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Abstract: The paper is established on Schur complements and block
Kronecker product of positive semidefinite matrices. In particular, a
formulation for the block Kronecker product of Schur complements of
block matrices is improved. Additionally, an new following inequality
for block Kronecker product of Schur complements of two matrices
and their conjugate transpose is proved

[(A/a) X (B/B)] [(A/a) = (B/B)]* S[(ARB)(AK B)*]/y.

Blok Kronecker Carpimlarin Schur Tamamlayicilari
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Ozet: Bu calisma, yari pozitif tanimli blok matrislerin blok
kronecker ¢arpimlari ve Schur tamamlayicilar1 {izerine
kurulmustur. Ozellikle blok matrislerin Schur tamamlayicilarinin
blok kronecker carpimi icin bir formiilasyon gelistirilmistir.
Bundan bagka, iki matris ve eslenik transpozlarinin schur
tamamlayicilarinin blok kronecker ¢arpimlari i¢in asagidaki yeni
esitsizlik kanitlanmistir.

[(4a) & (B/p)| (W) & (B/g)] 2 (MRBARE)Y,

*Sorumlu yazar: mustafa.ozel@deu.edu.tr
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1. Introduction

The Kronecker product has many
practical applications in system theory
including the analysis of stochastic
steady state, matrix equations, matrix
calculus, signal and image processing,
and statistical mechanics[1].
Furthermore the spectral theorem for
finite dimensional Hermitian matrices
can be formulated using the Kronecker
product.

In this paper, we derive an inequality
relating the Schur complements of the
block Kronecker product for the block
matrices. The inequality had been known
for usual Kronecker product, so the main
contribution here is the extension to the
block Kronecker product which was
defined by Horn, Mathias, and
Nakamura[2]. Then, some of its
properties were improved by Giinther
and Klotz [3].

Let M,,, denote the space of mXxn
complex matrices and M, 4(Mp,)
denote the space of p X g block matrices

A= (Au)f:: whose i, entry belongs
to M,,, for the positive integers
p,q,m,and n. We write M,, =M, , and
M, = M, ,,. Also The identity matrix in is
M, (M,) is denoted L,. If A > 0 (= 0), we
say A is positive(positive semi) definite
and if A>B(=0), we say A—B >
0(=0) for positive(positive semi)
definite matrices A and B.

Leta € {1,2,..,p}, B € {1,2,...,q} be the
index sets and a® ={1,2,...,p}\a, B¢ =
{1,2,...,q}\B be the complements of a
and B, and their cardinalities are |a| and
|B]. Also we denote by A(e, B) that block
submatrix of A with the block rows
indexed by a and the block columns
indexed by B. We usually write A(ea) for
A(a, a).

For a matrix we denote by A*, A"* and A*
its conjugate transpose, inverse and
Moore-Penrose inverse, respectively.

2. Preliminaries

We introduce in this section the main
definition of the paper, that is, the block
Kronecker product of two matrices and
also give some properties of its.

Definition 2.1. Let A€ M,,;and B=
(Bij) € Ms(M;,,). Then the block
Kronecker product 4 and B is defined by

where AB;; is the usual matrix product of
A and B;; . For A= (4;;) € My,(My),
the block Kronecker product is given by

Jj=1,..q9
i=1,.,p

AR B = (4;; X B)
[2,3].
Definition 2.2. If every n X n block of 4

commutes with every n X n block of B
then the block matrices A € M,,, and

B € M, are called as block commuting
and denoted by A4,.B. [3]

Definition 2.3. If |a| = |B]| and A(a, B) is
nonsingular then the block of the Schur
complement of A(e, B) in A is

A/A(a, B) .
= A, 69) - A, B) (A, B)) " Ala )

It is useful to denote A/a for A/A(a). [4-
6]

Lemma 2.4. (a) AXB)*=A"XB* if
and only if 4,.B.
(b) If By.C then
(AX B)(C X D) = AC X BD.
(c)If A,.B* then (A X B)* = A* X B*.

846



M.0zel / Schur Complements of Block Kronecker Products

(d) If Ap.B and A}, B*, then A,.B™. [3]

3. On Inequalities for Block Kronecker
Products

In this section, we present some
inequalities  involving  the  block
Kronecker product of positive definite
block  matrices and its  Schur
complements.

Lemma 3.1.Let A>C>0, B>=D >0,
A,.B and A,.B*, and A,B,C, and D be
compatibly block matrices, then

AX B> CKXD. (10

Proof. To constitute Eq(1) we first take
A X B with A;; X B;

A XB A, XB
AXB=]|,. )
I [A12 XB A, XB

_[A11B11 A1uB12
AnMB = [AllBIZ AllBZZ].

We will prove the following three
statements by taking into consideration
the above factorization.

(i) A;; X B = 0. Since B =0, by using
the Albert’s theorem [7] we write

By1 20, By, — B{;B3,B1, 20
and
By, = 31131+1B12-

From the hypothesis 4 and B are positive
semidefinite and block commute,
A{1B;1 = 0. By using Lemma 2.4

A11Byy — A11B15(A11B11)" (A11B12)
= A11By; — AuszBﬂAﬁAnBlz

= A11B3; — A11AT1A1131231+1312
= A11(By; — Bi;B{1B13) 2 0

is obtained. Then, by second condition of

Albert’s theorem and Lemma 2.4,

Ay1B1; = (A11B11)(A11B11)* (A11B12)
= Ay1B11B11A11 41, By,
= A11AT1411B11Bf1B1z
= A11B11B{1B12.

(i) Now we consider the second

statement for A X B
Ay, X B — (A7, X B)(A;; K B)*(A;, X B) = 0.

To prove this inequality we also use
Lemma 2.4

Ay, ¥ B — (A7, X B)(4;; X B)* (41, X B)
= AZZ & B — A;ZA-I'—IAIZ & BB+B
= (A2 — A},AT1 A1) X B

and the matrix A ensures the Albert’s
theorem [7], so the second statement is
proved.

(iii) For

Ay X B = (A11 X B)(An X B)+(A12 X B),
by Lemma 2.4

A, X B = (An X B)(A1+1 X B+)(A1z X B)

= A11A-1+1A12 & BB+B
= A11AT1A12 X B.

By taking into consideration Albert’s
theorem|[7] based on (i), (ii), and (iii) we
get

AX B=0forA=0andB = 0.

Furthermore, this results implies that
CX D=0,
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AXB-CXD=AXB- AXD+ AX D
-CXD
=AX(B-D)+(A—-C) XD=>0

Hence,A > Cand B = D.o

Theorem 3.2. Let A€ M,(M,), and
BeM,(M,) and A,B, a S{1.2,..,p},
B<c{12..,q} a*={12,..,.p\a, B¢ =
{1,2,...,g\B and y={12,..,p\¥°
where y*={q(i—-1)+j, i€a, je
B¢}. Then

(A/a) < (B/ﬁ) _(AK B)/)/- (2)

Proof.If A(@) is nonsingular then A/a is
nonsingular since A is nonsingular by
Schur’s determinant formula. Therefore

(A/) " = a1 (ac).

Hence,
(o) & (Blp) " =47 (a) R B (8]

=@ATTKBHY) (3)

by using LemmaZ2.4 (c) and Eq(3)

-1

(4Ye) R B = (4/a)" 2 (B/g) |
=[A7RBH)™

=[AR B (rI)]!
(@ onY

- (AIZB)/y_E|

Theorem 3.3. LetA € M,(M,), and

B € My(M,,) and A, B, @ < {1,2, ..., p},

Bc{12..,q9}a*={12, .. ,p\a B =
{1,2,...,g\Band y ={1,2, ...,p\ ¥¢

where
y={qi—-1)+j, i€ea‘, jeB}.

Then

|(4/a) & (B/4)] [(4/e) 5 (B/)]
> URBUARE)],

(4)

Proof.For the convenient to think of the
Schur complement of A as being in the
upper left corner of A we use the
permuation matrices P and Q for this
placement, such that

._[ Al Aa,af)

PAQ™ = [A(a‘, a) A(aS ad)
ipe _ | (AA)(a) (44" (a, af)
Pane = 20wy (e |

Leta ={1,2,--, |a|} then

PAQ*/@ = A/a and PAA*P*/@ = (AA*)/a.

Thus, assuming that « = {1,2, -+, |a|} and
choosing

X =-A(a‘, a)[A(a)]™! and
Y = —[(44%)(af, )] [(44") ()]t (5)

then
x, DA = (0,4/g).

We have

(A/a) (A/a)* = (0' A/a) (0' A/a)*

=X, DAA)X, D"

(44")(a)

= &0 ((AA*)(ac, @) AT aC)> (}5)

(447)(a®)
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= (K[(A4) @] + (447 (@, ), X[(AA) (@, a)] + (42D (@) (X))

= (A4")(a®) + X[(AA) (a, a®)] + [(A4") (af, )] X* + X[(AA") ()] X* .
Since
A4/, = (A4")(a®) — (AA") (a5, @) [(AA") (@)] 1 [(AA") (@, a®)]

we have

A/ A) = B4/, + AA)(a*, ) [(A4") (@] [(AA") (a, a°)]
+ X[(44) (a, a®)] + [(A4") (af, @) ] X* + X[(4A") (a)]X*

= A/ 1 (X - V)[(A4") (@, a%)] + [(AA") (a5, @)]X" + X[(AA") (a)] X"
= (A4 1 (X - V)[(A4") (@)][(AA") (@)] " [(A4") (@, a©)]
+[(44") (a5, @)][(AA") (@)] "L [(AA") (@)]X" + X[(AA") (@)]X"
using Eq(5)
= A4/ + (X = V@A) (@]Y* - Y[(AA) (@)X + X[(AA") (@)]X*

= A4+ (X - DAY @]V — (X - V)[(AA) @)]X*

= A/ + X - DAY @I X - VY
= (AA*)/a

is written. Similarly, the inequality

(B/8) (B/g) = B/

can be shown. Then

[(4/e) 2 (B/g)] [(M) 8 (B )] = [(a) 0 (B/)] [(We) 50 (B ) |
= (W) ¥ |2 (%) (%/) |
> [(AA*)/a] X [(BB*)/B] by Lemma 2.5
> (A4 K (BB*)]/y_

Hence Eq.(2), and therefore (4) follows. O
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4. Conclusion

We have obtained some new
inequalities related to the block
Kronecker  products and  Schur

complements by using Albert’s theorem.
Using the above results similar studies
can be improved for the singular
values, eigenvalues, traces and
determinants of Schur complements of
block Kronecker products. Further, the
upper or lower bounds of the spectral
radius of matrices having an important
place in matrix analysis, numerical
analysis, and its applications can be
investigated for the block Kronecker

product of matrices.
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