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Abstract: In this study we consider a semi-Markovian inventory model of type (s, S) with subexponential
Weibull distributed demand and uniform distributed interference of chance. By using a special asymptotic
expansion proposed by Geluk and Frenk (2011) we derived an asymptotic expansion for the renewal function
generated by the subexponential Weibull distributed demand random variables. Trough this renewal function
we obtained two term asymptotic expansion for the ergodic distribution function of the process which
represents the model that we consider here. Moreover we proved weak convergence theorem for the ergodic
distribution function and derived the limit distribution.
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1. Introduction

The events are called catastrophic or extreme which are highly improbable and unpredictable but

have massive impacts. If the probability of extreme events become higher the use of heavy tailed
distributions gives more realistic results when modeling uncertainty. Since such unusual events are
encountered in many areas such as medical sciences, civil engineering applications, meteorology,
financial risk management and inventory management, investigation of heavy-tailed distributions
and the effects of heavy-tailed distributions has recently become a very important field of area.
The aim of this study is to investigate inventory model of type (s,S) with heavy tailed Weibull
distributed demands and to observe the impact of heavy tailed distributions on this model.
Inventory problems are one of the major application area of renewal-reward processes. As is
known that, inventory management problems are an important issue related to the production
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policies of the companies. The main purpose of inventory management is to build and keep a
convenient stock control model in order to balance supply and demand at minimum cost as well
as to protect the company against demand uncertainty. Hence inventory problems has received a
lot of attention among academics and has always been a popular field of study. In this paper we
consider a spesific inventory model called ”Inventory model of type (s,S)”. The inventory model
of type (s,S) has been comprehensively studied and some of their characteristics investigated see
e.g. [7],[23],[8],[27]. In most of these studies some real world problems have been solved by using
dynamic programming but analytic solutions could not be obtained. In order to estimate the
behaviour of a system after a long running time it is important to investigate some stationary
characteristics (ergodic moments, ergodic distribution function etc.) of the model which represents
this system. In recent years many studies have been done to examine the stationary characteristics
of an inventory model type (s,S) by using asymptotic tools. In publications Khaniyev and Aksop
[16], and Khaniyev and Atalay [17] asymptotic expansion is obtained by assuming the interference
of chance have generalized Beta distribution and triangular distribution respectively. Moreover
Khaniyev et. al.[18] also considered this model with triangular distributed interference of chance
and obtained asymptotic expansions for the ergodic moments. In all these studies it was assumed
that the demand quantities {n,}, n>1 were light tailed with finite moments. The underlined
feature of the present paper and the main difference from previous literature is that we consider
subexponential demand distributions which is one of the most important subclass of heavy tailed
distributions. The name of ”subexponential” arises from one of their properties that their tails
decrease more slowly than any exponential tail. This implies that large values can occur in a
sample with non-negligible probability, and makes the subexponential distributions candidates for
modeling situations where some extremely large values occur in a sample compared to the mean
size of data [19]. In this study subexponential distributions are used to model the possibility of
uncertain demands (very large or very small demands) relatively. The main purpose of this paper
is to investigate the effect of subexponential distribution on the inventory model of type (s,S) by
using asymptotic tools. Under the assumption of subexponential Weibull distributed demands a
semi-Markovian inventory model of type (s,S) is considered. A stochastic process X(t) that express
the evolution of the stock level in this model is constructed mathematically. Two term asymptotic
expansion is obtained for the ergodic distribution of this process. Moreover weak convergence
theorem is proved.

2. Preliminaries
Let us give the essential notations and explain this model before analyzing the main problem.

2.1. The model

Consider a company want to create the optimal inventory policy. Assume that z is the initial
stock level in a depot at time ¢ =0, hence X (0) = Xy =2 € (s,5), 0 < s < .S < 0o. Here s is the stock
control level and S is the maximum stock level. In addition suppose that {n,}, n > 1 which describe
the random amount of demands are coming to the system at random times T1,75,...,7T,,,.... Here
T,=>"" &, where {,’s are interarrival times between two successive demands (n=1,2,3,...). Hence
the stock level X (t) decreases by 71,72, ..y, ... at random times T3,T5,...T,,,... until the stock
level X (¢) falls below the control level s, at random time 7;. In this instance the stock level changes
as follows:

X(Tl)EXl:Z—T]l,X(TQ)EXQZZ—(?]1+772),...,X(T7L)EXn:Z—Zni
=1

where, 7, represents the amount of n'* demand, n=1,2,3.... 7; is the first time, that the stock
level falls below the control level s. After the stock level falls below s, it is immediately refilled up



Kesemen et al.: Inventory Model of Type (s,S) with Subexponential Weibull Distributed Demand
ISTATISTIK: Journal of the Turkish Statistical Association 9(3), pp. 81-92, © 2016 Istatistik 83

to the level (i, and thus the first period is completed. Second period starts with a new initial level
(1 and, continues in a similar manner to the first period. Note that the random variables 7, (,, &,
i.i.d here. This model is referred in the literature as ”inventory model of type (s,S)” (see e.g. [17],

[16])

2.2. Subexponential distributions and the renewal function for subexponential ran-
dom variables

Subexponential distributions are a special subclass of heavy tailed distributions. The most widely
used definition of heavy tailedness can be given as follows: A distribution F on R is said to be
(right) heavy tailed if o

/ e F(dx) = oo forall A > 0.

Foss [13]. Although there are three important subclass of heavy tailed distributions (the long tailed
distributions, the regularly varying distributions, and the subexponential distributions) most of the
heavy-tailed distributions used in practice are subexponential for instance lognormal, Weibull with
F(z)=exp(—2%), 0 < a <1 and generalized Pareto distributions. This subclass was introduced by
Chistyakov [9].
A distribution F said to be subexponential (F' € S) if for all n > 2, independent random variables
X1, Xs,... X, satisfies

P{X;i+Xo+...+ X, >t} ~nP{X; >t} ast — oo.
With a simple calculation it is easy to see that
P{mazx (X1, Xs,...,X,) >t} ~nP{X; >t} ast — oc.

Subexponential distributions are a proper subset of long-tailed distributions but also possess
many of their own properties makes them more useful in practice; for instance, the class of subex-
ponential distributions is closed under maxima, minima, mixtures, convolutions and random trans-
lations [25]. For a comprehensive survey about heavy tailed and subexponential distributions see
the books [3], [11],[5], [24],]26].

The main purpose of this study is to obtain an asymptotic expansion for the ergodic distribution
of an inventory model of type (s,S) by using asymptotic tools. The ergodic distribution of this
model is expressed trough renewal functions. Hence in order to achieve the asymptotic expansion
for the distribution function of the considered process, we need the asymptotic expansion of the
renewal function generated by the demand random variables. The most important factor that
distinguishes this study from similar studies in the literature is the use of special asymptotic
expansion for renewal function U, (z), where by U, () we mean renewal function generated by the
demand random variables {n,}, n > 1.

Our study is inspired by a special asymptotic expansion obtained by Geluk and Frenk [14]. They
provide Asymptotic Expansion (2.1) for renewal function generated by subexponential random
variables with finite variance. According to the mentioned study for a large class of subexponential
random variables the renewal function U satisfies

U(w)—Z—QM:Q:—;/wal(s)ds—i—O(FI(a:)) as x — oo. (2.1)

under some assumptions. Here F';(z) is integrated tail function and defined as;

Fl(x):;/OmF(y)dy, 2>0. (2.2)
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Our experiences showed that it is difficult to work with the whole subexponential class when
applying them in this kind of special expansions. Hence we select Weibull distribution as a repre-
sentative distribution from the subexponential class and apply the asymptotic expansion (2.1) to
our model trough this representative. One of the main reasons we chose the Weibull distribution
from subexponential class in this study is the distribution function exist in closed form. Hence
we obtain explicit asymptotic expressions for the integrated tail function and asymptotic expan-
sion for the ergodic distribution function of the process. (For example the distribution function
of Lognormal distribution does not have closed form and it is hard to obtain a simple asymp-
totic expansion for ergodic distribution in this case). Moreover Weibull distribution have similar
asymptotic behavior with many other more complicated distributions. The Weibull distribution
with F(z) = exp (—x®) can be considered as a generalization of the exponential distribution. The
shape parameter a specify the tail’s asymptotic behavior. For 0 < a < 1 the distribution belongs to
the subexponential family with a tail heavier than exponential one, while for o > 1 the distribution
is characterized as hyperexponential with tail thinner than exponential. Many distributions can
be assumed tail equivalent with Weibull for a specific value of the parameter a.. Hence considering
this model with subexponential Weibull distributed demands can be regarded as a good beginning
step to investigate this kind of inventory models with heavy tailed demand quantities.

2.3. Mathematical construction of the process X (t)

The mathematical construction of the considered system is given by Khaniyev (see [17],[16]) as
follows:
Let (2,3, P) be probability space and (&,,7,,(,) be a vector of i.i.d random variables defined on
(Q,3, P). Here &, and, 7, are positive valued random variables, the random variable (,, takes values
in the interval [s, S] and &,,,7, and, (, are also independent from each other. Let the distributions
of &,,m, and, ¢, be denoted by ®(t), F(x) and, m(z) respectively and these distributions defined
as:

o(t)=P{& <t}, F(z)=P{m <z}, n(z) =P{G <z}

As mentioned before, we assume here that the random variables (,, which represents the initial
level of stock after the n'" refillment have uniform distribution.
We also assume here {7, }, n > 1 have subexponential Weibull distribution i.e:

F(z)=P{n,<z}=1—exp(—2*),0<a<l.

Now we can construct the process with all this information above. As a first step we need to define
the renewal sequences {7, } and, {S,} as:

TOZSOZ()a Tnzzgm Snzznw n>1.
i=1 =1
Now define a sequence of integer-valued random variables {N,,}, n >0 as follows:
No=0,Ny=N(z—s)=inf{k>1: z2— S, <s}, z€]s,5].
Nyyy=inf{k>N,+1:( — (S, —Sn,)<s},n>1.

Let 70 =0, 7, =T, = S.0" &, n>1, v(t) =maz{n>0: T, <t}, t>0.

i=1 5%

Under these assumptions the desired stochastic process X (¢) constructed as follows:

X(t)=Co— (Mvps1+ -+ @) =6 — (Suy = Sny) » € [Tn, Tug1) , n > 0. (2.3)

The process X (t) represents the amount of stock in the depot at time ¢ > 0.



Kesemen et al.: Inventory Model of Type (s,S) with Subexponential Weibull Dist?_“ibuted Demand
ISTATISTIK: Journal of the Turkish Statistical Association 9(3), pp. 81-92, © 2016 Istatistik 85

2.4. Ergodicity of the process X(t)
The following proposition, by Khaniyev and Atalay [17] states that the process X (¢) is ergodic
under some weak assumptions.

PROPOSITION 1. (Khaniyev and Atalay[17] Proposition 3.1) Let the initial sequence of random
variables { (&, Mn, Cu)} satisfy the following supplementary conditions:

1. 0< E (&) < o0,

2. 0<E(m) < oo,

3. 11 is a non-arithmetic random variable.
Then, the process X (t) is ergodic and, the following expression is correct with probability 1 for each
measurable bounded function f(x), (f:(s,5) —R) .

fim L[ (X () duz Je S S@Un (2= 5) = Uy (2 = 2)]dr (z) dw

T, JPU, (2= s)dm (2)

Here U, (x) =", F*" (x) is the renewal function generated by the sequence of random variables
{n.} and F* (x) is the n'" power convolution of the distribution function F(z) and defined as:

P = [P @y Py,

oo

A direct result of this proposition is Corollary 1 below, obtained by choosing f to be indicator
function in Proposition 1.

COROLLARY 1. Assume the process X (t) be satisfied the conditions of Proposition 1. Then the
ergodic distribution of the process X (t) is given as follows:

N
~—

i U, (z— ) dr (
Qx (v)= lim P{X(t)<z}=1-""%
()= lim P{X(t) <z} T (e sydn ()

;xels,S].

3. Exact and Asymptotic Results for the Ergodic Distribution of the Process
In order to obtain an asymptotic expansion for the ergodic distribution of the process, we followed
the same method with articles[17],[16] and defined a process Y (¢) as a standardized version of the

process X (t) as follows:
_X(t)-s ,_S-—s

Here Qy (v) =lim; . P{Y (t) <v},ve€|0,2).

PROPOSITION 2. Under the conditions of Proposition 1 the ergodic distribution function Qy (v)
of the process Y (t) is given as:

U (x — Bv)dx
=17
ot fo% U, (x)dx

,v€E[0,2).

PROOF. Recall that, Qy (v) =lim; . P{Y(t) <v}, v €[0,2). According to the definition of
Y (t):

t— 00

Qy (v) = lim P{X(%_ng} = lim P{X(t) < fv+s}.
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In this case;

LS:;fUn(Z—S—BU)d’JT(z)
Qv (v)=Qx (s+pv)=1-— e
) ( ) [0, (2 - s)dn (2)

;vel0,2).

We assumed that the random variables ¢, has uniform distribution. Hence the random variable
Cn =, — s has the same distribution defined in [0,243). Thus; we have:

a5 [ Uy (= Bo)d
Qv (v) =1 2220 Q;I;(x); ’ (3.1)

28 Jo

Now we can work on the asymptotic expansion for the ergodic distribution function of the process
Y(t) when  — oo.

LEMMA 1. (Geluk and Frenk (2011) Theorem 1) Let m1,ms,...,m, be independent and identi-
cally distributed (i.i.d) non-negative random variables with common distribution function F with
unbounded support and E (n?) < co. For a large class of heavy-tailed random variables with finite
variance the renewal function U satisfies:

T 1o 1 0o poo
_z_7 o_ - 1—-F : . 2
U (z) o MSL’/I /S ( (u))duds;x — 00 (32)
Equivalently;
U(x)_x_“?:_l/ooF (t)dt—i—O(F (w)) as T — 00 (3.3)
w2 oplf, ' |

F(z) is defined in (2.2).

In order to attain the asymptotic expression of the ergodic distribution function Qy (v) defined by
(3.2) we need to find the asymptotic expansion of the renewal function U, (z) generated by the
subexponential Weibull distributed random variables. The following lemma shows the asymptotic
expression of the integrated tail function:

LEMMA 2. In addition to the conditions of Lemma 1 let n; be subexponential Weibull distributed
random variable with parameters A\=1 and, 0 < a <1, i.e:

F(z)=P{m <z}=1—exp{—a“}.

Then:

/00 Fi(t)dt = ! O (> **exp(—z®)).

pa?
Where u, = E (n¥), 0<a < 1.

PRrROOF. It is straightforward to see
— 1 *©_
Fi(t)=— [ F(y)dy
M1 Jy

Since we consider the demand quantity 7; with subexponential Weibull distributed random variable
with parameters A=1 and, 0 < a < 1, then:

F(x)=1—exp{—z~}.

In this case
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1 o0
Fi(t) = ,Ul/ exp{—y“}dy
t
1 o0

= — exp{—u}uéfldu

M1 Jia
1 1
= —TI@t", ). (3.4)
prcx o
Hence,
- 1 > 1
Fi(t)dt =— I(t*, —)dt. 3.5
| Fwar=— [ e (35

Here T'(z,a) is upper incomplete Gamma function defined as:

F(z,a):/ 2 texp{—x}dz.

Incomplete Gamma function admits the following asymptotic expansion for large z (see e.g.
Abramowitz[1]) .

—1 —1 -2
o) = ot (149714 1= D0=2)
z z

)
=2l (140 (i)) : (3.6)

In order to compute integral (3.5) we used the asymptotic expansion of incomplete Gamma function
(3.6) and obtained:

« 1 l-a a
() =" e (-} a0
Here ¢(t) is a bounded function hence there exits a positive constant D such that,

sup |g(t)|=D < oo
>0

/ r <ta,> dt‘ = 2/ tl_aexp(ta)g(t)dt‘
T & 1 x

1 > — «
<= / £ cap (1) |g(t)] dt

So

Again by using the asymptotic expansion (3.6) we obtain the following result:

3
D 2 D 1
551 <:ra, i 1> = [m2_2aemp(—ma) <1 +0 ())} .
i « wia e

Where p, =E (n¥), 0<a<1.
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COROLLARY 2. Let ny,12,m3,... be (i.i.d) random variables and the conditions of Lemma 2 be
satisfied. Then the renewal function U, (x) which is generated by subexponential Weibull distributed
random variables satisfies the followz'ng asymptotz'c eTpansion:

U,(z)=— —l— — +0 (2" *¥exp(—z)).
2#1
where p, = E (nf) , 0<a<1.
PROOF. By using the results of Lemma 1 and Lemma 2 we obtain:
U, (z)=— —|— ﬁ +0 (2 *¥exp(—z*)) + O (F; (z)) .
and, o
O (F;(z)) =0 (' “exp(—z®)).
Proof follows by comparing the last two asymptotic terms.
LeEMMA 3.  For all measurable bounded functions h:R — R, the following limit holds:
2B8—pBv
lim exp (—t*) > **h(t)dt=0 (1), (3.8)

B—o0 0

where = (5‘753)

PROOF. Since h(xz) is given as a bounded function, there exists an K > 0 such that
sup,sq |h(z)] = K < oo holds. Thus for v € [0,2)), and 0 < a < 1 we have :

28—pBv
/ exp (—t*) t*72*h (t) dt‘ =
0

<

/OOO exp (—t*) > **h(t) dt — /00 exp (—t*) > 2h (t) dt‘

28—pv
/ exp (—t*)t* 2 *h (t)dt +/ exp(—t“)tQ%‘h(t)dt‘
5, ag-v
< / exp (—1) 272 |1 (1)t + exp (—t°) 272 |1 (¢)| dt
28— pBv

0
< K{/ exp(—to‘)tzzadt—i-/ ea;p(—t“)t”“dt}
K 0 Zﬁogﬂv

= {/ exp(—u)ugBdu+/ e:cp(—u)ug‘?’du}
@ Lo (26-pu)

_ g {r (i _ 2) <(25 Bu)° jé - 2) } (3.9)

Note that for 0 < a <1, I'(2 —2) is finite and, has a positive value. Hence I' (2 —2) = O (1).
Moreover we obtain by using (9) (asymptotic expansion of incomplete Gamma function):

((2/3 5o 2 -2) =0 (12— o) eap (- (28— 50)")).

Where g = [0,2), and 0 < ar < 1.
This completes the proof.

LEMMA 4. For all v €|0,2) the following equation holds as 3 — oo:

23 a2 _
J(U)E;B ﬂ Un(m—5v>dx_;5(24“)+2“:%(22”)+0<;>. (3.10)

where u, = E (n¥) ,k=1,2,....
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PRrOOF. Let h:R — R be a measurable bounded function. Then, by using the results of Lemma
& we obtain:

28 26— B
J(U)Ei U,,(:E—Bv)daz:;ﬁ/ U, (

26 o 26— pu
= +—+ex ) 272k (t }dt
2ﬁ / {ul 2u1 Pt Q

~ 28 { QBQ/fU) + g @8-pu o0 )}
2
:;MZU)J%M @- 5 )+O<;>. (3.11)
By using Lemma 4 the following result can be obtained as v — 0.
COROLLARY 3. The following expansion holds as § — oo:
I B8
J(O)E% i U, (xz)dx M1+2M1+O<B> (3.12)

The following theorem is the main result of this study.

THEOREM 1. Let the conditions of Proposition 2 be satisfied, then for all v € [0,2) the following
asymptotic expansion can be written for the ergodic distribution function Qy (v) of the process Y (t)
as f = @ — 00

Qy(vy:pwv)+251¢;()+49<52> (3.13)
where A ,
F(v)= U;U , (3.14)
G- 22
and v €[0,2).

Proor. Using Lemma 4 and, Corollary 3, as f — oo we have:

)
) =1=77g)

L o)

lfvar%MJri(Bv)—]l 1 pe 1 1
e () (w))
A () (o
— F(uv)+ “f ()+0<52 .

The following weak convergence theorem is straightforward result from Theorem 1.

X
l—|

(3.15)
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THEOREM 2. Assume that the conditions of Theorem 1 are satisfied. Then the ergodic distri-
bution (Qy (v)) of Y(t) converges to F (v) as f— o0 i.e:

Qy (v) = F (v)

where

PROOF. Since v € [0,2) then we have

|G (v)| = 1 <z <oo.

2

U2—2’U—2‘ 1

Moreover according to the conditions of Theorem 1 and, Proposition 1 we have ps = FE (n?) < oo
and, 1y = F (1) > 0 respectively. Therefore,‘;ﬁG (U)‘ < 4= <oo. Hence 325G (v) = 0 as § — oc.
Hence Qy (v) — F (v) as  — oco. Which completes the proof.

Note that F (v) = # is limit distribution in the interval [0,2).

4. Conclusions

In this study an inventory model of type (s,S) with subexponential demands is represented with
a semi-Markov model called a renewal- reward process. A stochastic process which express this
model is constructed mathematically. The limit distribution is obtained for the ergodic distribution
function of this system. We consider the demand quantities n,,, n=1,2,... have Weibull distribu-
tion with parameters A=1 and, 0 < a < 1 which belongs to the subexponential subclass of heavy
tailed distributions in this case. Two term asymptotic expansion for the ergodic distribution is
obtained when g = 2 5~ — 00. In order to obtain the limit distribution weak convergence theorem
is proved. Our basic idea was to examine the semi-Markovian (s,S) inventory systems with heavy
tailed distributions which was considered only with light tailed demand quantities previously. Some
data analysis studies regarding inventory control models have shown that the random variables
which represents the demand quantities tend to heavy-tailed distribution especially when sudden
unexpected fluctuations happen in the demand quantities. Thus investigating the stock control
models with heavy tailed demand quantities theoretically and analyze the effects of these demand
quantities on asymptotic results is an important field of study. As a result of the literature research
we have done so far, we have pointed out that there is no comprehensive and theoretical study
about this field in the literature.The aim of this study is to fill this gap in the literature. This
study might be considered as a beginning step to investigation an inventory model of type (s,S)
with heavy tailed demands. The results are new and important to expand the application area
of this model. As is known that there are some different asymptotic expansions for the renewal
functions generated from the different subclasses of heavy tailed distributions. Hence this approach
can also be applied to another subclasses of heavy tailed distributions by using different asymp-
totic expansions. For instance studying an inventory model of type (s,S) with the random variables
which are a member of ragularly varying heavy tailed distributions might be another suggestion
for future research. In addition if exists finite moments of this process can be calculated by using
this approach and simulation methods can be applied to concrete models.
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