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Abstract

In this paper we investigate the existence of weak solutions under the Pettis integrability assumption for a
coupled system of partial integral equations via Hadamard’s fractional integral, by applying the technique
of measure of weak noncompactness and Ménch’s fixed point theorem.
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1. Introduction

In this paper N and R denote the sets of positive integers, respectively the set of real numbers, while
Ny :=NU {0} and R] := [0,00).

The fractional calculus represents a powerful tool in applied mathematics to study many problems from
different fields of science and engineering, with many break-through results found in mathematical physics, fi-
nance, hydrology, biophysics, thermodynamics, control theory, statistical mechanics, astrophysics, cosmology
and bioengineering [25, [40]. There has been a significant development in fractional differential and integral
equations in recent years; see the monographs of Abbas et al. [1, 2], Kilbas et al. |26], Miller and Ross [2§],
and the papers of Abbas et al. [3], Darwish et al. [16, 17, [18] 19, 20, 21], Vityuk et al. [41], [42], and the
references therein.
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In [I4], Butzer et al. investigated properties of the Hadamard fractional integral and derivative. In [15],
they obtained the Mellin transform of the Hadamard fractional integral and differential operators, and in [36],
Pooseh et al. obtained expansion formulas of the Hadamard operators in terms of integer order derivatives.
Many other interesting properties of those operators and others are summarized in [37], and the references
therein.

The measure of weak noncompactness was introduced by De Blasi [22]. The strong measure of noncom-
pactness was developed first by Banas and Goebel [6] and subsequently developed and used in many papers;
see for example, Akhmerov et al. [4], Alvarez [5], Benchohra et al. [10, [12], Guo et al. [23], Monch et al.
[30, B1], Szufla [38], and the references therein. Recently in |7, [§] Benchohra et al. used the measure of weak
noncompactness for some classes of fractional differential equations and inclusions, while in [9], a class of hy-
perbolic differential equations involving the Caputo fractional derivative was considered. Some applications
of the measure of weak noncompactness to ordinary differential and integral equations in Banach spaces are
reported in |11, 27, 33, [39] and the references therein. Some recent results on coupled systems of operator
equations in b-metric spaces are given in [34].

This paper deals with the existence of weak solutions to the following coupled system of Hadamard partial
fractional integral equations of the form, for (z,y) € J,

u(w,y) = p(w,y) + f7 f7 ()" (i y)" 7t Alegpled o) gy s,

(1.1)

o(a,y) = pa(ry) + [7 Y (0 2)" 7 ()" RO D tds,

where J :=[1,a] x [1,0], a,b > 1, r1,79,p1,p2 > 0, p1,pu2 : J — E and f1, fo : J x E X E — E are given
continuous functions, I'(+) is the Euler gamma function and E is a real (or complex) Banach space with norm
| - ||z and dual E*, such that E is the dual of a weakly compactly generated Banach space X.

The present paper initiates the use of the measure of weak noncompactness and Monch’s fixed point
theorem to the coupled system (|1.1)).

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this

paper.
Let C := C(J, E) be the Banach space of continuous functions w : J — E with the norm

|ullc = sup |lu(z,y)lE-
(zy)ed

It is clear that the product space C := C' x C is a Banach space with the norm

1(w, v)lle = llulle + [lvlic-

Denote by L*°(J, E'), the Banach space of essentially bounded measurable functions u : J — E equipped
with the norm
[ull oo = inf{c > 0: [lu(z,y)||p < ¢, ae. (z,y) € T}

Let (E,w) = (E,o(FE, E*)) denote the Banach space E with its weak topology.

Definition 2.1. A Banach space X is called weakly compactly generated (WCG, in short) if it contains a
weakly compact set whose linear span is dense in X.

Definition 2.2. A function h : E — F is said to be weakly sequentially continuous if h takes each weakly
convergent sequence in E to a weakly convergent sequence in E (i.e., for any (u,) in E with u, — u in

(E,w) then h(u,) — h(u) in (E,w)).
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Definition 2.3. [35] The function v : J — E is said to be Pettis integrable on J if and only if there
is an element u; € F corresponding to each j C J such that ¢(u;) ff od(u(s,t))dtds for all ¢ € E*,

where the 1ntegral on the right hand side is assumed to exist in the sense of Lebesgue, (by definition,
= f s, t)dtds).

Let P(J,E) be the space of all E-valued Pettis integrable functions on .J, and L'(J,R), be the Banach
space of Lebesgue integrable functions u : J — R. Define the class Pi(J, E) by

Pi(J,E)={u € P(J,E) : p(u) € L'(J,R) for every ¢ € E*}.

The space Pi(J, F) is normed by

a b
lulp = sup / / lo(u(z,9))|dA(z, ).
pEE*, [lplI<1J/1 J1

where A stands for the Lebesgue measure on J.

The following result is due to Pettis (see [[35], Theorem 3.4 and Corollary 3.41]).
Proposition 2.4. [35] If u € Pi(J, E) and h is a measurable and essentially bounded E—valued function,
then uh € Pi([0,al, E).

For all that follows, the sign “ [” denotes the Pettis integral.

Let us recall the definitions of Pettis integral and Hadamard integral of fractional order.

Definition 2.5. [24] 26] The left sided mixed Pettis Hadamard integral of order ¢ > 0, for a function

g € Pi([1,a], E), is defined as
Hor _ L et el
()@ = g [ (m2)" L

Remark 2.6. Let g € Pi([1,al], E). For every ¢ € E*, we have

o("ITg)(x) = ("I{pg)(x); for a.e. x € [1,a].

Definition 2.7. Let r1, 79 > 0, 0 = (1,1) and r = (r1,72). For w € Py(J, E), define the left sided mixed
Pettis Hadamard partial fractional integral of order r by the expression

oo r1 1 y\r2— 1w( )
I 1 dtds.
(e = o [ () ()"

Definition 2.8. [22] Let E be a Banach space, Qg the bounded subsets of E and Bj the unit ball of E.
The De Blasi measure of weak noncompactness is the map §: Qg — [0,00) defined by

B(X) := inf{e > 0 : there exists a weakly compact subset Q2 of E
such that X C eB; + Q}.

The De Blasi measure of weak noncompactness satisfies the following properties:
(a) AC B = p(A) <B(B),
(b) B(A) =0« A is relatively weakly compact,
(¢) B(AU B) = max{f(A), B(B)},
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(d) B(A”) = B(A), (A” denotes the weak closure of A),
A+ B) < B(A) + B(B),

) B(
) B(
) BAA) = |AIB(A),
) B(
) B(

(e
(f
conv(A)) = B(A),
Unj<nAA) = hB(A).

The next result follows directly from the Hahn-Banach theorem.

(g
(h

Proposition 2.9. Let E be a normed space, and xo € E with x¢g # 0. Then, there exists ¢ € E* with
lell =1 and p(x0) = [|lzo-

For a given set V of functions v : J — E let us denote by
Viz,y) ={v(z,y) :v eV} (2,y) € J,
and
V(J) ={v(z,y) :v eV, (z,y) € J}.

Lemma 2.10. [23] Let H C C be a bounded and equicontinuous. Then the function (x,y) — B(H(x,y)) is
continuous on J, and

Bc(H) = max B(H(z,y)),

(z,y)e

8 ( / /J u(s,t)dtds> < / /J B(H (s, t))dtds,

where H(s,t) = {u(s,t) :u € H, (s,t) € J}, and B¢ is the De Blasi measure of weak noncompactness defined
on the bounded sets of C'.

and

For our purposes, we will need the following fixed point theorem:

Theorem 2.11. [32] Let QQ be a nonempty, closed, convex and equicontinuous subset of a metrizable locally
convex vector space C(J, E) such that 0 € Q. Suppose T : Q — Q is weakly sequentially continuous. If the
implication

V =conv({0} UT(V)) =V is relatively weakly compact, (2.1)

holds for every subset V. C Q, then the operator T has o fized point.

3. Existence Results
Let us start by defining what we mean by a solution of the integral equation .

Definition 3.1. A pair (u,v) € C is said to be a solution of if (u,v) satisfies equation on J.
Further, we present conditions for the existence of a solution of equation ([1.1).

Theorem 3.2. Assume that the following hypotheses hold:

(Hy) For a.e. (z,y) € J, the functions u — fi(x,y,u,v), v = fi(z,y,u,v), i = 1,2, are weakly sequentially
continuous,

(Hs) For a.e. u,v € E, the functions (z,y) — fi(z,y,u,v); i = 1,2 are Pettis integrable a.e. on J,
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(Hs) There exist functions P; € C(J,[0,00)); i = 1,2 such that for all ¢ € E*, we have
lp(fi(z,y,u,v))| < ,for ae. (z,y) € Joand u,v € E,
L+ [l + llulle + vz
(Hy) For each bounded set B C E and for each (x,y) € J, we have
If
P*(lna)™ (Inb)"2 P*(Ina)? (In b)P2
F(l + 7’1)F(1 + 7“2) F(l + pl)F(l + pg)
where P = ||P;||L~; i = 1,2, then the coupled system has at least one solution defined on J.
Proof. Define the operators N; : C' — C; i =1,2 by
T x\T1— T2— s,tau(s,t),v(s,t .
+ 7 ()™ (Ind)™ T StgetR T dtds,
and
T T - - s,t,u(s,t),v(s,t .
+ i/ (lng)pl (In %)pQ 425t1"(p1)1"(p2) dtds.
Consider the continuous operator N : C — C defined by
(N (u,v))(z,y) = (Nu)(z,y), (Nav)(z,y)). (3.4)

First notice that, the hypothesis (Hz) implies that
Vu, v e Ca f(7 " U(', ')7“('7 )) € P(']v E)

From (Hs3) we have that for all (z,y) € J, the functions

(1n E)“‘l (in y)”—l fi(s,t,u(s,t), v(s,1)

S t st

and

(n2)" (1) Salos bl ).l 0)
S t st
are Pettis integrable and thus, the operator N makes sense.

Let R, R; > 0; i = 1,2 be such that

Pf(lna)™(Inb)™
D(1+7)I'(1+re)

Pj(Ina)” (Inb)r?
L1+ p)T(1+ p2)

; By > |lpzllo +

Ry > |lpalle +

and R = R; + R»,
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and consider the set

Q = {(w,v)€C:|(u,v)]le <Rand ||(u,v)(w1,y1)
< lpa(zr, y1) — pa(xe, yo)lle + (221, y1)
+ Pl*

F(l + rl)l“(l + 7’2)

— (u,v) (22, y2)||lE
— p2(z2,92) || E

x[2(Iny2)?(Inzy —Inzy)™ 4+ 2(Inze) ™ (Inys — Iny; )™

+(Inzy) (Iny)™ — (Inas)™ (Inyz)™
—2(ln zo —Inz)*(Inys — In Z/l)m]
Py

IS

x[2(Iny2)”?(Inxe — Inz1)P* 4+ 2(Inz2)” (Inye — Iny; )*?

+(lnzy)" (Iny;)”? — (Inz)” (Inys)"
—2(Inze —Inx1)P (Inyy — Iny;)P?]}.

Clearly, the subset @ is closed, convex and equicontinuous. We shall show that the operator N satisfies all
the assumptions of Theorem [2.11] The proof will be given in several steps.

Step 1. N maps @ into itself.

Let u,v € Q, (z,y) € J and assume that (N;u)(z,y) # 0; i = 1,2. Then there exists ¢; € E*;

that [|(Nyu)(z,9) | & = é:(Nu)(z, ). Thus
|(N1u) (@, 9)

=¢1 ('ul =) (Tl)lr (r2) / /

fl S,t,U(S t),’U(S,t) dtdS)

= ¢1(m (2, y)) + ¢ <P (r1)T(r2) / /

><f 1(s,t,u(s, t),v (s’t))dtds>

st
< ez e+ 7o~ T(r)T(r2) / /

Pl*(l ) (In b)r2
T(1+7r)0(1+72)

< lpalle +
< R;.

1 = 1,2 such

n<

rl 1 1 Y ro—1
(3)

'r1 1 Y ro—1
ln )
t

7“1 1 ro—1 P, t
hl g) 2 1(8, )
t st

dtds
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Also, we get
[(Nov)(z,y)

- (m(x’y) (pl)lf (p2) // ln pl (m %>P2—1

Xfg(s,t,u(s,t),v(s,t))dtd8>
st

= Galpa(a,)) + b2 <F(”1)1F(p2)/1/1y ()" ()"

« f2(57 t, U(S, t)) U(S, t))dtd8>
st

p 1 p2—1 Py(s,t
< 2@, 9)lle + 5~pry / / v lny) LB t) gy
pg t st

Pz(lna) (
(1 +p)T (1+p2)

< llpzllc +
< Rs.

Thus,
(N (uw, 0)) (2, y)le < Ri+ Ry = R.

Next, let (z1,91), (z2,y2) € J be such that 1 < x2 and y; < yo, and let u,v € @, with (Nyu)(x1,y1) —
(N1u)(x2,y2) # 0 and (Nov)(x1,y1) — (N2v)(w2,y2) # 0. Then there exists ¢; € E*; i = 1,2 with ||p;|| =1
such that

[(N1u)(z1,91) — (N1u) (22, y2) | B = ¢1((N1w)(z1,y1) — (N1u) (22, 92))

and
|(Nov)(21,91) — (N2v) (22, y2)||g = ¢1((Nav) (21, y1) — (Nav) (22, y2))-
Then
[(N1u) (2, y2) — (N1w)(z1, 1) || E
= ¢1((N1u) (22, 92) — (N1w) (21, 91))
< g (w1, 91) — N1(=T2ay2)”E
e [ (I i
% |¢1(f1(87t7u(: D0 grds
T S e B I L
+F(T‘1) NeyRie yy12 o 22|77 |1 22|72 [2LUslsbule o0 grq
+F(T1 ) (r2) f ‘1 %‘Tl 1‘1 yTQ}TQ 1|¢1(f(8tugit) U(St)))ldtds.
This gives

[(N1u) (22, y2) — (N1uw)(z1, 11)l| e < [|pa (w1, y1) — (@2, y2) || e
1 T r1—1 ro—1
ooy S |In Z2{™ 7 [In 227

— [z 2 B gy

b 5
+F(r1)( 2) e ‘1 2| |In 22|77 Jhdtds
e o S 22| i 2 1%dtd

<|\M1($1apyl) M1($2,y2)!\E
+W[ (Iny2)?(Inwy —Inzy)™ + 2(Inwo)" (Inys — Iny;)™
+(Inz1)(Iny;)™? — (Inxg)™ (Inyz)"
—2(Inzy —Inzy)" (Inys — Iny;)"].
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Also,
||(sz)($%;*y2) — (N20) (@1, y1)l[ 2 < lp2(er, y1) — p2(22, y2)|l &
+WM[2(ID y2)P?(Inze —Inx1)?! + 2(Inz)” (Inys — Iny;)P?
+(lnzp)P (Iny; )2 — (Inxe)”! (Inys)P?
—2(Inzy —Inzy)P (Inys — Inyp)?2].
Thus,

(N (u, v)) (22, y2) — (N(u,v)) (@1, 1) l|e

< Hul(fﬁl}gl) — (@2, y2)ll g + [lp2(zr, 1) — po(z2, v2) |
+m[2(ln y2)2(Inze —Inxy)™ + 2(Inzo)™ (Inyy — Iny;)™
+(Inz1)(Iny;)™? — (Inxz)™ (Inyg)"
—2(lnzy —Inzy)" (Inys — Iny;)"?]
—I—WB(ID y2)P?(Inzg —Inx)? +2(Inzg)” (Inys — Iny; )P

+(ln fUl)pl (ln yl),ﬂz _ (ln x2)P1 (ln y2)92
—2(Inze —Inzy)P (Inyy — Iny;)P2].

Hence N(Q) C Q.

Step 2. N is weakly-sequentially continuous.
Let (up,v,) be a sequence in @ and let (uy,(z,y)) = u(z,y) and (v,(x,y)) — v(z,y) in (E,w) for each
(x,y) € J. Fix (x,y) € J. Since f;; i = 1,2 satisfy the assumption (H7), then for each i € {1,2} the function
fi(x,y, un(z,y), va(x,y)) converges weakly uniformly to f;(x,y,u(x,y),v(x,y)). Hence the Lebesgue domi-
nated convergence theorem for Pettis integral implies that for each (z,y) € J, the sequence (Nyuy,)(z,y) con-
verges weakly uniformly to (Nyju)(z,y) in (E,w), and (Nav,)(z,y) converges weakly uniformly to (Nov)(z,y)
in (F,w). So N(up) — N(u). Then N : Q — @ is weakly-sequentially continuous.

Step 3. The implication holds.
Let V be a subset of @ such that V = conv(N (V) U {0}). Obviously
V(z,y) C conv(NV)(z,y)) U{0}), (z,y) € J.

Further, as V' is bounded and equicontinuous, by Lemma 3 in [13] the function (z,y) — v(x,y) = 8(V(z,y))
is continuous on J. Since the functions p;; ¢ = 1,2 are continuous on J, the set {u(x,y); (z,y) € J} C E is
compact. From (Hj3), Lemma and the properties of the measure 3, for any (z,y) € J, we have

v(z,y) < B((NV)xy)U{O})
< 5((NV)(
r1— 1 LY ra—1 Py (s,t)B(V (s,t))
= L (r1)T(r2) / / ‘ Z st s
1 p1— 1 y p2=1 Py(s,t)B(V(s,t))
+ /)1sz / /‘ In ¥ - dtds
- 1 Y[t Auls,t)u(s, t)
= 7"1)1“ 2) / / ‘ t —tdtd
Py et Pafs, (s, 1)
* L(p1)T(p2) / / ‘ " —tdtds
. Hchr / / w2 gm* Plfjt’ D dras
2)
HUHC p1— 1 y p2—1 Py(s,t)
* ['(p2) / / ‘ E B

(
< P1 (Ina)™ (Inb)™ n Py (lna) 1(Inb)P? > o]
- T(1+r1)F(1 +72) | T4+ p)T (4 p2))
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Thus
[v]l < Lijv[le.

From (3.1)), we get ||v|lc = 0, that is, v(z,y) = S(V(z,y)) = 0, for each (z,y) € J and then by Theorem 2
in [29], V is weakly relatively compact in C. Applying now Theorem we conclude that N has a fixed
point which is a solution of the coupled system (1.1)). O]

4. An Example
Let

o0
E=1'= {u:(ul,w,...,un,...), Z|un| <oo}
n=1

be the Banach space with the norm
e}
lulle =3 Jual-
n=1

We consider the following coupled system of partial Pettis Hadamard integral equations, for (z,y) € [1,¢]?,
T z\r1—1 ro—1 fn(s,t,u(s,t),v(s,t
(@, y) = () + f7 [ (0 2)" 7 (in g™ el ael) gy,
(4.1)

vn(z,y) = po(z,y +f1 f1 (ln )pl ' (1 y)p2 lgn(ji??;gf)t)(zg) ))dtd&

where r1,72,P1, P2 > 07 Ml(‘r?y) =T +y27 /,LQ(CU,y) = .’172 +y7

2
cxy _7 1
folx,y,u(z,y),v(x e+ ——— | up(x,
n(T, Y, u(w,y), v(z,y)) = 1+ [[u(z,y)| v(z,y)|| ( €x+y+5> n(2,9)

and .
Qe

g x7y7ux7y7 y v x’y?

(@ v ule ) (0 0) = T T o s Y
with

w= (U, U2, ..., Upy...), V=_(V1,02,...,0n,...),
and
o
c:= §F(1 + 7)1+ rg).

Set

f:(fl,fQ,...,fn,...), g:<g1792,...,gn,...).

Clearly, the functions f and g are continuous.
For each u,v € E and (z,y) € [1,¢] x [1,¢], we have

1
2 -7
Hf(‘rvyau(‘rvy)av(xvy))”E < cry <€ + €x+y+5> :

and
lg(x, y, u(z,y),v(z,9) e < cay~°.

Hence, the hypothesis (H3) is satisfied with P} = P = 2ce~*. We shall show that condition (3.1)) holds with
a =0b=e. Indeed,

Pi(lna)™(Inb)™ Py (Ina)f (In b)r? B 2c
FA+r)I(1+r) TA+p)T(A+p2) A1 +r)T(1+19)
2c
eT(1+ p1)T(1 + p2)
1
= —<1.

2
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A simple computation shows that all conditions of Theorem are satisfied. It follows that the coupled

system (4.1)) has at least one solution on [1,¢€] x [1, €].
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