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CLOSE-TO-CONVEXITY OF NORMALIZED WRIGHT FUNCTIONS

(NORMALIZE WRIGHT FONKSIONLARININ KONVEKSE-YAKINLIGI)

Nizami MUSTAFA!

ABSTRACT
In this paper, a new subclass K(a, ), «, f e [0,1) of analytic functions in the open unit disk
is introduced. The purpose of the present paper is to investigate some characterizations for the
normalized Wright functions to be in the subclass K(e, f), «, ,Be[o,l). In this study,

various sufficient conditions for the normalized Wright functions to be in this class are also
obtained.
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0z
Bu makalede agik birim diskte analitik fonksiyonlarin K(a, f), a, f € [O,l)yeni bir alt sinifi

tammlandi. Makalenin amaci, normalize Wright fonksiyonlarimin analitik fonksiyonlarin
K(a,p), a.f[0,1) alt simifina ait olmas: i¢inbaz karakterizasyonlar: arasturmaktir. Bu

calismada normalize Wright fonksiyonlarimin bu sinifa ait olmast igin ¢esitli yeterli kosullar
da elde edilir.

Anahtar kelimeler: Wright fonksiyon, Yildizil fonksiyon, Konveks fonksiyon, Konvekse-yakin
fonksiyon
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1. INTRODUCTION

It is well known that the special functions play an important role in geometric function
theory. It is also well known that the application area of the special functions is not limited to
the theory of geometric functions.These functions are also wide range of applications in many
problems as well as in other branches of mathematics and applied sciences.

In this paper, we will examine Wright function, which is defined by the infinite series

n

(D)= il‘(/ln+ )m A>=1 u, zell . 1)

This series is absolutely convergent in [ , when A >—1and absolutely convergent in open
unit disk for A=-1. Furthermore, for 4>-1, the Wright function W, ,(z) is an entire

function. The Wright function was introduced by Wright [1] and has appeared for the first
time in the case A >0 in connection with his investigations in the asymptotic theory of
partitions. Later on, it has found many other applications, first of all, in the Mikusinski
operational calculus and in the theory of integral transforms of Hankel type. Furthermore,
extending the methods of Lie groups in partial differential equations to the partial differential
equations of fractional order, it was shown that some of the group-invariant solutions of these
equations can be given in terms of the Wright function.

Note that, the Wright function generalizes various functions like Array function,
Whittaker function, (Wright-type) entire auxiliary functions, etc. For the details, we refer to
[2]. Recently, Wright function has appeared in papers related to partial differential equations
of fractional order, it was found that the corresponding Green functions can be represented in
terms of the Wright function [3, 4]. A series of paper are devoted to the application of the
Wright functions in partial differential equation of fractional order extending the classical
diffusion and wave equations. Mainardi has obtained the result for a fractional diffusion wave
equation in terms of the fractional Green function involving the Wright function [5]. The
scale-variant solutions of some partial differential equations of fractional order were obtained
in terms of special cases of the generalized Wright function by Luchko and Gorenflo [6].

If A is a positive rational number, then the Wright function W, ,(z) can be represented in

terms of the more familiar generalized hypergeometric functions (see [2, section 2.1]). In
particular, when A =1and x = p+1, the functions W, ,,(~z*/4) are expressed in terms of the

Bessel functions J (z) , given as follows:

- _1 n /2 2n+p
J (Z) (z )pW1p+1(__) nZ.:r(n(+z)+1) = n)! .

Furthermore, the function W, | ,(-2) = Jj(z) (4>0, p>-1) is known as the generalized
Bessel function (misnamed also as the Bessel-Maitland function).
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Recently, Prajapat [7] investigated some geometric properties of the normalized Wright
functions, and has obtained interesting results.

2. PRELIMINARIES

Let A be the class of analytic in the open unit disk U :{z el : |z|<1} functions f (z),
normalized by f (0)=0= f’(0)-1 of the form

f(z)=z+a,z° +a,2% +--+a,2"+--=z+ > a 7" )
n=2

Also, let S (), C(«) and K () denote the subclasses of A consisting of functions which are,
respectively, starlike, convex and close-to-convex with respect to starlike function g(z) (need

not be normalized) of order « (a e[O,l)) in the open unit disk U . Thus, we have (see for
details, [8, 9], also [10])

(o)l e A- zf'(2) c c
S(a)—{f A: Re(f(z))>a,z U },a [0.1),
C(a):{f eA: Re(1+z11:,”—((zz)))>a, zeU }, ae[01)

and
K(a)={f eA: Re(@)>a, zeU,ge$S }, ae[O,l).
9(z)

In the special cases, S"=S"(0), C=C(0) and K =K(0), are, respectively, starlike, convex
and close-to-convex functions in U . It is well known that close-to-convex functions are

univalent in U, but not necessarily the converse. It is easy to verify that C = S” < K. For
details on these classes, one could refer to the monograph by Goodman [11].

An interesting generalization of the function classesS (), C(a) and K(a) are

provided by the classes S”(«, 8),C(e, 8) and K(a, ) of functions f e A, which satisfies
the following conditions:

7f'(2) + p2° £
f(2)

S*(a,ﬂ):{f e A: Re( (@2 4. zeu } a, pel01),

[2f'(2)+ p2*f "(z)]')

Cla,f)=1f eA: Re( e

>a,2eU }, «a, ,Be[O,l)
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and

2f'(2) + pz* t"
9(2)

K(a,ﬂ)={f e A: Re( (Z))>a, zeU, geS(a,p) }, a, f[01)

with respect to function g(z) (need not be normalized), respectively.

Note 2.1. The classK(«, f), «, ﬂe[o,l) is the first time introduced and examined in this
paper.Clearly, for =0, we have K(«,0) = K(a).

The Wright function W, (z) defined by (1) does not belong to the class A. Thus, it is
natural to consider the following two kinds of normalization of the Wright function:

n+1

- () z
WO (2) =T(w)zW, (2) = CA>-1 u>0,zeU
(@) =T()zW, ,(2) ;r(/mj#l) vt u €

and

= (A+ 2"
W<2)(Z) r(,1+y)[WM(z) } Zr(ﬂ,r(]+/1/fy)(n+l)l A>-1 A+u>0,z€U,

Easily, we write

S (1) z"
W (z2) =12 , A>-1, u>0,zeU,
() +§‘F(/1(n—l)+y) pr A7 u=0ze
®)
o A+ ) z"

WP (z2) =z , A>-1 A+u>0,zeU. 4
D AT g F T TR A0z @

Furthermore, we observe that W and W/?) are satisfying the following relations:
A2 (2)) = (u =W, 4 (2) +(A - u+ DWW (2), ()
2ZW2(2)) = (A+p~DW , (2) + (- W5 (2), (6)

, I

@@ =W, (2)and V/,(2)=— ) v (), @

T'(A+ )

W (z
where V,  (z) = ( )

Note that
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WY, (-2)=T,(2) =T(p+D 723, (242), p>-1. ®)
Here, jp(z) is the normalized Bessel function.

In this paper, we give sufficient conditions for the parameters of the normalized Wright
functions to be in the class K («, 3).

The following lemma will be required.

Lemma 2.1. [12] A function f e A belongs to the class S™(«, B) if

i(n+,b’n(n—1)—a)|an|£1—a.

n=2
3. SUFFICIENT CONDITIONS FOR THE CLASS K(a, f)

In this section, we will give sufficient conditions for the parameters of the normalized
Wright functions to be in the class K («, B) .

Theorem 3.1. Let 4 >1, u> 1, =0.462 and the following condition is satisfied:

1

W—a)(u+Du—[ (u+1)° +@+2B)(u+1)+ B e +(u+1)* >0.
Then, normalized Wright function W) (z) belongs to the class K(c, ) -

Proof. By the definition, we need to show that Re{(W,%(2))’ + 8zW,%,(2))"} > a, z €U , this
can be shown by proving

WS @) + fzWE (@) 1 <1-a, 2V .

Au

By simple computation, we obtain

Iﬂ+n(n D T
(=D T(An-D+u)

WL @) + Bz () -1 =3

<iﬂn2+(l—ﬂ)n I§)
= (- TAM-D)+ )

Let

pre(-pn ()
Lt4f) ; (0-1!  TG0-Dr )
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Setting n”> =(n—-1)(n—2)+3(n—-1)+1, n=(n-1)+1 and by simple computation, we write

| - () = 1428 I'(u)
LA, w; B) = ; 3T (A(n- 1)+/u)+nz;‘(n—2)!l“(/1(n—l)+,u)
e (n)

Z;‘(n ~DIT(AN=1)+ )’

Under the hypothesis A >1, the inequality T'(n—1+ x) <T(A(n—1)+ ) for nell holds,
which is equivalent to

M 1 oy )
CAN-D+p) (1),

Here, (u), __FS](+;¢)

symbol, defined in terms of Euler gamma function. Using (9), we get

=u(u+D)(u+2)---(u+n-1), (u), =1 is Pochhammer (or Appell)

1 1428 1 -
2,
LA f)< Z( n-3)! (u)nl+n§‘(n—2)!(u)nl Z2“(n -1! (u)nl

Further, the inequality
()1 = u(u+D)(p+2) - (u+n=2)> p(u+)"?* nel (10)

holds, which is equivalent to 1/ (), , <1/ u(u+1)"?% nell .
Using (10), we obtain
= 1 < 1128 1 o 1
(/L/Jlﬂ) n— + n— n-
- Z; -9 G A T R T T

{ B 1+20 u+1} prl !
wu+l) 7 u

<l-e,

which is equivalent to

1

U—a)(u+D) =] (u+1)° +@+2B)(u+1)+ B e +(u+1)* > 0.
Thus, the proof of Theorem 3.1 is complete.

By setting =0 in Theorem 3.1 and using the relationship K(«,0) = K(«), we arrive at
the following corollary.
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Corollary 3.1. The normalized Wright function W (z) belongs to the class K(a) if
A21 u> p,=0.462 and the following condition is satisfied:

1

2-a)u—(u+2)e“t+1>0.

By taking =0 in Corollary 3.1 and using the relationship K(0) = K, we obtain the
following corollary.

Corollary 3.2. Let A>1 and u > x,, where X, =2.4898 is the root of the equation

1

2X—(X+2)exl +1=0,
then W e K.
Proof. Let ¢(x) =2x—(x+2)e"*™ +1, x> 0. By simple computation, we obtain

2
S el/(><+l) +2- el/(x+l) .

oy X+
(D(X)_(x+1)

Easily, we see that ¢'(x) >0for each x>0. Thus, function ¢(x) is an increasing function.
Hence, 2u—(u+2)e"“™" +1>0 for every u>x,. Here, x,=2.4898is the root of the
equation

1

2X—(X+2)exl +1=0.
Thus, the proof of Corollary 3.2 is complete.

Theorem 3.2. Let 2 >1, A+ x>0 and the following condition is satisfied:

1 1

A-a)(A+p)— ("t =) (A+pu+1) - pe* >0,

Then, normalized Wright function W2 (z) belongs to the class K(c, ) -

Proof. By the definition, we need to show that Re{(W % (2))'+ BzW2(2))"} >, z€U ,
this can be shown by proving

W2 @)+ pzWR (@) 1 <1-a, z€U.

H 2 W/I(l/%+ (Z) - - -
Since (W% (z))' =—*“~—, by simple computation, we write
’ z
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(W2 (@) + BzW2(2))" 1| =

(1) (1)
1/1+y( ) 1+ﬂ|: /1(3“:(2))' /M;,(Z):I

i g, 1 F(A+u) nl<z 1 F(A+u)
| (n=2)! (n-D! TAN=1)+ A+ p) (n— 2)l (=D TAMN-D+A+p)’

Under the hypothesis A4 >1, using (9) and (10) with = A+ x, we obtain

1 1
(Z)Z!+Z (2)2” 1< IB
WS+ WG Y=Y (-2 (-0 G+ G+ D)™
=;t+,u+ﬂ+1eﬁ_ﬂ+,u+l

A+ u A+u
Thus,
A+u+p+1 l+,u+1 /1+ﬂ+1<1—a,

A+u A+u
which is equivalent to
1 1

A-a)(A+p) — (" —1)(A+ p+1) - pe*** >0,
Thus, the proof of Theorem 3.2 is complete.

By setting =0 in Theorem 3.2 and using the relationship K(«,0) = K(«), We arrive at
the following corollary.

Corollary 3.3. The normalized Wright function W?)(z) belongs to the class K(a) if 121,
A+ >0 and the following condition is satisfied:

1 1

(2—a - YA+ u)—e 1 110,

By taking a=0 in Corollary 3.3 and using the relationship K(0) =K, we obtain the
following corollary.

Corollary 3.4. Let 2>1, A+ >0 and A+u>x, where x =1.2581 is the root of the
equation

1

2X—(x+1)ext +1=0,

then W2 e K.
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Proof. Let h(x) =2x—(x+1)e’**" +1, x >0. By simple computation, we obtain

X
h'(x)=2———ge*1.
X+1

It can be seen that h'(x) > 0for each x>0. Hence, function h(x) is an increasing function. So
1

24+ p)—(A+pu+De** ™t +1>0 for every A+u>x. Here, x =1.2581 is root of the
equation

1

2X—(x+1)ext +1=0.
Thus, the proof of Corollary 3.4 is complete.

Theorem 3.3. Let A >1 and the following condition is satisfied:
1 1 1 1
{(1—0:){(2p+3)—(p+2)e"*2}{2(ep+2 -D(p+2)+ @1+ 2,B)e’”2}}(p+2)—,8ep+2 > 0.

Then, normalized Wright function Wﬁﬂ(z) belongs to the class K («, 8) with respect to
J,(z) inU.

Proof. By the definition, we need to show that

Re{ ,1(1;+1(Z)) +,BZ (Wfl(l;+1(z)),’}>a, zeU,
7,

this can be shown by proving

1) () "
W@ prEWE@)|
3,(2) |

For z €U, by simple computation, we obtain

@wix)> ()/nmw@u»"

<le"(p+1)

n+1 (=D /n
I'(An+p+1) T (h+p+1) (11)
> I(p+1)  n(n+1
+'BZ“F(ﬂbnij+1) nt =~

Under the hypothesis A >1, the inequality T'(n+ p+1)<T'(An+ p+1) for each nel]
holds, which is equivalent to
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I'(p+) _ I(p+h _ 1
r(An+p+1) T(n+p+1) (p+1),’

nell, (12)

where (p+1), _% (p+1)(p+2)...(p+n).

Further, the following inequality holds

. L hes (13)
(p+D, (p+D(p+2)"
Using (12) and (13), from (11), we obtain
Wwo ® |~ n+2 1 n(n+1) 1
‘ W0 -5 000 S; R TR R TS Y e
1 ﬂ)z 1 /32 1

-1n'(|0+1)(|0+2)”1 i (n—- 1)'(|0+1)(|0+2)nl z (- 2)'(|0+1)(I0+2)nl

2(p+2)( p+2 1) Zﬂeﬁ_'_ ﬁ eﬁ

p+1 p+1 (P+1)(p+2)
Zm{% D(p+2)*+@1+28)(p+2)e”? + pe }
(14)
Similarly, we obtain
J (Z) > I'(p+1) 1 =1 1 1 ﬁ_
Z C(n+p+l)nt” = nlm(p+1)(p+2)”‘1_2 p+1{(|0+2)e 1}' (15)

From (14) and (15), we obtain

1 1

WL @) + B W@ 2e" ~1)(p+2)" + L+ 2f)(p+ D + P
J : 1 '
(@) | {(2p+3)—(p+2>ep*2}(p+2)

Thus, we get
{(1a){(2p+3)(p+2)e‘”2}{2(e‘”2 ~)(p+2)+ @1+ Zﬂ)ep*z}}(erZ),[)’ep*z >0. (16)

This shows that
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{Z(\Nﬁﬂ(z))'+,322(Wf%+1(2))"}
Re . — ’ >a
J(2)

if condition (16) is satisfied.

For the completion of the proof of Theorem 3.3, we need to show that function jp(z)

belongs to the class S™(«, B) if condition (16) is satisfied.
From (8), we write

C(p+D) (D™ .
I'(n+p) (n-1)!

1,@) =W, (-2)=2+)
n=2

According to the Lemma 2.1, function jp(z) belongs to the class S (a, p) if the following
condition is satisfied:

EF '(p+) 1
nzzzl[n ,8+n(1—ﬁ)—a]r(n+ ) (n_l)!sl—
Let
r'p+) 1

L,(p;a, B) =i[n2ﬁ+n(1—,b’)—a]r(n+ p) (n—=1)!

Using similar calculations to get L (4, 1 f) , we write

_ B T(p+) &S 1+28 T(p+]) & 1-a I'(p+))
L) = 2 T ) & (2T p) | R (-DIT(n p)

The following equality is clear

'(p+) 1
r(n+p) (p+1),,

nel. (7)

Using (17) and (10), with z= p+1, we get

_ 2B 1 Ny 1
P ) S (oD 2 (-2 (prD(p 72
+i 1-a 1 H{ i +1+2ﬂ+(1—a)(p+2)}epi2
(=D (p+1)(p+2) (p+D)(p+2) p+1 p+1

_(-a)(p+2) A-g
p+1 ’

which is equivalent to
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{(1a){(2p+3)(p+2)e"+2}(1+2ﬂ)e"+2}(p+2)ﬁep+2 >0. (18)

Thus, condition (18) is a sufficient condition for that function jp(z) is in the class S (a, ).
Also, from (16) the following condition is satisfied:

{(1—a){(2p+3)—(p+2)e‘”}—(1+2ﬂ)e‘”2}(p+2)—,8e‘”2 >2(e”? —1)(p+2)°.

1
But since e?*? >1 for p > -1, condition (18) is also satisfied. Thus, from the hypothesis of

theorem, J €S’ (a, B).
The proof is complete.

By setting B =0 in Theorem 3.3 and using the relationship K(«,0) = K(«), we arrive at
the following corollary.

Corollary 3.5. If 42>1 and the following condition is satisfied:
1 1 1
(1—a)|:(2p+3)—(p+2)ep+2]_|:2(ep+2 _1)(p+2)+ep+2 >0,

then W (z) is close-to-convex function order o €[0,1) with respectto J (z)in U .

By taking =0 in Corollary 3.5 and using relationship K(0)=K,we obtain the
following corollary.

Corollary 3.6. If 2>1and p> X, —2, where x, =5.4904 is the root of the equation

1

4x—(3x+1)ex-1=0,
then W, (z) is close-to-convex function with respectto J (z)in U .
Proof. Let o(x) =4x—(3x+1)e"* -1, x>0. By simple computation, we obtain

2 1 1
W (x) =4 X"
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We observe that »'(x) >0 for each x>0. Thus, function ¢(x) is an increasing function.

Hence, 4(p+2)—-(3p+7)e’®? -1>0 for every p>x,—2. Here, x, =5.4904 is the root of
the equation

1

4x—(3x+1)ex —1=0.
Thus, the proof of Corollary 3.6 is complete.
4. CONCLUDING REMARKS

In this study, two kinds of normalization of the Wright function are investigated. These
normalized Wright functions are examinedin the generalized class of the close-to-convex
function class. In the study, several sufficient conditions for the normalized Wright functions
are obtained. The results obtained in this study are better than the results of Prajapat (see [7, p.
208, Theorem 2.12]).
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