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ABSTRACT 

In this paper, a new subclass  ( , ),  , 0,1K      of analytic functions in the open unit disk 

is introduced. The purpose of the present paper is to investigate some characterizations for the 

normalized Wright functions to be in the subclass  ( , ),  , 0,1K      . In this study, 

various sufficient conditions for the normalized Wright functions to be in this class are also 

obtained.  
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ÖZ 

Bu makalede açık birim diskte analitik fonksiyonların  ( , ),  , 0,1K      yeni bir alt sınıfı 

tanımlandı. Makalenin amacı, normalize Wright fonksiyonlarının analitik fonksiyonların  

 ( , ),  , 0,1K       alt sınıfına ait olması içinbazı karakterizasyonları araştırmaktır. Bu 

çalışmada normalize Wright fonksiyonlarının bu sınıfa ait olması için çeşitli yeterli koşullar 

da elde edilir. 

 

Anahtar kelimeler: Wright fonksiyon, Yıldızıl fonksiyon, Konveks fonksiyon, Konvekse-yakın 

fonksiyon 
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1. INTRODUCTION 

 

It is well known that the special functions play an important role in geometric function 

theory. It is also well known that the application area of the special functions is not limited to 

the theory of geometric functions.These functions are also wide range of applications in many 

problems as well as in other branches of mathematics and applied sciences. 

 

In this paper, we will examine Wright function, which is defined by the infinite series 
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This series is absolutely convergent in , when 1   and absolutely convergent in open 

unit disk for 1   . Furthermore, for 1   , the Wright function , ( )W z   is an entire 

function. The Wright function was introduced by Wright [1] and has appeared for the first 

time in the case 0   in connection with his investigations in the asymptotic theory of 

partitions. Later on, it has found many other applications, first of all, in the Mikusinski 

operational calculus and in the theory of integral transforms of Hankel type. Furthermore, 

extending the methods of Lie groups in partial differential equations to the partial differential 

equations of fractional order, it was shown that some of the group-invariant solutions of these 

equations can be given in terms of the Wright function.  

 

Note that, the Wright function generalizes various functions like Array function, 

Whittaker function, (Wright-type) entire auxiliary functions, etc. For the details, we refer to 

[2]. Recently, Wright function has appeared in papers related to partial differential equations 

of fractional order, it was found that the corresponding Green functions can be represented in 

terms of the Wright function [3, 4]. A series of paper are devoted to the application of the 

Wright functions in partial differential equation of fractional order extending the classical 

diffusion and wave equations. Mainardi has obtained the result for a fractional diffusion wave 

equation in terms of the fractional Green function involving the Wright function [5]. The 

scale-variant solutions of some partial differential equations of fractional order were obtained 

in terms of special cases of the generalized Wright function by Luchko and Gorenflo [6].  

 

If   is a positive rational number, then the Wright function , ( )W z   can be represented in 

terms of the more familiar generalized hypergeometric functions (see [2, section 2.1]). In 

particular, when 1 and 1,p     the functions 2

1, 1( / 4)pW z   are expressed in terms of the 

Bessel functions ( )pJ z , given as follows:  
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Furthermore, the function 
, 1( ) ( ) ( 0, 1)p pW z J z p

        is known as the generalized 

Bessel function (misnamed also as the Bessel-Maitland function).  
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Recently, Prajapat [7] investigated some geometric properties of the normalized Wright 

functions, and has obtained interesting results. 

 

2. PRELIMINARIES 

 

Let A  be the class of analytic in the open unit disk  :  1U z z    functions ( )f z , 

normalized by (0) 0 (0) 1f f     of the form 
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Also, let *( ),  ( ) and ( )S C K   denote the subclasses of A  consisting of functions which are, 

respectively, starlike, convex and close-to-convex with respect to starlike function ( )g z  (need 

not be normalized) of order    0,1    in the open unit disk U . Thus, we have (see for 

details, [8, 9], also [10])     
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and 
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In the special cases, * *(0),  (0)   and   (0)S S C C K K   , are, respectively, starlike, convex 

and close-to-convex functions in U . It is well known that close-to-convex functions are 

univalent in U , but not necessarily the converse. It is easy to verify that *C S K  . For 

details on these classes, one could refer to the monograph by Goodman [11].     

 

An interesting generalization of the function classes *( )S  ,  ( )C   and ( )K   are 

provided by the classes *( , )S   , ( , )C    and ( , )K    of functions f A , which satisfies 

the following conditions: 
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with respect to function ( )g z  (need not be normalized), respectively.  

 

Note 2.1. The class  ( , ),  ,  0,1K       is the first time introduced and examined in this 

paper.Clearly, for 0  , we have ( ,0) ( )K K  .  

 

The Wright function , ( )W z   defined by (1) does not belong to the class A . Thus, it is 

natural to consider the following two kinds of normalization of the Wright function: 
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and  
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Easily, we write 
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Furthermore, we observe that (1)

,W   and (2)

,W   are satisfying the following relations: 

 
(1) (1) (1)

, , 1 ,( ( )) ( 1) ( ) ( 1) ( )z W z W z W z        
      ,                                                                (5)  

 
(2) (2) (2)

, , 1 ,( ( )) ( 1) ( ) (1 ) ( )z W z W z W z        
      ,                                                                (6) 

 

(2) (1)

, , , ,

( )
( ( )) ( ) and ( ) ( )

( )
z W z W z V z V z         



 
 


  

 
,                                                        (7) 

where 

(1)

,

,

( )
( )

W z
V z

z

 

   . 

 

 Note that  
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(1) 1 /2

1, 1( ) ( ) : ( 1)z (2 ),  1p

p p pW z J z p J z p

        .                                                            (8) 

 

Here, ( )pJ z  is the normalized Bessel function. 

 

In this paper, we give sufficient conditions for the parameters of the normalized Wright 

functions to be in the class  ( , ).K    

 

The following lemma will be required. 

 

Lemma 2.1. [12] A function f A  belongs to the class *( , )S    if 
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3. SUFFICIENT CONDITIONS FOR THE CLASS ( , )K     
 

In this section, we will give sufficient conditions for the parameters of the normalized 

Wright functions to be in the class ( , )K   .  

 

Theorem 3.1. Let 01,  0.462      and the following condition is satisfied: 
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Then, normalized Wright function (1)
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By simple computation, we obtain 
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Setting 2 ( 1)( 2) 3( 1) 1,  ( 1) 1n n n n n n          and by simple computation, we write 
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Under the hypothesis 1,   the inequality ( 1 ) ( ( 1) )n n          for n  holds, 
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symbol, defined in terms of Euler gamma function. Using (9), we get 
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Further, the inequality  
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which is equivalent to 
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Thus, the proof of Theorem 3.1 is complete. 

 

By setting 0   in Theorem 3.1 and using the relationship ( ,0) ( )K K  , we arrive at 

the following corollary. 

 



Fen ve Mühendislik Dergisi Cilt: 18  No: 3   Sayı: 54 Sayfa No: 296 

 

 

Corollary 3.1. The normalized Wright function (1)

, ( )W z   belongs to the class ( )K   if 

01,  0.462      and the following condition is satisfied: 
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By taking 0   in Corollary 3.1 and using the relationship (0)K K , we obtain the 

following corollary. 

 

Corollary 3.2. Let 1   and 0 ,x   where 0 2.4898x   is the root of the equation 
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Easily, we see that ( ) 0x  for each 0x  .  Thus, function ( )x  is an increasing function. 

Hence, 1/( 1)2 ( 2) 1 0e        for every 0x  . Here, 0 2.4898x  is the root of the 

equation 
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Thus, the proof of Corollary 3.2 is complete. 

 

Theorem 3.2. Let 1,  0      and the following condition is satisfied: 

 
1 1

1 1(1 )( ) ( 1)( 1) 0e e                   .                                 

 

Then, normalized Wright function (2)
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              
 

 
 

Under the hypothesis 1  , using (9) and (10) with     , we obtain 

 

(2) (2)

, , 2
2

1

1

1 1
( ( )) ( ( )) 1

( 2)! ( 1)! ( )( 1)

1 1
.

n
n

W z z W z
n n

e

   

 




   

    

   






 

 
     

     

    
 

 


 

 

Thus,  

 
1

11 1
1e     


   

     
  

 
, 

 

which is equivalent to 

 
1 1

1 1(1 )( ) ( 1)( 1) 0e e                   . 

 

Thus, the proof of Theorem 3.2 is complete. 

 

By setting 0   in Theorem 3.2 and using the relationship ( ,0) ( )K K  , we arrive at 

the following corollary. 

 

Corollary 3.3. The normalized Wright function (2)

, ( )W z   belongs to the class ( )K   if 1  , 

0    and the following condition is satisfied: 

 
1 1

1 1(2 )( ) 1 0e e              . 

 

By taking 0   in Corollary 3.3 and using the relationship (0)K K , we obtain the 

following corollary. 

 

Corollary 3.4. Let 1,  0      and 1,x    where 1 1.2581x   is the root of the 

equation 

 
1

12 ( 1) 1 0xx x e     , 

 

then (2)

,W K   . 
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Proof. Let 1/( 1)( ) 2 ( 1) 1,  0xh x x x e x     . By simple computation, we obtain 

 
1

1( ) 2
1

x
x

h x e
x

  


.  

 

It can be seen that ( ) 0h x  for each 0x  . Hence, function ( )h x is an increasing function. So 
1

12( ) ( 1) 1 0e             for every 1x   . Here, 1 1.2581x   is root of the 

equation 

 
1

12 ( 1) 1 0xx x e     . 

 

Thus, the proof of Corollary 3.4 is complete. 

 

Theorem 3.3. Let 1   and the following condition is satisfied: 

 
1 1 1 1

2 2 2 2(1 ) (2 3) ( 2) 2( 1)( 2) (1 2 ) ( 2) 0.

                                                                          

p p p pp p e e p e p e     
     

               
        

             

Then, normalized Wright function (1)

, 1( )pW z 
 belongs to the class ( , )K    with respect to 

( )pJ z  in U . 

 

Proof. By the definition, we need to show that  

 
(1) 2 (1)

, 1 , 1( ( )) ( ( ))
Re ,  ,

( )

p p

p

z W z z W z
z U

J z

 


 
   

  
  

 

 

this can be shown by proving 

 
(1) 2 (1)

, 1 , 1( ( )) ( ( ))
1 1 ,  

( )

p p

p

z W z z W z
z U

J z

 


 
 

    . 

 

For z U , by simple computation, we obtain  

 

(1) (1)

, 1 , 1

1

1

( ) ( 1) 1 ( 1)
( ( )) ( ( ))

! ( 1) ( 1)

( 1) ( 1)
+ .

( 1) !

n
p n

p p

n

n

J z p n
W z z W z z

z n n p n p

p n n

n p n

 







 







    
     

      

  

  





         (11)        

 

Under the hypothesis 1,   the inequality ( 1) ( 1)n p n p        for each n   

holds, which is equivalent to  
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( 1) ( 1) 1
,  ,

( 1) ( 1) ( 1)n

p p
n

n p n p p

   
  

      
                                                                     (12) 

 

where 
( 1)

( 1) ( 1)( 2)...( ).
( 1)

n

n p
p p p p n

p

  
     

 
 

 

Further, the following inequality holds 

 

1

1 1
,  .

( 1) ( 1)( 2)n

n

n
p p p 

 
  

                                                                                        (13) 

 

Using (12) and (13), from (11), we obtain 

 

(1) (1)

, 1 , 1 1 1
1 1

1 1 1
1 1 2

1

2

( ) 2 1 ( 1) 1
( ( )) ( ( ))

! ( 1)( 2) ! ( 1)( 2)

1 1 1 1 1 1
2 (1 2 )

! ( 1)( 2) ( 1)! ( 1)( 2) ( 2)! ( 1)( 2)

2( 2)
( 1)

1

p

p p n n
n n

n n n
n n n

p

J z n n n
W z z W z

z n p p n p p

n p p n p p n p p

p
e

p

  

 

 

   
 

  

  
  



 
    

   

   
       


  



 

  

1 1

2 2

1 1 1

22 2 2

1 2

1 ( 1)( 2)

1
2( 1)( 2) (1 2 )( 2) .

( 1)( 2)

p p

p p p

e e
p p p

e p p e e
p p

 

 

 

  




  

  
       

    

(14) 

 

Similarly, we obtain 

 
1

2

1
1 1

( ) ( 1) 1 1 1 1
1 1 2 ( 2) 1

( 1) ! ! ( 1)( 2) 1

p p

n
n n

J z p
p e

z n p n n p p p

 



 

  
        

        
  .       (15)        

 

From (14) and (15), we obtain 

 
1 1 1

(1) 2 (1) 22 2 2
, 1 , 1

1

2

( ( )) ( ( )) 2( 1)( 2) (1 2 )( 2)
1

( )
(2 3) ( 2) ( 2)

p p p
p p

p p

z W z z W z e p p e e

J z
p p e p

     
 



       
 

 
    

  

. 

Thus, we get  

 
1 1 1 1

2 2 2 2(1 ) (2 3) ( 2) 2( 1)( 2) (1 2 ) ( 2) 0.p p p pp p e e p e p e     
     

               
        

  (16) 

 

This shows that  
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(1) 2 (1)

, 1 , 1( ( )) ( ( ))
Re

( )

p p

p

z W z z W z

J z

 


 
   

 
  

 

 

if condition (16) is satisfied. 

 

For the completion of the proof of Theorem 3.3, we need to show that function ( )pJ z  

belongs to the class *( , )S   if condition (16) is satisfied. 

From (8), we write 

 
1

(1)

1, 1

2

( 1) ( 1)
( ) ( )

( ) ( 1)!

n
n

p p

n

p
J z W z z z

n p n







  
    

  
 . 

 

According to the Lemma 2.1, function ( )pJ z  belongs to the class *( , )S   if the following 

condition is satisfied:  

 

2

2

( 1) 1
(1 ) 1

( ) ( 1)!n

p
n n

n p n
   





 
         

 . 

 

Let  

 

2

2

2

( 1) 1
( ; , ) (1 )

( ) ( 1)!n

p
L p n n

n p n
    





 
        

 . 

 

Using similar calculations to get 1( , ; )L    , we write 

 

2

3 2 2

( 1) 1 2 ( 1) 1 ( 1)
( ; , )

( 3)! ( ) ( 2)! ( ) ( 1)! ( )n n n

p p p
L p

n n p n n p n n p

  
 

  

  

       
  

        
   . 

 

The following equality is clear  

 

1

( 1) 1
,  .

( ) ( 1)n

p
n

n p p 

 
 

  
                                                                                              (17) 

 

Using (17) and (10), with 1p   , we get 

 

2 2 2
3 2

1

2

2
2

1 1 2 1
( ; , )

( 3)! ( 1)( 2) ( 2)! ( 1)( 2)

1 1 1 2 (1 )( 2)

( 1)! ( 1)( 2) ( 1)( 2) 1 1

(1 )( 2)
1 ,

1

                 

n n
n n

p

n
n

L p
n p p n p p

p
e

n p p p p p p

p

p

 
 

   




 

 
 








 

     

    
    

       

 
  



 

  

which is equivalent to  
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1 1 1

2 2 2(1 ) (2 3) ( 2) (1 2 ) ( 2) 0.p p pp p e e p e    
   

          
    

                                    (18) 

 

Thus, condition (18) is a sufficient condition for that function ( )pJ z is in the class *( , ).S    

Also, from (16) the following condition is satisfied:  

 
1 1 1 1

22 2 2 2(1 ) (2 3) ( 2) (1 2 ) ( 2) 2( 1)( 2)p p p pp p e e p e e p     
   

            
    

. 

 

But since

1

2 1pe    for 1,p    condition (18) is also satisfied. Thus, from the hypothesis of 

theorem, *( , ).pJ S    

The proof is complete. 

 

By setting 0   in Theorem 3.3 and using the relationship ( ,0) ( )K K  , we arrive at 

the following corollary. 

 

Corollary 3.5. If  1   and the following condition is satisfied:  

 
1 1 1

2 2 2(1 ) (2 3) ( 2) 2( 1)( 2) 0,

                                                                      

p p pp p e e p e   
   

           
      

 

then (1)

, 1( )pW z 
 is close-to-convex function order  0,1 with respect to ( )pJ z in U . 

 

By taking 0   in Corollary 3.5 and using relationship (0) ,K K we obtain the 

following corollary. 

 

Corollary 3.6. If  1   and 2 2,p x   where 2 5.4904x   is the root of the equation 

 
1

4 (3 1) 1 0xx x e    , 

 

then (1)

, 1( )pW z 
 is close-to-convex function with respect to ( )pJ z in U . 

 

Proof. Let 1/( ) 4 (3 1) 1,  0xx x x e x      . By simple computation, we obtain 

 
12

2

3 3 1
( ) 4 .x

x x
x e

x


 
    
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We observe that ( ) 0 x   for each 0x  . Thus, function ( )x  is an increasing function. 

Hence, 1/( 2)4( 2) (3 7) 1 0pp p e       for every 2 2p x  . Here, 2 5.4904x   is the root of 

the equation 

 
1

4 (3 1) 1 0.xx x e     

 

Thus, the proof of Corollary 3.6 is complete. 

 

4. CONCLUDING REMARKS 

 

In this study, two kinds of normalization of the Wright function are investigated. These 

normalized Wright functions are examinedin the generalized class of the close-to-convex 

function class. In the study, several sufficient conditions for the normalized Wright functions 

are obtained. The results obtained in this study are better than the results of Prajapat (see [7, p. 

208, Theorem 2.12]).  
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