,)>2 n2(1 —v,) nd ’ (40)
Proof. Since W,f'“ (ep; x) = 1, we immediately have
= W%y = ¢ o = 0. (1)
From Lemma 3.1 (ii)
W (& ) = £ _ [ p ke 1-e
JI+82@ -1+ 80 A-v)V1+86) n/1+80)
Using |u, (x)| < uy, |v,(x)| < v, and
sup ; <1, sup & <1 (43)
xef00) /1 +E2(x)  xelow) [T+ E2(x)

Therefore,

Saret, ) _ #1 _
1A GRS €1||1— su [ %) f|su"+v"+1 b, (44)

xE[Ooo) J1+E&2(x) 1-v, n

Similarly, ¢, and d,, can be derived from Lemma 3.1 (iii) and (iv).

6. Voronovskaya Type Theorem of W“

In this section, we prove a Voronovskaya type theorem for the newly introduced
parametric Baskakov operator.
Theorem 6.1. Let f € C,[0,) and x € [0, 00). Assume that (f o £€~1)" and (f o {™)" exist
at &(x). Also, if (f o €71)" is bounded on [0, ) and

lim n(n(x) = §()) = n(x) (45)

then we have

lim 0 (WE(Fi2) = f()) = (0 + 1= @) (F 2§71 (§(0)) +
Proof. By Taylor’s formula, we may write

FO) = Fx) = (o £ (@) = (f o EH(E))
1 2
= (O~ @) & (E@) +5 (@ - £0) (2§ (600)
Y (D (E() — £)” (47)

M(/I f 1)”({(9{)) (46)

where

1
L1 =5 [(Fo &™) (6()) = (fFo &))" (E()]- (48)
Here |Y,(t)| < M,Vtand Y, (t) —» O0ast — x.
Applying the operator an'“ to both sides and using the identities obtained above, we get

n (W (320 = F(0))
= (f o & (§@)m “ (€ () — §(); )
20 o £ E)IE () — £ x)
W (Y0 (£ — £00) s x). 49)
Then,
W ((§0) = §00)5x) = n(Pu(0) — §00)” +PE@) + (3 — 20, () — 2(1 — )E(x) + 1‘7‘1 (50)

15
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and now, as n - oo, under the usual assumptions, ¥,,(x) - é(x) and n(lpn(x) — E(x))2 -

0 from ¢, (x) = % Therefore, we obtain
n

Tim i (60 = §(0) 5 x) = £200 + 3 — 200§ —2(1 - WE() = §2() +§(). 51
Now, we prove that nW** (Yx(t)(f(t) - f(x))z; x) — 0asn — o, Let € > 0 be arbitrary.

Then one can choose § > 0 such that |Y,(t)| < € whenever [t — x| < §. Moreover by
condition (ii), we have

1§ =)l <§(@It—x| = [t —x|. (52)
Hence, if [§(t) — (x)| < &, then
Y(0(E®) - £@)°| < e(50) - £(0)” (53)
On the other hand, if |€(¢t) — é(x)| = & then using the bound |Y,(t)| < M, we obtain
M 4
LOE® - (@) <z (0 - (@) (54)
Simple computations yield
fa e i) = oL
Wi (60 - £60)"ix) = o (). (55)
It follows that
lim i (Y060 ~ @) "5x) = 0 (56)

which finishes the proof of Theorem 6.1.

7. Graphical Results

In this section, we apply the new parametric Baskakov operators introduced in this paper
X
to approximate an illustrative example. Let f(x) = e 2 sin(2x) + xx: + 2. The maximum

absolute approximation error on the interval [0,4] is computed by
Epe = max |[WE(f;%) — f(x)).

x€[0,4]
a) In the first example, we study the convergence behavior of the operators &(x) = 2x,
(x) = —and v,(x) = 2
Up(x) = —and v, (x) = —.

Let « = 0.3. The approximation of f(x) by the operators an’“ forn = 10,20,50,100 on
the interval [0,4] is presented in Figure 1.

16
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X

1 2 3 4

Figure 1. Convergence of the operators 1Wf1'“ fora = 0.3 andn = 10,20,50 and 100

Table 1. Maximum absolute approximation errors of the an'aoperator on [0, 4].

n a=0.1 a=0.3 a=0.6 a=0.9
10 0.3335 0.3313 0.3280 0.3246
20 0.3973 0.3978 0.3984 0.3991
50 0.2659 0.2667 0.2678 0.2689
100 0.1524 0.1528 0.1534 0.1541

Figure 1 illustrates the convergence behavior of the operators for different values of n. The
numerical results in Table 1 show that the approximation improves for sufficiently large
values of n, especially for n =50 and n = 100. Although the decrease in the error is not
strictly monotone for all values of n, the results are consistent with the asymptotic
convergence behavior of the operators.

b) In the second example, we study the convergence behavior of the operators é(x) = 2x,
u,(x) = n;ﬂ and v, (x) = niﬂ.

Let @ = 0.3. We approximate f(x) by the operators W,f’“ for n = 10,20,50,100 on the
interval [0,4]; the results are presented in Figure 2.
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X

1 2 3 4

Figure 2. Convergence of the operators ZWi"’ fora = 0.3 andn = 10,20,50 and 100

Table 2. Maximum absolute approximation errors of an’“ operator on [0, 4].

n a=0.1 a=0.3 a=0.6 a=0.9
10 0.2640 0.2649 0.2664 0.2678
20 0.2180 0.2192 0.2209 0.2225
50 0.1244 0.1250 0.1259 0.1268
100 0.0708 0.0711 0.0716 0.0721

Figure 2 shows that the operators approximate the function more accurately as n
increases. This observation is also supported by the maximum absolute errors in Table 2,
where the error values decrease regularly for larger n. Compared with the first example,
Figure 2 and Table 2 indicate a better approximation behavior. This improvement can be
attributed to the different choices of the auxiliary functions u,, and v,. In particular, the
maximum absolute errors in Table 2 are smaller and decrease more regularly as n
increases. Therefore, for the selected functions u, and v,, the operators exhibit a more
accurate approximation performance than in the previous example.

8. Conclusions

In this paper, we introduced a new parametric family of Baskakov type operators
generated by the function ¢ and the auxiliary sequences u,, and v,,. We established the
corresponding moment estimates and showed that these operators possess effective
weighted approximation properties on [0, ). More precisely, a weighted Korovkin type
convergence theorem was proved, quantitative estimates for the rate of convergence were
obtained by means of the weighted modulus of continuity and a Voronovskaya type
asymptotic result was derived. Since the proposed construction includes certain known
operators as special cases, it provides a unified and flexible framework for further studies
in weighted approximation theory. The numerical examples are also consistent with the

18
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theoretical findings and illustrate the influence of the parameters on the approximation
behavior.
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