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Abstract: The paper is established on Schur complements and block 
Kronecker product of positive semidefinite matrices. In particular, a 
formulation for the block Kronecker product of Schur complements of 
block matrices is improved. Additionally, an new following inequality 
for block Kronecker product of Schur complements of two matrices 
and their conjugate transpose is proved 
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Özet: Bu çalışma, yarı pozitif tanımlı blok matrislerin blok 
kronecker çarpımları ve Schur tamamlayıcıları üzerine 
kurulmuştur. Özellikle blok matrislerin Schur tamamlayıcılarının 
blok kronecker çarpımı için bir formülasyon geliştirilmiştir. 
Bundan başka, iki matris ve eşlenik transpozlarının schur 
tamamlayıcılarının blok kronecker çarpımları için aşağıdaki  yeni 
eşitsizlik kanıtlanmıştır.  
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1. Introduction  
 
The Kronecker product has many 
practical applications in system theory 
including the analysis of stochastic 
steady state, matrix equations, matrix 
calculus, signal and image processing, 
and statistical mechanics[1]. 
Furthermore the spectral theorem for 
finite dimensional Hermitian matrices 
can be formulated using the Kronecker 
product. 
 
In this  paper, we derive  an inequality 
relating the Schur complements of the 
block Kronecker product for the block 
matrices. The inequality had been known 
for usual Kronecker product, so the main 
contribution here is the extension to the 
block Kronecker product which was 
defined by Horn, Mathias, and 
Nakamura[2]. Then, some of its 
properties were improved by Günther 
and Klotz [3]. 
 
Let 𝑀𝑀𝑚𝑚,𝑛𝑛 denote the space of 𝑚𝑚 × 𝑛𝑛 
complex matrices and 𝑴𝑴𝑝𝑝,𝑞𝑞�𝑀𝑀𝑚𝑚,𝑛𝑛� 
denote the space of 𝑝𝑝 × 𝑞𝑞 block matrices              
𝑨𝑨 = �𝐴𝐴𝑖𝑖𝑖𝑖�𝑖𝑖=1,…,𝑝𝑝

𝑖𝑖=1,…,𝑞𝑞  whose 𝑖𝑖, 𝑗𝑗 entry belongs 
to 𝑀𝑀𝑚𝑚,𝑛𝑛 for the positive integers 
𝑝𝑝, 𝑞𝑞,𝑚𝑚, 𝑎𝑎𝑛𝑛𝑎𝑎 𝑛𝑛. We write 𝑀𝑀𝑛𝑛 ≡ 𝑀𝑀𝑛𝑛,𝑛𝑛 and 
𝑴𝑴𝒑𝒑 ≡ 𝑴𝑴𝑝𝑝,𝑝𝑝. Also The identity matrix in  is 
𝑀𝑀𝑝𝑝(𝑀𝑀𝑛𝑛) is denoted 𝐼𝐼𝑛𝑛 . If 𝑨𝑨 > 0 (≥ 0), we 
say 𝑨𝑨 is positive(positive semi) definite 
and if 𝑨𝑨 > 𝐵𝐵 (≥ 0), we say 𝑨𝑨 − 𝑩𝑩 >
0 (≥ 0) for positive(positive semi) 
definite matrices 𝑨𝑨 and 𝑩𝑩. 
 
Let 𝜶𝜶 ⊆ {1,2, … , 𝑝𝑝}, 𝜷𝜷 ⊆ {1,2, … , 𝑞𝑞} be the 
index sets and 𝜶𝜶𝑐𝑐 = {1,2, … , 𝑝𝑝}\𝜶𝜶, 𝜷𝜷𝑐𝑐 =
{1,2, … , 𝑞𝑞}\𝜷𝜷 be the complements of 𝜶𝜶 
and 𝜷𝜷, and their cardinalities are |𝜶𝜶| and 
|𝜷𝜷|. Also we denote by 𝑨𝑨(𝜶𝜶,𝜷𝜷) that block 
submatrix of 𝑨𝑨 with the block rows 
indexed by 𝜶𝜶 and the block columns 
indexed by 𝜷𝜷. We usually write 𝑨𝑨(𝜶𝜶) for 
𝑨𝑨(𝜶𝜶,𝜶𝜶).  

For a matrix we denote by 𝑨𝑨∗,𝑨𝑨−1 and 𝑨𝑨+ 
its conjugate transpose, inverse and 
Moore-Penrose inverse, respectively. 

2.  Preliminaries  
 
We introduce in this section the main 
definition of the paper, that is, the block 
Kronecker product of two matrices and 
also give some properties of its.  
 
Definition 2.1. Let 𝐴𝐴 ∈ 𝑀𝑀𝑚𝑚,𝑙𝑙  and 𝑩𝑩 =
�𝐵𝐵𝑖𝑖𝑖𝑖� ∈ 𝑀𝑀𝑠𝑠,𝑡𝑡�𝑀𝑀𝑙𝑙,𝑛𝑛�. Then the block 
Kronecker product 𝐴𝐴 and 𝑩𝑩 is defined by  
 

𝐴𝐴⊠𝑩𝑩 = �𝐴𝐴𝐵𝐵𝑖𝑖𝑖𝑖�𝑖𝑖=1,…,𝑠𝑠
𝑖𝑖=1,…,𝑡𝑡  

 
where 𝐴𝐴𝐵𝐵𝑖𝑖𝑖𝑖  is the usual matrix product of 
𝐴𝐴 and 𝐵𝐵𝑖𝑖𝑖𝑖  .  For 𝑨𝑨 = �𝐴𝐴𝑖𝑖𝑖𝑖� ∈ 𝑀𝑀𝑝𝑝,𝑞𝑞�𝑀𝑀𝑚𝑚,𝑙𝑙�, 
the block Kronecker product is given by 
 

𝑨𝑨⊠𝑩𝑩 = �𝐴𝐴𝑖𝑖𝑖𝑖 ⊠ 𝑩𝑩�
𝑖𝑖=1,…,𝑝𝑝
𝑖𝑖=1,…,𝑞𝑞 

[2,3]. 
 
Definition 2.2. If  every 𝑛𝑛 × 𝑛𝑛 block of 𝑨𝑨 
commutes with every 𝑛𝑛 × 𝑛𝑛 block of 𝑩𝑩 
then the block matrices 𝑨𝑨 ∈ 𝑀𝑀𝑝𝑝,𝑞𝑞  and  
𝑩𝑩 ∈ 𝑀𝑀𝑠𝑠,𝑡𝑡  are called as block commuting 
and denoted by 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩. [3] 
 
Definition 2.3. If |𝜶𝜶| = |𝜷𝜷| and 𝑨𝑨(𝜶𝜶,𝜷𝜷) is 
nonsingular then the block of the Schur 
complement of 𝑨𝑨(𝜶𝜶,𝜷𝜷) in 𝑨𝑨 is  

𝑨𝑨/𝑨𝑨(𝜶𝜶,𝜷𝜷)  
=  𝑨𝑨(𝜶𝜶𝑐𝑐 ,𝜷𝜷𝑐𝑐) − 𝑨𝑨(𝜶𝜶𝑐𝑐 ,𝜷𝜷)�𝑨𝑨(𝜶𝜶,𝜷𝜷)�−1𝑨𝑨(𝜶𝜶,𝜷𝜷𝑐𝑐) 
 
It is useful to denote 𝑨𝑨/𝜶𝜶 for 𝑨𝑨/𝑨𝑨(𝜶𝜶). [4-
6] 

Lemma 2.4.  (a) (𝑨𝑨⊠𝑩𝑩)∗ = 𝑨𝑨∗ ⊠ 𝑩𝑩∗ if 
and only if 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩. 

(b) If 𝑩𝑩𝑏𝑏𝑐𝑐𝑪𝑪 then 

(𝑨𝑨⊠𝑩𝑩)(𝑪𝑪⊠𝑫𝑫) = 𝑨𝑨𝑪𝑪⊠𝑩𝑩𝑫𝑫. 

(c) If 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩∗ then (𝑨𝑨⊠𝑩𝑩)+ = 𝑨𝑨+ ⊠𝑩𝑩+.  
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(d) If 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩 and 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩∗, then 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩+. [3] 

3. On Inequalities for Block Kronecker 
Products  

In this section, we present some 
inequalities involving the block 
Kronecker product of positive definite 
block matrices and its Schur 
complements. 
 
Lemma 3.1. Let  𝑨𝑨 ≥ 𝑪𝑪 ≥ 𝟎𝟎,   𝑩𝑩 ≥ 𝑫𝑫 ≥ 𝟎𝟎, 
𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩 and 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩∗, and  𝑨𝑨,𝑩𝑩,𝑪𝑪, and 𝑫𝑫 be 
compatibly block matrices, then  
 

𝑨𝑨⊠𝑩𝑩 ≥ 𝑪𝑪⊠𝑫𝑫.       (1) 
 

Proof.  To constitute Eq(1) we first take 
𝑨𝑨⊠𝑩𝑩 with 𝐴𝐴11 ⊠ 𝑩𝑩; 
 

𝑨𝑨⊠𝑩𝑩 = �
𝐴𝐴11 ⊠ 𝑩𝑩 𝐴𝐴12 ⊠ 𝑩𝑩
𝐴𝐴12∗ ⊠ 𝑩𝑩 𝐴𝐴22 ⊠𝑩𝑩�, 

𝐴𝐴11 ⊠ 𝑩𝑩 = �
𝐴𝐴11𝐵𝐵11 𝐴𝐴11𝐵𝐵12
𝐴𝐴11𝐵𝐵12∗ 𝐴𝐴11𝐵𝐵22

�. 

 
We will prove the following three 
statements by taking into consideration 
the above factorization. 
(i) 𝐴𝐴11 ⊠𝑩𝑩 ≥ 𝟎𝟎. Since 𝑩𝑩 ≥ 𝟎𝟎, by using 
the Albert’s theorem [7] we write 
 

𝐵𝐵11 ≥ 0,  𝐵𝐵22 − 𝐵𝐵12∗ 𝐵𝐵22+ 𝐵𝐵12 ≥ 0  
 and 

𝐵𝐵12 = 𝐵𝐵11𝐵𝐵11+ 𝐵𝐵12. 
 
From the hypothesis 𝑨𝑨 and 𝑩𝑩 are positive 
semidefinite and block commute, 
𝐴𝐴11𝐵𝐵11 ≥ 0. By using Lemma 2.4  
 
𝐴𝐴11𝐵𝐵22 − 𝐴𝐴11𝐵𝐵12∗ (𝐴𝐴11𝐵𝐵11)+(𝐴𝐴11𝐵𝐵12) 
 

= 𝐴𝐴11𝐵𝐵22 − 𝐴𝐴11𝐵𝐵12∗ 𝐵𝐵11+ 𝐴𝐴11+ 𝐴𝐴11𝐵𝐵12 
 

=  𝐴𝐴11𝐵𝐵22 − 𝐴𝐴11𝐴𝐴11+ 𝐴𝐴11𝐵𝐵12∗ 𝐵𝐵11+ 𝐵𝐵12 
= 𝐴𝐴11(𝐵𝐵22 − 𝐵𝐵12∗ 𝐵𝐵11+ 𝐵𝐵12) ≥ 0 

 

is obtained. Then, by second condition of 

Albert’s theorem and Lemma 2.4, 

 
𝐴𝐴11𝐵𝐵12∗ = (𝐴𝐴11𝐵𝐵11)(𝐴𝐴11𝐵𝐵11)+(𝐴𝐴11𝐵𝐵12) 

 
= 𝐴𝐴11𝐵𝐵11𝐵𝐵11+ 𝐴𝐴11+ 𝐴𝐴11𝐵𝐵12 

 
= 𝐴𝐴11𝐴𝐴11+ 𝐴𝐴11𝐵𝐵11𝐵𝐵11+ 𝐵𝐵12 

 
= 𝐴𝐴11𝐵𝐵11𝐵𝐵11+ 𝐵𝐵12. 

 
(ii) Now we consider the second 
statement for 𝑨𝑨⊠𝑩𝑩 

 
𝐴𝐴22 ⊠ 𝑩𝑩− (𝐴𝐴12∗ ⊠ 𝑩𝑩)(𝐴𝐴11 ⊠ 𝑩𝑩)+(𝐴𝐴12 ⊠ 𝑩𝑩) ≥ 0. 
 
To prove this inequality we also use 
Lemma 2.4 
 
𝐴𝐴22 ⊠ 𝑩𝑩 − (𝐴𝐴12∗ ⊠ 𝑩𝑩)(𝐴𝐴11 ⊠ 𝑩𝑩)+(𝐴𝐴12 ⊠ 𝑩𝑩) 
= 𝐴𝐴22 ⊠ 𝑩𝑩 − 𝐴𝐴12∗ 𝐴𝐴11+ 𝐴𝐴12 ⊠ 𝑩𝑩𝑩𝑩+𝑩𝑩 
= (𝐴𝐴22 − 𝐴𝐴12∗ 𝐴𝐴11+ 𝐴𝐴12) ⊠𝑩𝑩 

and the matrix 𝑨𝑨 ensures the Albert’s 
theorem [7], so the second statement is 
proved.  

(iii) For 
 
𝐴𝐴12 ⊠ 𝑩𝑩 = (𝐴𝐴11 ⊠ 𝑩𝑩)(𝐴𝐴11 ⊠ 𝑩𝑩)+(𝐴𝐴12 ⊠ 𝑩𝑩), 

 
by Lemma 2.4  
 
𝐴𝐴12 ⊠ 𝑩𝑩 = (𝐴𝐴11 ⊠ 𝑩𝑩)(𝐴𝐴11+ ⊠ 𝑩𝑩+)(𝐴𝐴12 ⊠ 𝑩𝑩) 

= 𝐴𝐴11𝐴𝐴11+ 𝐴𝐴12 ⊠ 𝑩𝑩𝑩𝑩+𝑩𝑩 

= 𝐴𝐴11𝐴𝐴11+ 𝐴𝐴12 ⊠ 𝑩𝑩. 

 

By taking into consideration Albert’s 

theorem[7] based on (i), (ii), and (iii) we 

get  

𝑨𝑨⊠𝑩𝑩 ≥ 𝟎𝟎 for 𝑨𝑨 ≥ 0 and 𝑩𝑩 ≥ 0. 
 

Furthermore, this results implies that 
𝑪𝑪⊠𝑫𝑫 ≥ 𝟎𝟎, 
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𝑨𝑨⊠𝑩𝑩− 𝑪𝑪⊠𝑫𝑫 = 𝑨𝑨⊠𝑩𝑩−  𝑨𝑨⊠𝑫𝑫 +  𝑨𝑨⊠𝑫𝑫
− 𝑪𝑪⊠𝑫𝑫 

= 𝑨𝑨⊠ (𝑩𝑩 − 𝑫𝑫) + (𝑨𝑨 − 𝑪𝑪)  ⊠𝑫𝑫 ≥ 𝟎𝟎   
 
Hence, 𝑨𝑨 ≥ 𝑪𝑪 and 𝑩𝑩 ≥ 𝑫𝑫. □ 
 
Theorem 3.2.  Let 𝑨𝑨 ∈ 𝑀𝑀𝑝𝑝(𝑀𝑀𝑛𝑛), and  
𝑩𝑩 ∈ 𝑀𝑀𝑞𝑞(𝑀𝑀𝑛𝑛) and 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩, 𝜶𝜶 ⊆ {1,2, … , 𝑝𝑝}, 
𝜷𝜷 ⊆ {1,2, … , 𝑞𝑞}, 𝜶𝜶𝑐𝑐 = {1,2, … , 𝑝𝑝}\𝜶𝜶, 𝜷𝜷𝑐𝑐 =
{1,2, … , 𝑞𝑞}\𝜷𝜷 and  𝜸𝜸 = {1,2, … , 𝑝𝑝}\ 𝜸𝜸𝑐𝑐   
where 𝜸𝜸𝑐𝑐 = {𝑞𝑞(𝑖𝑖 − 1) + 𝑗𝑗,   𝑖𝑖 ∈ 𝜶𝜶𝑐𝑐,   𝑗𝑗 ∈
𝜷𝜷𝑐𝑐}. Then  
 

�𝑨𝑨 𝜶𝜶� �⊠ �𝑩𝑩 𝜷𝜷� � = (𝑨𝑨⊠𝑩𝑩)
𝜸𝜸� . (2) 

 
 
Proof. If 𝐴𝐴(𝛼𝛼) is nonsingular then  𝑨𝑨 𝜶𝜶�   is 
nonsingular since 𝐴𝐴 is nonsingular by 
Schur’s determinant formula. Therefore 
 

�𝑨𝑨 𝛼𝛼� �
−1

= 𝑨𝑨−1(𝜶𝜶𝑐𝑐). 
Hence, 
 
�𝐴𝐴 𝛼𝛼� �

−1
⊠ �𝑩𝑩 𝜷𝜷� �

−1
= [𝑨𝑨−1(𝜶𝜶𝑐𝑐) ⊠𝑩𝑩−1(𝜷𝜷𝑐𝑐)] 

 
= (𝑨𝑨−1 ⊠ 𝑩𝑩−1)(𝛾𝛾𝑐𝑐)   (3) 

 
 

by using Lemma2.4 (c) and Eq(3) 

�𝑨𝑨 𝜶𝜶� �⊠ (𝑩𝑩) = ��𝑨𝑨 𝜶𝜶� �
−1
⊠ �𝑩𝑩 𝜷𝜷� �

−1
�
−1

  

 
       = [(𝑨𝑨−1 ⊠ 𝑩𝑩−1)(𝜸𝜸𝑐𝑐)]−1   

 
= [(𝑨𝑨⊠𝑩𝑩)−1(𝜸𝜸𝑐𝑐)]−1 

= ��(𝑨𝑨⊠𝑩𝑩)
𝜸𝜸� �

−1
�
−1

 

= (𝑨𝑨⊠𝑩𝑩)
𝜸𝜸� .□ 

 
Theorem 3.3. Let 𝑨𝑨 ∈ 𝑀𝑀𝑝𝑝(𝑀𝑀𝑛𝑛), and 

𝑩𝑩 ∈ 𝑀𝑀𝑞𝑞(𝑀𝑀𝑛𝑛) and 𝑨𝑨𝑏𝑏𝑐𝑐𝑩𝑩, 𝜶𝜶 ⊆ {1,2, … , 𝑝𝑝}, 

𝜷𝜷 ⊆ {1,2, … , 𝑞𝑞}, 𝜶𝜶𝑐𝑐 = {1,2, … , 𝑝𝑝}\𝜶𝜶, 𝜷𝜷𝑐𝑐 =

{1,2, … , 𝑞𝑞}\𝜷𝜷 and  𝜸𝜸 = {1,2, … , 𝑝𝑝}\ 𝜸𝜸𝑐𝑐   

where 

 𝜸𝜸𝑐𝑐 = {𝑞𝑞(𝑖𝑖 − 1) + 𝑗𝑗,   𝑖𝑖 ∈ 𝜶𝜶𝑐𝑐 ,   𝑗𝑗 ∈ 𝜷𝜷𝑐𝑐}.  

Then 

��𝑨𝑨 𝜶𝜶� � ⊠ �𝑩𝑩 𝜷𝜷� �� ��𝑨𝑨 𝜶𝜶� �⊠ �𝑩𝑩 𝜷𝜷� ��
∗

≥ [(𝑨𝑨⊠𝑩𝑩)(𝑨𝑨⊠𝑩𝑩)∗]
𝜸𝜸�  

   (4) 
 

Proof. For the convenient to think of the 
Schur complement of 𝑨𝑨 as being in the 
upper left corner of 𝑨𝑨 we use the 
permuation matrices 𝑷𝑷 and 𝑸𝑸 for this 
placement, such that 
 

𝑷𝑷𝑨𝑨𝑸𝑸∗ = � 𝑨𝑨(𝜶𝜶) 𝑨𝑨(𝜶𝜶,𝜶𝜶𝒄𝒄)
𝑨𝑨(𝜶𝜶𝒄𝒄,𝜶𝜶) 𝑨𝑨(𝜶𝜶𝒄𝒄,𝜶𝜶𝒄𝒄)� 

 
 

𝑷𝑷𝑨𝑨𝑨𝑨∗𝑷𝑷∗ = �
(𝑨𝑨𝑨𝑨∗)(𝜶𝜶) (𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)

(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶) (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄) �. 

 
Let 𝛼𝛼� = {1,2,⋯ , |𝜶𝜶|} then  
 
𝑷𝑷𝑨𝑨𝑸𝑸∗

𝛼𝛼�� = 𝐴𝐴 𝜶𝜶�   and  𝑷𝑷𝑨𝑨𝑨𝑨∗𝑷𝑷∗ 𝛼𝛼�� = (𝑨𝑨𝑨𝑨∗)
𝜶𝜶� . 

 
Thus, assuming that 𝛼𝛼 = {1,2,⋯ , |𝛼𝛼|} and 
choosing  
 

𝑿𝑿 = −𝑨𝑨(𝜶𝜶𝑐𝑐 ,𝜶𝜶)[𝑨𝑨(𝜶𝜶)]−1  and 
 

𝒀𝒀 = −[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝑐𝑐 ,𝜶𝜶)][(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]−1 (5) 
 

then 
(𝑿𝑿, 𝑰𝑰)𝑨𝑨 = �0,𝑨𝑨 𝜶𝜶� �. 

 
We have  
 

�𝑨𝑨 𝜶𝜶� ��𝑨𝑨 𝜶𝜶� �
∗

= �0,𝑨𝑨 𝜶𝜶� ��0,𝑨𝑨 𝜶𝜶� �
∗
 

= (𝑿𝑿, 𝑰𝑰)(𝑨𝑨𝑨𝑨∗)(𝑿𝑿, 𝑰𝑰)∗ 
 

= (𝑿𝑿, 𝑰𝑰) �
(𝑨𝑨𝑨𝑨∗)(𝜶𝜶) (𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)

(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶) (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄) � �𝑿𝑿
∗

𝑰𝑰 � 
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= (𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)] + (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶),𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)] + (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄) ) �𝑿𝑿
∗

𝑰𝑰 � 

 
= (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄) + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)] + [(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)]𝑿𝑿∗ + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ . 

Since 

(𝑨𝑨𝑨𝑨∗)
𝜶𝜶� =  (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄) − (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]−𝟏𝟏[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)] 

we have 

�𝑨𝑨 𝜶𝜶� ��𝑨𝑨 𝜶𝜶� �
∗

= (𝑨𝑨𝑨𝑨∗)
𝛼𝛼� + (𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]−𝟏𝟏[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)]

+ 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)] + [(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)]𝑿𝑿∗ + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ 
 

= (𝑨𝑨𝑨𝑨∗)
𝛼𝛼� + (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)] + [(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)]𝑿𝑿∗ + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ 

 

= (𝑨𝑨𝑨𝑨∗)
𝛼𝛼� + (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)][(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]−𝟏𝟏[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶,𝜶𝜶𝒄𝒄)]

+ [(𝑨𝑨𝑨𝑨∗)(𝜶𝜶𝒄𝒄,𝜶𝜶)][(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]−𝟏𝟏[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ 

using Eq(5) 

= (𝑨𝑨𝑨𝑨∗)
𝜶𝜶� + (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝒀𝒀∗ − 𝒀𝒀[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ + 𝑿𝑿[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ 

= (𝑨𝑨𝑨𝑨∗)
𝜶𝜶� + (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝒀𝒀∗ − (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)]𝑿𝑿∗ 

= (𝑨𝑨𝑨𝑨∗)
𝜶𝜶� + (𝑿𝑿 − 𝒀𝒀)[(𝑨𝑨𝑨𝑨∗)(𝜶𝜶)](𝑿𝑿 − 𝒀𝒀)∗ 

≥ (𝑨𝑨𝑨𝑨∗)
𝜶𝜶�  

 
 
is written. Similarly, the inequality 

�𝑩𝑩 𝜷𝜷� � �𝑩𝑩 𝜷𝜷� �
∗
≥ (𝑩𝑩𝑩𝑩∗)

𝜷𝜷�  

can be shown. Then 

��𝑨𝑨 𝜶𝜶� �⊠ �𝑩𝑩 𝜷𝜷� �� ��𝑨𝑨 𝜶𝜶� �⊠ �𝑩𝑩 𝜷𝜷� ��
∗

= ��𝑨𝑨 𝜶𝜶� � ⊠ �𝑩𝑩 𝜷𝜷� �� ��𝑨𝑨 𝜶𝜶� �
∗
⊠ �𝑩𝑩 𝜷𝜷� �

∗
� 

= ��𝑨𝑨 𝜶𝜶� ��𝑨𝑨 𝜶𝜶� �
∗
� ⊠ ��𝑩𝑩 𝜷𝜷� � �𝑩𝑩 𝜷𝜷� �

∗
� 

≥ �(𝑨𝑨𝑨𝑨
∗)
𝜶𝜶� � ⊠ �(𝑩𝑩𝑩𝑩

∗)
𝜷𝜷� �  𝑏𝑏𝑏𝑏 𝐿𝐿𝐿𝐿𝑚𝑚𝑚𝑚𝑎𝑎 2.5 

≥ [(𝑨𝑨𝑨𝑨∗) ⊠ (𝑩𝑩𝑩𝑩∗)]
𝜸𝜸� . 

 
Hence Eq.(2), and therefore (4) follows. □ 
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4. Conclusion 
 
We have obtained some new 
inequalities related to the block 
Kronecker products and Schur 
complements by using Albert’s theorem. 
Using the above results similar studies 
can be improved  for the  singular 
values, eigenvalues, traces and 
determinants of Schur complements of 
block Kronecker products. Further, the 
upper or lower bounds of the spectral 
radius of matrices having an important 
place in matrix analysis, numerical 
analysis, and its applications can be 
investigated for the block Kronecker 
product of matrices. 
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