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Abstract

This paper is devoted to the study of a Chebyshev-type method free of derivatives for solving nonlinear
equations in Banach spaces. Using the idea of restricted convergence domain, we extended the applicability
of the Chebyshev-type methods. Our convergence conditions are weaker than the conditions used in earlier
studies. Therefore the applicability of the method is extended. Numerical examples where earlier results
cannot apply to solve equations but our results can apply are also given in this study.
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1. Introduction

Let F: Q C By — Bs be a Fréchet differentiable operator between the Banach spaces By and Bs. Due
to the wide applications, finding a solution for equation

F(z)=0 (1)

is an important problem in applied mathematics and computational sciences. Convergence analysis of itera-
tive methods require assumptions on the Fréchet derivatives of the operator F. That restricts the applicability
of these methods.
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In this paper we study the seventh convergence order Chebyshev-type method [13]:

Yn = $n—A;1F(xn)>

Zn = Yn — BnF(yn)a (2)
In+l = 2n — CnF(Zn)y
where
A, = [wnvanFL
B, = (3I - Arzl([yname] + [ynvme]))A;la
Cn = [zmanF]_l([wnaan F] + [yn,xn; F] - [Zn>$n§F])A7;1:
wn, = xp+yF(zn), vER,

[.,; F] denotes a divided difference of order one on 22 and xg € € is an initial point. Throughout this paper
L(Bg, B1) denotes the set of bounded linear operators between B; and Bs.

The study of convergence of iterative algorithms is involving categories: semi-local and local convergence
analysis. The semi-local convergence is based on the information around an initial point, to derive conditions
ensuring the convergence of these algorithms, while the local convergence is based on the information around
a solution to get estimates of the computed radii of the convergence balls. Local results are important since
they tell us about the degree of difficulty in choosing initial points.

The above method was studied in [I3]. Convergence analysis in [I3] is based on the assumptions on
the Fréchet derivative F' up to the order seven. In this study, we use only assumptions on the first Fréchet
derivative of the operator F' in our convergence analysis, so the the method can be applied to solve
equations but the earlier results cannot be applied [I}, 2, [3, 4, [ 6] [7, 8, O 10, 11, 12), 13, 14] (see Example
3.2).

The rest of the paper is structured as follows. In Section 2 we present the local convergence analysis of
the method . We also provide a radius of convergence, computable error bounds and a uniqueness result.
Numerical examples are given in the last section.

2. Local convergence
We need a definition concerning the monotonicity of functions.

Definition 2.1. Let T : D C R x R — R be a function. We say T is nondecreasing on €, if for each
(a1,a2), (a3, as) € D with ay < az,az < ag,

T(a1,a2) < T(ag,ayq). (1)

Moreover, T' is increasing on D, if a; < ag and as < a4 or a1 < ag and as < a4 or a1 < ag and ag < a4
imply T'(a1,a2) < T(az,a4).

Let us introduce some parameters and scalar functions to be used in the local convergence of method
that follows. Let v € R and ¢ > 0 be parameters and let function wp : [0, +00) x [0, +00) — [0, +00) be
continuous and nondecreasing with wg(0,0) = 0. Define parameter ¢ by

ro = sup{t € [0, +00) : wo(dt,t) < 1}. (2)

Let vg : [0,79) — [0,+00),w;y : [0,79) X [0,79) —> [0,4+00) be continuous and nondecreasing functions.
Define functions g1 and hy on the interval [0,79) by

wi(|ylvo(8)t, 1)

) == Gt
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and
hi(t) = gi(t) — 1.
Suppose that

w1(0,0) < 1. (3)
Suppose that
hi(t) — a positive number or + 00 ast — 7. (4)
We have by that
w1(0,0)
h1(0) = —-1<0. )
1(0) 1 — wp(0,0) (5)

Then, by , and the intermediate value theorem equation hi(t) = 0 has solutions in the interval
(0,70). Denote by ri the smallest such zero. Let v : [0,79) — [0,400),w2 : [0,79) — [0,+00) and
ws : [0,79) x [0,79) —> [0, +00) be continuous and nondecreasing functions. Define functions 3, gs, ha on
[0,7‘0) by
1+ wo(dt, ) +wa((d + g1(8)8)t) + w3((0 + g1(2))¢, [v]vo(t)t)v(g1(2)t)

(1 — wo(dt,t))?

g2(t) = (1 + B(t)v(g1(t)t))g1(2)

p(t) =

and
hg(t) = gg(t) — 1.
Suppose that
(1+ B(0)v(0))w1(0,0) <1 (6)

and
ho(t) — a positive number or + oo ast — ry (7)

We get by (6) that h2(0) < 0. So, by the intermediate value theorem equation hy(t) = 0 has solutions in the
interval (0,7¢). Denote by ry the smallest solution of hy(t) = 0 in the interval (0, ry). Define functions p; and
hp, on the interval [0, ry) by

p1(t) = wolg2(t)t, g1 (0)t)
and
hp, (t) = p1(t) — 1.
We have by the definition of function wyg that hy,, (0) < 0. Suppose that

hp, (t) — a positive number or + oo ast — 7. (8)

Denote by 7,, the smallest solution of equation hy, (£) = 0 on the interval (0,79). Define functions ¢, g3, h3
on the interval [0,7,,) by

o(t) = 1F wa((9 + g2(8)t) + wolg2(t)t, 1)

(1= p1(0) (1 = wo(dt, 1)

g93(t) = (1 + @(t)v(ga(t)t)) ga(t

—_

and
hs(t) = g3(t) — 1.
Suppose that
(14 (1 + w2(0))v(0)) (1 + B(0)v(0))w1(0,0) <1, (9)

and
h3(t) — a positive number or + o0 ast — 7, . (10)
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We have that h3(0) < 0. Denote by r3 the smallest solution of equation hz(t) = 0 in the interval (0,79).
Define the radius of convergence r by

r=min{r;} i=1,2,3. (11)
Then, for each ¢ € [0,r)
0<gi(t)<1 (12)
0<p(t)<1 (13)
and
0<pi(t) <1 (14)
Finally, define R* by
R* = max{r,or}. (15)
Some alternatives to the aforementioned conditions are:
Equation
wp(dt, t) =1

has positive solutions. Denoted by r¢ the smallest such solution. Functions vy, w1, v,ws and w3 defined on
the same intervals as before are increasing. Then, clearly conditions , , and hold.
We can show the local convergence analysis of method .

Theorem 2.2. Let F' : Q C By — B be a continuously Fréchet differentiable operator and let [.,.; F] :
Q x Q — L(By1,Bs)be a divided difference of order one on Q x Q for F. Suppose: there exists x* € Q and
function wg : [0,400) X [0,+00) — [0,+00) continuous and nondecreasing with wy(0,0) = 0 such that for
each x,y € €,
F(z*) =0, F'(z*)"" € L(B2,By); (16)

and

1/ (") ([, F] = F' (@) < wolllz — 2™, [y — 2*[])- (17)
Let Qo = QN B(a*,rg). There exist v € R,§ > 0, functions vg,v,ws : [0,79) — [0, +00), wi,ws : [0,79) X
[0,79) — [0,4+00) such that for each z,y,z € Q

11+ ~la, 2™ F|| <6, (18)
[z, 2" FlI| < vo([lz — 27]), (19)
1F" (@)~ e, 2™ F|| < w([la — ™)), (20)
1F" (") ([, F] = [y, 2*5 FD|| < wi(ll =yl [ly — 2]), (21)
1F" (%) " ([, 93 F] = [2, 9 F))I| < wa(llz — 21)), (22)
1F" ()" ([, y; F) = [z, 25 FDI| < ws(lle = =], |y — «])), (23)
B(z*,R*) C Q, (24)
@), (@), (8 and [9) hold. Then, the sequence {xn} generated for xg € U(z*,r) — {z*} by method (3) is well
defined, remains in U(x*,r) for each n = 0,1,2,... and converges to x*. Moreover, the following estimates
hold
[y — 2*|| < g1([[en — 2" [D]an — 27| < lJan — 27| <7, (25)
lzn — 2" < g2(llen — 27| llzn — 27| < [lan — 27| (26)
and
[2nt1 = 2% < gs(lzn — 2 [)2n — 2™ < [lzn — 27, (27)

where the functions g;,i = 1,2,3 are defined previously. Furthermore, if there exists for Ry > r such that
wo(R1,0) <1 or wy(0,R;) <1, (28)
then the limit point x* is the only solution of equation F(x) =0 in Q1 := QN B(z*, Ry).
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Proof. The proof is induction based. By hypothesis zg € U(z*,r) — {«*}, the definition of wg, Ag,r the
fact that wg is nondecreasing, we have that
|F' (%)~ (Ag — F'("))|
(by (7)) wo([lwo — 2|, [lzo — ™))
(by @) wo(llzo — 2" +~[xo, ™5 F](zo — 2*)||, w0 — ™))
wo(([(L + v[zo, z™; F])(zo — "), w0 — 27])
(by and )wo(dr, r) < 1. (29)

In view of and the Banach perturbation lemma [2] 3], we get that Ay is invertible and

IA A A IA

1
wo(8llzo — *[|, [lwo — =)

147 F' (@) < = (30)

We also have that gy is well defined by the first substep of method for n = 0. We can write by method

and that

yo—z* = (by [@)zo—2* — Ay F(x)
= (by (@) 45" (Ao(o — ) — [0, F)(zo — )
= Ay F(@*)[F' (@) ([uo, o; F] — [xo, 25 F])] (0 — 2¥).
(31)

By the first substep of method for n = 0, the definition of r, g1, the fact that w; is nondecreasing, we
obtain in turn that

o — ||
< (by @) |45 F' (@) |1 F' (%)~ ([wo, z0; F] — [w0, z*; F) | |20 — =¥
w1 ([lwo — woll, [[zo — z*]|)[|z0 — 7|
< (by (21) and (30]
( B = = Gl — 2T, o — 2°1)
wi([v|vo(l|ro — xol|)[|zo — 2™ «
< (by @ and (1) (|y|vo (]l Il | -

1 —wo(0]|wo — z*|, lzo — z*|)
= g1(llzo — z|))||zo — || < (by (7)) for i = 1) [Jzg — 2™[| <, (32)

which shows for n = 0 and yo € B(z*,r). We need an estimate on ||ByF’(z*)||. By the definition of By,
B and the fact that functions wy,we, w3 are nondecreasing, we have in turn that

| BoF ()]

145" (340 — [yo, o F) — [yo, wo; F1) Ayl

< AT (@) PIF ()T F ()|
[ F (%) ([wo, wo; F] — F'(z*))|
+||F' (%) ([wo, z0; F] — [yo, zo; F)|
+|F' (%) ([wo, zo; F] — [yo, wo; F)|]
< (by @2, @3 (2)

L+ wo(llzo — 2*||, [[zo — 2*|) + wa(|lwo — yoll) + ws(|lwo — yoll, |z0 — wol|)
(1 —wo(dllzo — z*|, [|[zo — z*||))?
< B(llwo — 2™|))- (33)

By the second substep of method , the fact that function v is nondecreasing , § is nonnegative and the
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definition of go we get in turn that

lz0 — ]|
< (by the triangle inequality) [[yo — || + | BoF" () [[[|F' (z*) " F (o) |
< (by B3)) (1 + B(lyo — z"Nv(llyo — =*I)) llyo — 2|
< (by and (33))
(1 + B(lzo — " elgr (120 — 220 — =) g1(llzo — 2 120 — 27|
= (by the definition of function g3) ga2(||zo — *||)||xo — z*||
< (by (for i=2)) ||z — z™| < 7, (34)

which shows (26]) for n = 0 and 29 € B(x*,7). We must show [z, yo; F]~! € L(Bs, B1). We get that

1F ()~ ([20, yo; F) = F' ()|

< (by Jwo(l|lzo — =™ ], [|[yo — =™|])

< (by and Ywol(g2(l|zo — =) lzo — ™|, g1(||wo — z*||) |0 — 2*|)

= (by the definition of function p1) p1(||zo — z*||) (35)
< (by )pi(r) <1,

SO
1

| < :
1= pi([lzo — z*[])

1[0, yo; F] ()] (36)

To obtain an estimate on ||CoF”(z*)]|,

1E" (")~ (([wo, 205 F] = [20, 0; F)) + (Iyo, w03 F] = F'(2*)) + F'(a")) |
(by (17) and (22) ) 1 + wa(flwo — 2oll) + wo(llyo — ™[, [lzo — 2|)

(by the triangle inequality )

IN A

L+ wa([lwo — 27| + [lz0 — 2™[|) + wolllyo — 2" (|, llzo — 27|)),

so by the definition of ¢
ICoF (@) < (by (BI) and (36))
1+ wa(flwo — 2|, |20 = 2*||) + wo(llyo — =], [0 — 2™[])
(1 =pr(flzo — 2*[1) (X = wod([lzo — =], [lzo — 2*]))
< @(llzo — 27 (37)

leading by the third substep of method (by (1), (for i = 2), and (B7)) to the estimate

A

(B
< (by the triangle inequality) ||z0 — z*|| + ||CoF’ (™) |||| F'(z*) " F (20)||
< (by and ) (L4 @([lzo — 2" [)v(ll20 — ™))l 20 — =]
< (by B9) (1 +¢(llzo — z*[)v(g2(llzo — 2™[)]lzo — 2™])
xga([lwo — 2™ |)[|zo — 27|
= (by the definition of g3) g3(||zo — z*||)||xo — || (38)
< (by for i = 3) ||xo — || < 7,

which shows and z1 € U(z*,r). The induction for f is completed in an analogous way, if we
replace xo, Yo, 20, U0, T1 DY Tk, Yk, 2k, Uk, Ti+1, respectively, in the previous estimates. Then, it follows from
the estimate

[Tpg1 — 27| < cllap — 27| <, (39)
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where ¢ = g3(||zo — 2*||) € [0, 1), that klim xp = o* and xp1 € U(x*,r). Let y* € Q1 with F(y*) = 0. Define
—00
Q by Q = [y*,z*; f]. Then, we get that

IF'(z")7HQ — F'(@")| < (by (7)) wo(0, [ly* — ™))
< (by @8))wo(0,R1) <1, (40)

so @ is invertible. Then, from the identity 0 = F(y*) — F(z*) = Q(y* — z*), we conclude that z* = y*.
(|

Remark 2.3. Method @ is not changing if we use the new instead of the old conditions [13]. Moreover,
for the error bounds in practice we can use the computational order of convergence (COC) [T

[

¢ = Mlana =]

[N
Ton—a°]

foreachn=1,2,...
in

or the approximate computational order of convergence (ACOC)

Inllzn+2=zn1]l

Tpi1—T
5*:M, for each n=0,1,2,...
nJEnt1=aa]l
llzn—2n—1]

instead of the error bounds obtained in Theorem [2.3

3. Numerical Examples

The numerical examples are presented in this section. We choose
1
0. F) = | F(y+ 0l = )b
0
Example 3.1. Let X = R3, Q= U(0,1),2* = (0,0,0). Define function F' on Q for ¢ = (z,y,2)T by

e—1
F(Q) = (637 - 1’ 7y2 +ya Z)T'

2
Then, the Fréchet-derivative is given by
e’ 0 0
Flig)=] 0 (e—=1y+1 0
0 0 1

1
Notice that using the (.)—(.) condztzons we getwo(s,t) = Lo (S—I—t) wi(s,t) = Etlol (1) = LeTot,ws(s,t) =
L(s+t),v0(t) = v(t) = (1+6L0) ro = 1o Log=1+4+1 |’7|(1+€L0) Ly=e—1 andL = e. The parameters are

r1 = 0.2010, ro = 0.0830, r3 = 0.0639 = r.

Example 3.2. Let X = C[0,1],Q = B(z*,1) and consider the nonlinear integral equation of the mized
Hammerstein-type [7, [11] defined by

where the kernel K is the Green’s function defined on the interval [0,1] x [0, 1] by

K(S7t):{ (1—s)t, t<s

s(1—t), s<t.
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The solution x*(s) = 0 is the same as the solution of equation , where F': C[0,1] — C[0,1]) is defined
by
a(t)?

t
dt.
2

1
F(x)(s) = z(s) — /0 K(s,t)

Notice that [, 7, (8]

o =

1
H/“K@wwng
0
Then, we have that
1
IW@M$=M@—/RK@QMWM
0

so since F'(x*(s)) =1,

IF/ ) (F (@) ~ PO < gllz .

We can choose wy(t, s) = wi(t, s) = ws(s,t) = 52, wa(t) = %t,v(t) = 1% and 6 =1+ ]'y|1%. The parameters
are
r1 = 0.5805, ro = 0.2623, r3 = 0.1463 = r.
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