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Abstract 
 

This work is devoted to the derivation and classification of rational-form solutions containing exponential 
structures for the (1+1)-dimensional Van der Waals gas system. The analysis begins with the construction of 
closed-form solutions of the Abel equation with constant coefficients under suitable restrictions. These 
solutions are then employed as building blocks to represent the solution of the gas system through a finite 
series framework. By incorporating this representation into the governing equations, the problem is 
transformed into a nonlinear algebraic system involving several unknown parameters. This system is solved 
symbolically with the assistance of the Mathematica software package. Consequently, a family of exact 
solutions characterized by exponential-rational expressions is obtained for the nonlinear Van der Waals model. 
To further interpret the results, the dynamical behavior of the derived wave profiles is examined using 
graphical techniques, including two-dimensional and three-dimensional plots, as well as contour and density 
distributions. 
 

Keywords: Abel equation with constant coefficient, (1+1)-dimensional Van der Waals gas system, Abel 
equation method, wave solutions. 
 
 

(1+1)-Boyutlu Van Der Waals Gaz Sistemi için Dalga Çözümlerinin 
Belirlenmesinde Abel Denklem Yöntemi 

 

Öz 
 

Bu çalışma, (1+1) boyutlu Van der Waals gaz sistemi için üstel yapılar içeren rasyonel biçimli çözümlerin 
türetilmesi ve sınıflandırılmasına adanmıştır. Analiz, uygun kısıtlar altında sabit katsayılı Abel denkleminin 
kapalı form çözümlerinin elde edilmesiyle başlamaktadır. Elde edilen bu çözümler, sonlu bir seri yaklaşımı 
çerçevesinde gaz sisteminin çözümünü ifade etmek için yapı taşları olarak kullanılmaktadır.Bu temsilin yönetici 
denklemlere yerleştirilmesiyle problem, birden fazla bilinmeyen parametre içeren doğrusal olmayan cebirsel 
bir sisteme indirgenmektedir. Söz konusu sistem, Mathematica yazılım paketinin yardımıyla sembolik olarak 
çözülmektedir. Bu sayede, doğrusal olmayan Van der Waals modeli için üstel-rasyonel ifadelerle karakterize 
edilen bir tam çözüm ailesi elde edilmektedir.Elde edilen sonuçların daha iyi yorumlanabilmesi amacıyla, 
türetilen dalga profillerinin dinamik davranışı; iki ve üç boyutlu grafikler ile kontur ve yoğunluk dağılımları 
kullanılarak incelenmektedir. 
 

Anahtar Kelimeler: sabit katsayılı Abel denklemi, (1+1) boyutlu Van der Waals gaz sistemi, Abel denklem 
yöntemi, dalga çözümleri 
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Introduction 

Nonlinear partial differential equations constitute one of the fundamental mathematical 
frameworks for describing complex phenomena arising in applied mathematics, physics, 
engineering, and related scientific disciplines. Many physical processes, including nonlinear wave 
propagation, gas dynamics, fluid mechanics, plasma physics, optical fiber communications, and 
condensed matter systems, are naturally governed by nonlinear differential models. Owing to the 
intrinsic complexity of nonlinear phenomena, obtaining exact analytical solutions of such 
equations remains a challenging task. Consequently, considerable research efforts have been 
devoted to the development of analytical, semi-analytical, and numerical techniques capable of 
revealing the qualitative and quantitative characteristics of nonlinear systems. Among these 
approaches, exact solution methods are particularly valuable because they provide explicit 
information regarding the structure, stability, and propagation properties of nonlinear waves. 
Within this context, the determination of exact solutions for the (1+1)-dimensional Van der Waals 
gas system has attracted substantial attention due to its important applications in 
thermodynamics and fluid dynamics (Jin, 1995). 

The Van der Waals gas model extends the classical ideal gas theory by incorporating 
intermolecular interactions and finite molecular volume effects. As a consequence, it provides a 
more realistic description of the behavior of compressible fluids, especially near critical states and 
phase transition regions. The mathematical formulation of the Van der Waals gas system leads to 
nonlinear coupled differential equations whose solutions exhibit rich dynamical behaviors, 
including shock waves, solitary waves, and other nonlinear structures. Understanding these wave 
phenomena is essential for gaining deeper insight into the physical mechanisms governing non-
ideal gas flows and related thermodynamic processes. 

In recent decades, numerous exact solution techniques have been developed for nonlinear 
evolution equations. A widely used strategy consists of expressing the solution through a finite-
series expansion constructed from an auxiliary differential equation. The selection of the auxiliary 
equation determines the analytical structure of the corresponding method. For example, the 
Kudryashov method is associated with the Riccati equation (Habib et al., 2005; Hyder and Barakat, 
2020; Mahmud et al., 2017) whereas the Bernoulli sub-equation method is based on Bernoulli-
type differential equations (Kolebaje & Popoola, 2014; Phoosree et al., 2023; Qi and Huang, 
2013). Similarly, the trial equation, extended trial equation, and generalized trial equation 
methods employ elliptic-type auxiliary equations (Gepreel, 2016; Özyapıcı, 2017; Liu, 2006), while 
the sine-Gordon expansion method is constructed from solutions of the sine-Gordon equation 
(Kumar et al., 2017; Mamun et al., 2022; Mamun et al., 2024). These methods differ mainly in the 
mathematical properties of their auxiliary structures and consequently generate different classes 
of exact solutions. 

Apart from auxiliary-equation-based techniques, a variety of independent analytical approaches 
have also been proposed in the literature. Representative examples include the simplest equation 
method (Kudryashov, 2005), Darboux transformation method (Farooq et al., 2025), Hirota bilinear 
method (Kumar & Mohan, 2022), singular manifold method (Almetwally et al., 2025), 
homogeneous balance method (Wang, 1995), extension of the rational sinh–cosh method 
(Rezazadeh et al., 2019), and the multivariate generalized exponential-rational integral function 
technique (Hussain et al., 2025). Although these methods have been successfully applied to many 
nonlinear models, their effectiveness often depends on the specific mathematical structure of the 
equation under consideration. 

Among the various auxiliary differential equations used in exact solution theory, the Abel 
equation occupies a distinguished position due to its rich nonlinear structure and its ability to 
generate diverse functional forms. The solutions of Abel equations frequently involve 
exponential-rational expressions, implicit functional relationships, and other nontrivial analytical 



Ordu Üniversitesi Bilim ve Teknoloji Dergisi | Ordu University Journal of Science and Technology                            2026, 16 
 

3 
 

structures that are not usually obtainable through conventional auxiliary equations such as Riccati 
or Bernoulli equations. Consequently, employing Abel-type solutions as building blocks within a 
finite-series framework can substantially enlarge the class of exact solutions obtainable for 
nonlinear evolution equations. Several analytical studies devoted to the Abel equation and its 
exact solutions can be found in the literature (Gomez, 2015; Hernández et al., 2013; Mancas & 
Rosu, 2016; Markakis, 2009; Panayotounakos & Zarmpoutis, 2011). These investigations 
demonstrate the mathematical richness of Abel-type differential equations and motivate their use 
in nonlinear wave analysis. 

Motivated by these observations, the present study develops an exact solution methodology 
based on closed-form solutions of the Abel equation. Unlike many existing auxiliary-equation 
approaches, the proposed construction employs Abel equation solutions directly as fundamental 
elements of a finite-series representation for the dependent variable. To the best of our 
knowledge, such an Abel-based finite-series framework has not previously been applied to the 
(1+1)-dimensional Van der Waals gas system. Therefore, the method introduced here provides a 
novel analytical perspective for investigating nonlinear wave phenomena and extends the range 
of available exact solution techniques. 

The main objective of this work is to derive new exact wave solutions of the (1+1)-dimensional 
Van der Waals gas system and to classify the resulting wave structures. After determining the 
necessary parameter conditions, several families of exact solutions are obtained in explicit 
analytical form. The physical characteristics of these solutions are subsequently examined 
through graphical visualizations, including two-dimensional profiles, three-dimensional surfaces, 
contour maps, and density distributions. These graphical analyses provide valuable information 
regarding the propagation behavior, localization properties, and dynamical features of the 
obtained wave structures. All symbolic computations and algebraic manipulations required 
throughout the study are performed with the aid of the Mathematica software package. 

Abel Equation Method 
The Abel equation method is presented in this section and subsequently employed to construct 
exact solutions of the (1 + 1)-dimensional Van der Waals gas system. 

Description of the Method 

This subsection summarizes the fundamental steps of the Abel equation method. As a starting 
point, we consider a general nonlinear evolution equation involving the variables x and t, written 
in the form: 

                                                                𝐹 (𝑢,  𝑢𝑡 ,  𝑢𝑥 ,  𝑢𝑥𝑥 ,  𝑢𝑥𝑥 , . . . ) =  0. (1)                                                                

Here, 𝑢(𝑥, 𝑡) stands for the solution of the nonlinear partial differential equation, and Eq. (1) 
includes its relevant partial derivatives. Introducing the travelling wave variable 𝜉 =  𝑘𝑥 − 𝜔𝑡 
through 𝑢(𝑥, 𝑡) =  𝑈(𝜉) transforms the governing equation into an ordinary differential equation 
given by 

                                                                       𝐺 (𝑈,𝑈′,𝑈′′, . ..  ) =  0. (2)                                                                             

Following this approach, the solution of Eq. (1) is expressed in a general series form given by 

                                                                       𝑈(𝜉) = ∑ 𝑎𝑖𝑁
𝑖=0 𝜙𝑖(𝜉). (3)      

In this representation, the coefficients 𝑎𝑖 (𝑖 =  0, 1, . . . ,𝑁) are treated as unknown parameters, 
and the integer 𝑁 is determined via a balance between the leading derivative term and the 
principal nonlinear term in Eq. (2). Furthermore, the function 𝜙(𝜉) is taken to be a solution of the 
Abel equation with constant coefficients (Go´mez, 2015; Herna´ndez at al.,2013; Jin, 1995; 
Markasis, 2009; Panayotounakos & Zarmpoutis, 2011).  
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      𝑑𝑑
𝑑𝑑

= 𝑏02𝜙3 + 𝑏1𝜙2 + 𝑏2𝜙 + 𝑏3 (4)  .                                                               

The expressions given in Eq. (3) and (4) are incorporated into Eq. (2), after which the resulting 
relation is reorganized according to different powers of 𝜙(𝜉). This process leads to a polynomial 
expression in 𝜙(𝜉), where each coefficient must vanish independently. Consequently, a system of 
nonlinear algebraic equations is obtained. 

The resulting system is handled symbolically using the Mathematica software package, providing 
explicit formulas for the parameters 𝑎𝑖, 𝑘, and 𝜔. The applicability of this procedure depends on 
the existence of nontrivial solutions, as only such solutions yield physically relevant results. 

It is worth emphasizing that deriving general solutions of Eq. (1) is inherently difficult. However, 
the solutions of Eq. (4) define particular subclasses of solutions for Eq. (1). Several special cases of 
Eq. (4), characterized by the parameters 𝑏𝑗 ( 𝑗 =  0, 1, 2, 3), have been documented in 
(Herna´ndez at al.,2013), and these cases are summarized below. 

The Closed Form Solution of Abel Eequation 

The first kind of Abel differential equation is written in the general form given below:  

                                                    𝑑𝑑
𝑑𝑑

= 𝑝(𝑋)𝜙3(𝑋) + 𝑞(𝑋)𝜙2(𝑋) + 𝑟(𝑋)𝜙(𝑋) + 𝑠(𝑋). (5)       

If the coefficient 𝑝(𝑋) is set to zero in Eq. (5), the equation simplifies to the following form 

                                                            𝑑𝑑
𝑑𝑑

= 𝑞(𝑋)𝜙2(𝑋) + 𝑟(𝑋)𝜙(𝑋) + 𝑠(𝑋). (6)                                                            

It is readily observed that Eq. (6) corresponds to a Riccati-type differential equation. Assume that 
the coefficient functions 𝑝(𝑋), 𝑞(𝑋), 𝑟(𝑋), and 𝑠(𝑋) are continuous on the interval [𝑎, 𝑏]. For 
X ∈ [𝑎, 𝑏] with p(X) ≠ 0 , Eq. (5) can, under appropriate conditions, be transformed into an 
equivalent form that allows direct integration, given by 

                                 𝑑𝑑
𝑑𝑑

= 𝑝2(𝑋)𝜙3(𝑋) + 𝑞(𝑋)𝜙2(𝑋) + 𝑟(𝑋)𝜙(𝑋) + 𝑠(𝑋). (7)                                              

Using the change of variable 

                                                   𝛷(𝑋) = 1
𝑝(𝑋)

�𝛹(𝑋) − 𝑞(𝑋)
3𝑝(𝑋)

� = 𝛹(𝑋)
𝑝(𝑋)

− 𝑞(𝑋)
3𝑝2(𝑋)

, (8)                                                 

the function 𝜙′(𝑋) can be written as 

                                                                        𝜙′(𝑋) = 𝛹′(𝑋)𝑝(𝑋)−𝛹(𝑋)𝑝′(𝑋)
𝑝2(𝑋)

− 𝑝(𝑋)𝑞′(𝑋)−2𝑝′(𝑋)𝑞(𝑋)
3𝑝3(𝑋)

. (9)                                             

Replacing 𝜙(𝑋) and 𝜙′(𝑋) in Eq. (7) with their forms defined in Eqs. (8) and Eq. (9) leads to the 
relation given below 

𝛹′(𝑋)𝑝(𝑋) − 𝛹(𝑋)𝑝′(𝑋)
𝑝2(𝑋) −

𝑝(𝑋)𝑞′(𝑋) − 2𝑝′(𝑋)𝑞(𝑋)
3𝑝3(𝑋)

= 𝑝2(𝑋) �
𝛹(𝑋)
𝑝(𝑋) −

𝑞(𝑋)
3𝑝2(𝑋)�

3

+  𝑞(𝑋) �
𝛹(𝑋)
𝑝(𝑋) −

𝑞(𝑋)
3𝑝2(𝑋)�

2

+ 𝑟(𝑋) �
𝛹(𝑋)
𝑝(𝑋) −

𝑞(𝑋)
3𝑝2(𝑋)� + 𝑠(𝑋)

=
𝛹3(𝑋)
𝑝(𝑋) −

𝛹2(𝑋)𝑞(𝑋)
𝑝2(𝑋) +

𝛹(𝑋)𝑞2(𝑋)
3𝑝3(𝑋) −

𝑞2(𝑋)
27𝑝4(𝑋) +

𝛹2(𝑋)𝑞(𝑋)
𝑝2(𝑋) −

2𝛹(𝑋)𝑞2(𝑋)
3𝑝3(𝑋)

+
𝑞3(𝑋)

9𝑝4(𝑋) +
𝛹(𝑋)𝑟(𝑋)
𝑝(𝑋) −

𝑞(𝑋)𝑟(𝑋)
3𝑝2(𝑋) + 𝑠(𝑋). 

Rearranging the above expression to isolate 𝛹′(𝑋) and then multiplying both sides by 𝑝(𝑋) leads 
to the following differential equation 
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    𝛹′(𝑋) = 𝛹3(𝑋) + �𝑝
′(𝑋)
𝑝(𝑋)

− 𝑞2(𝑋)
3𝑝2(𝑋)

+ 𝑟(𝑋)�𝛹(𝑋) +  1
27𝑝3(𝑋)

�27𝑝4(𝑋)𝑠(𝑋) − 9𝑝2(𝑋)𝑞(𝑋)𝑟(𝑋) +

        9𝑝2(𝑋)𝑞′(𝑋) − 18𝑝′(𝑋)𝑝(𝑋)𝑞(𝑋) + 2𝑞3(𝑋)� (10)                                                                                       

Furthermore, by choosing 

𝐴(𝑋) = 𝑝′(𝑋)
𝑝(𝑋)

− 𝑞2(𝑋)
3𝑝2(𝑋)

+  𝑟(𝑋) (11)                                                           

and 

                              

𝐵(𝑋) =

 1
27𝑝3(𝑋)

�27𝑝4(𝑋)𝑠(𝑋) − 9𝑝2(𝑋)𝑞(𝑋)𝑟(𝑋) + 9𝑝2(𝑋)𝑞′(𝑋) −

                                                          18𝑝′(𝑋)𝑝(𝑋)𝑞(𝑋) + 2𝑞3(𝑋)� (12)                                                                            

Eq. (10) can be reduced to    
                                                             𝛹′(𝑋) = 𝛹3(𝑋) + 𝐴(𝑋)𝛹(𝑋) + 𝐵(𝑋). (13)                                                    

Using the transformation 

                                                                    𝛹(𝑋) = 𝑍(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 (14)            

The function 𝛹′(𝑋) can be easily computed as 
                                           𝛹′(𝑋) = 𝑍′(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 + 𝑍(𝑋)𝐴(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 . (15)                                           

Substituting Eq. (14) and Eq. (15) into Eq. (13) give the following equation 

𝑍′(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 + 𝑍(𝑋)𝐴(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 = 𝑍3(𝑋)𝑒3∫𝐴(𝑋)𝑑𝑑 + 𝑍(𝑋)𝐴(𝑋)𝑒∫𝐴(𝑋)𝑑𝑑 + 𝐵(𝑋). 

From here, by dividing both sides of the last equality by 𝑒∫𝐴(𝑑)𝑑𝑑  and rearranging the equation, 
the following differential equation is obtained 

                                                         𝑑𝑍
𝑑𝑑

= 𝑍3(𝑋)𝑒2∫𝐴(𝑋)𝑑𝑑 + 𝐵(𝑋)𝑒−∫𝐴(𝑋)𝑑𝑑 . (16)                                            

In particular, for 𝐵(𝑋)  =  0, Eq. (16) can be written as follows: 

𝑑𝑑
𝑑𝑑

= 𝑍3(𝑋)𝑒2∫𝐴(𝑋)𝑑𝑑 . 

Thus, the obtained equation can be transformed into a separable differential equation as follows: 

        ∫ 1
𝑍3
𝑑𝑑 = ∫ 𝑒2∫𝐴(𝑋)𝑑𝑑 𝑑𝑑. 

Solving this equation straightforwardly yields the following solutions 

   𝑍(𝑋) = ± 1

�−2∫𝑒2 ∫𝐴(𝑋)𝑑𝑑 𝑑𝑑+𝑘
. (17)                                                                

Eq. (17) is a solution to Eq. (16) under the condition 𝐵(𝑋)  =  0. Substituting Eq. (17) into Eq. (14), 
and then substituting the resulting function 𝛹(𝑋) into Eq. (8), the solution of Eq. (7), called the 
Abel differential equation with constant coefficient, is obtained as follows: 

        𝜙(𝑋) = 1
𝑝(𝑋)

�± 1

�−2∫𝑒2∫𝐴(𝑋)𝑑𝑑 𝑑𝑑+𝑘
− 𝑞(𝑋)

3𝑝(𝑋)
�. (18)                                                
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Application to the (𝟏 + 𝟏)-dimensional Van der Waals Gas System 

This work considers the mathematical modeling of the longitudinal isothermal motion of a 
compressible fluid, specifically a Van der Waals gas, formulated in Lagrangian coordinates in a 
(1+1)-dimensional setting. 

                                                                                                  𝑢𝑡  + 𝑃𝑥(𝑉) =  0,𝑉𝑡  − 𝑢𝑥  =  0. (19)                                                                                     

Within this framework, the quantities u, V, and P correspond to the velocity, specific volume, and 
pressure of the fluid, respectively. To incorporate dissipative and interfacial effects, the system in 
Eq. (19) is modified by introducing viscosity and capillarity terms. 

                  𝑢𝑡  + 𝑃𝑥(𝑉) =  µ𝑢𝑥𝑥 −  𝜔2µ2𝑉𝑥𝑥𝑥  , 𝑉𝑡  − 𝑢𝑥  =  .                                              (20)0             

The viscosity of the fluid is described by the parameter µ >  0, whereas the term 𝜔µ2 is linked to 
interfacial capillarity. In this study, both µ and 𝜔 are taken as positive constants. Moreover, the 
pressure function 𝑃(𝑉) is assumed to obey a Van der Waals-type law 

𝑃(𝑉)  =  𝑉 − V3.                                                                               (21)  

For the purpose of solving the system in Eq. (19), the following wave transformations are applied 

                                          𝑢(𝑥, 𝑡) =  𝑢(𝜉), 𝑉(𝑥, 𝑡)  =  𝑉(𝜉), (22)                                                              

where the variable 𝜉 =  𝑘(𝑥 − 𝑐𝑡) defines the travelling wave transformation, with c 
representing the wave speed and 𝑘 corresponding to the scaling parameter associated with the 
wave profile. Consequently                                                

                            −𝑐𝑐′ + 𝑘2µ2𝜔𝜔′′′ −  𝑘µ𝑢′′ +  

(

(𝑉 −  𝑉3)

)  

=  0, (23) 

Integrating the system presented in Eq. (23) and assuming zero integration constants leads to 

                                      −𝑐𝑐 + 𝑘2µ2𝜔𝜔′′ −  𝑘µ𝑢′ −  𝑉3  +  𝑉 =  0, 𝑐𝑐 +  𝑢 =  0.  (24)                                       

By reducing the system, a single governing equation is obtained in the form 

                                                  𝑘2µ2𝜔𝜔′′ 𝑉3 (25)

with 𝑢 = −𝑐𝑐. 

A balance between the second-order derivative 𝑉′′ and the leading nonlinear term 𝑉3 yields 

𝑁 =  2. Consequently, the solution of Eq. (25) is taken in the form 

                               𝑉(𝜉) =  𝑎0  + 𝑎1𝜙(𝜉) + 𝑎2𝜙2(𝜉). (26)                                                      

Here, 𝑎0,𝑎1, and 𝑎2 denote unknown parameters, while 𝜙(𝜉) is taken as a solution of Eq. (4). In 
addition, the constraints ensuring the solvability of Eq. (4) follow from Eqs. (11) and (12), and can 

be written as 𝐴(𝜉) = 𝑏2 −
𝑏12

3𝑏02
 and 𝐵(𝜉) = 27𝑏04𝑏3−9𝑏02𝑏1𝑏2+2𝑏13

27𝑏04
= 0. From this we have the 

following condition 

                                          𝑏3 = 𝑏1�9𝑏0
2𝑏2− 2𝑏12�
27𝑏0

4 . (27)                                                                     

Substituting Eq. (27) into Eq. (4), the Abel equation can be rewritten as follows: 

                        𝑑𝑑
𝑑𝑑

= 𝑏02𝜙3 + 𝑏1𝜙2 + 𝑏2𝜙 + 𝑏1�9𝑏0
2𝑏2−2𝑏1

2�
27𝑏0

4 . (28)                                                 

The expressions in Eqs. (26) and (28) are incorporated into Eq. (25), after which the resulting 
relation is reorganized according to powers of 𝜙(𝜉). In this way, the left-hand side of Eq. (25) is 
rewritten as a polynomial in 𝜙𝑗(𝜉). Requiring each coefficient of this polynomial to vanish 
produces a system of nonlinear algebraic equations involving the parameters 𝑎0, 𝑎1, 𝑎2,𝑏0, 
𝑏1, 𝑏2,𝑏3, 𝑏4, 𝑘, 𝑤, µ, and 𝑐. 
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The resulting algebraic system is handled symbolically using the Mathematica software package, 
from which explicit parameter relations are obtained. Consequently, the solutions can be written 
in the form 𝑉𝑖(𝑥, 𝑡)  =  𝑉𝑖(𝜉) for (𝑖 =  1, 2, 3, 4). The corresponding nontrivial solution sets are 
given below: 

Case 1. 

                                  𝑏1 = 3𝑏02

2
 ,  𝑎0 = 5𝑎2𝑏2−4𝑎2𝑏02

8𝑏02
  , 𝑎1=𝑎2  ,𝑤 = 2

9
− 32𝑏04

9𝑎22�3𝑏02−4𝑏2�
2,    

                    µ = ± 3a22�3b02−4b2�

4k𝑏02��9𝑎22−16�𝑏04−24𝑎22𝑏02𝑏2+16𝑎22𝑏22 
 , 𝑐 = ±

�−16𝑏04+9𝑎22𝑏04−24𝑎22𝑏02𝑏2+16𝑎22𝑏22

4𝑏02
.                      

(29) 

By substituting b1 from Eq. (29) into Eq. (27) and the function 𝐴(𝜉), respectively, the following 
equations are obtained: 

                                                                         𝑏3 = 2𝑏2−𝑏0
2

4
 (30)  

                                                                     𝐴(𝜉) = 𝑏2 −
3𝑏0

2

4
                                                   (31).               

Substituting b1 from Eq. (29) and Eq. (31) into Eq. (18), and then integrating the resulting 
equation, the function 𝑦(𝜉) becomes as follows: 

                                                   y(ξ) = −1
2

±
exp �

4b2−3b0
2

4 ξ�

b0�C1−
4

4b2−3b0
2exp �

4b2−3b0
2

2 ξ�

, (32)                                                     

where C1 is an integration constant. Using Eqs. (29) and (32), we can write the solutions of the 
(1+1)-dimensional Van der Waals gas system 

         𝑉1,2(𝑥, 𝑡) = 1
8𝑏0

2

⎝

⎜
⎜
⎜
⎛

𝑎2( 5𝑏2 − 6𝑏02) +

8𝑎2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

𝐶1−
4

4𝑏2−3𝑏0
2exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

⎠

⎟
⎟
⎟
⎞

(33)         

From 𝑢(𝑥, 𝑡)  = −𝑐𝑐(𝑥, 𝑡), we get 

         𝑈1,2(𝑥, 𝑡) = ±𝐿

⎝

⎜
⎜
⎜
⎛

𝑎2( 5𝑏2 − 6𝑏02) +

8𝑎2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

𝐶1−
4

4𝑏2−3𝑏0
2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

⎠

⎟
⎟
⎟
⎞

(34)       

where 𝐿 =
��𝟗𝒂𝟐

𝟐−𝟏𝟏�𝒃𝟎
𝟒−𝟐𝟐𝒂𝟐

𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

32𝑏0
4 . 

Case 2. 

                                              𝑏1 = 3𝑏02

2
 ,  𝑎0 = 𝑎2

4
  , 𝑎1=𝑎2  ,𝑤 = 2

9
− 32𝑏04

9𝑎22�3𝑏02−4𝑏2�
2,   

 µ = ∓ 3𝑎22�3𝑏02−4𝑏2�

4𝑘𝑏02��9𝑎22−16�𝑏04−24𝑎22𝑏02𝑏2+16𝑎22𝑏22 
 ,  𝑐 = ±

�−16𝑏04+9𝑎22−24𝑎22𝑏02𝑏2+16𝑎22𝑏22

4𝑏02
.                             (35) 
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By substituting b1 from Eq. (35) into Eq. (27) and the function 𝐴(𝜉), respectively, the following 
equations are obtained: 

                                                                        𝑏3 = 2𝑏2−𝑏0
2

4
 (36),                                                                             

                                                                    𝐴(𝜉) = 𝑏2 −
3𝑏0

2

4
(37).                                                                          

Substituting b1 from Eq. (35) and Eq. (37) into Eq. (18), and then integrating the resulting 
equation, the function 𝑦(𝜉) becomes as follows 

                                                         𝑦(𝜉) = −1
2

±
exp �

4𝑏2−3𝑏0
2

4 𝜉�

𝑏0�𝐶2−
4

4𝑏2−3𝑏0
2exp �

4𝑏2−3𝑏0
2

2 𝜉�

, (38)                                                    

where C2 is an integration constant. Using Eqs. (35) and (36), we can write the solutions of the 
(1 + 1)-dimensional Van der Waals gas system as 

                          𝑉3,4(𝑥, 𝑡) =

𝑎2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

𝑏0
2

⎝

⎜
⎛
𝐶2−

4
4𝑏2−3𝑏0

2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

⎠

⎟
⎞

(39).                         

From 𝑢(𝑥, 𝑡)  =  −𝑐𝑉(𝑥, 𝑡), we get 

                         𝑈3,4(𝑥, 𝑡) = ∓

𝑀𝑎2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

𝐶2−
4

4𝑏2−3𝑏0
2 exp

⎣
⎢
⎢
⎢
⎡
𝑘�4𝑏2−3𝑏0

2�
2

⎝

⎜
⎛
𝑥±�

��𝟗𝒂𝟐
𝟐−𝟏𝟏�𝒃𝟎

𝟒−𝟐𝟐𝒂𝟐
𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

𝟒𝒃𝟎
𝟐  𝑡�

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤

(40) ,                            

where 𝑀 =
��𝟗𝒂𝟐

𝟐−𝟏𝟏�𝒃𝟎
𝟒−𝟐𝟒𝒂𝟐

𝟐𝒃𝟎
𝟐𝒃𝟐+𝟏𝟏𝒂𝟐

𝟐𝒃𝟐
𝟐

4𝑏0
4 . 
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Figure 1. Three-dimensional and Two-dimensional Vvisualizations, Together with Density and 
Contour Plots, of the Corresponding Solutions 𝒖𝟏(𝒙, 𝒕)  for the Parameter Values 𝒂𝟐 =  𝟏𝟐, 
𝒃𝟎 = −𝟓, 𝒃𝟐 =  𝟑.6, 𝒌 = −𝟎.𝟑, 𝒄 =  𝟎.𝟐, and 𝒕 =  𝟏. 

  

  

Figure 2. Three-dimensional and Two-dimensional Visualizations, Together with Density and 
Contour Plots, of the Corresponding Solutions  𝑽𝟏(𝒙, 𝒕) for the Parameter Values 𝒂𝟐 = 𝟏𝟐, 
𝒃𝟎 =−𝟓, 𝒃𝟐 =  𝟑.6, 𝒌 =−𝟎.𝟑, 𝒄 =  𝟎.𝟐, and 𝒕 =  𝟏. 
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Figure 3. Three-dimensional and Two-dimensional Visualizations, Together with Density and 
Contour Plots, of the Corresponding Solutions 𝒖𝟐(𝒙, 𝒕)  for the Parameter Values 𝒂𝟐 =  𝟏𝟐, 
𝒃𝟎  =−𝟓, 𝒃𝟐 =  𝟑.6, 𝒌 =−𝟎.𝟑, 𝒄 =  𝟎.𝟐, and 𝒕 =  𝟏. 

  

  

 

Figure 4. Three-dimensional and Two-dimensional Visualiznbbv Ations, Together with Density and 
Contour Plots, of the Corresponding Solutions 𝑉2(𝑥, 𝑡) for the Parameter Values 𝑎2 =  12, 
𝑏0  = −5, 𝑏2 =  3.6, 𝑘 = −0.3, 𝑐 =  0.2, and 𝑡 =  1. 
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Figure 5. Three-dimensional and Two-dimensional Visualizations, Together with Density and 
Contour Plots, of the Corresponding Solutions 𝑢3(𝑥, 𝑡)  for the Parameter Values 𝑎2 =  12, 
𝑏0  =−5, 𝑏2 =  3.6, 𝑘 =−0.3, 𝑐 =  0.2, and 𝑡 =  1. 

  

 

 

 

Three-dimensional and Two-dimensional Visualizations, Together with Density and Figure 6. 
Contour plots, of the Corresponding Solutions  𝑉3(𝑥, 𝑡) for the Parameter Values 𝑎2 =  12, 
𝑏0  = −5, 𝑏2 =  3.6, 𝑘 = −0.3, 𝑐 =  0.2, and 𝑡 =  1. 
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Three-dimensional and Two-dimensional Visualizations, Together with Density and Figure 7. 
Contour Plots, of the Corresponding Solutions 𝑢4(𝑥, 𝑡) for the Parameter Values 𝑎2 =  12, 
𝑏0  = −5, 𝑏2 =  3.6, 𝑘 = −0.3, 𝑐 =  0.2, and 𝑡 =  1. 

  

  

Figure 8. Three-dimensional and Two-dimensional Visualizations, Together with Density and 
Contour Plots, of the Corresponding Solutions  𝑉4(𝑥, 𝑡) for the Parameter Values 𝑎2 =  12, 
𝑏0  = −5, 𝑏2 =  3.6, 𝑘 = −0.3, 𝑐 =  0.2, and 𝑡 =  1. 
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Conclusions 

In this study, a novel analytical framework based on closed-form solutions of the Abel differential 
equation has been proposed and successfully applied to the (1+1)-dimensional Van der Waals gas 
system. By incorporating Abel-type solution structures into a finite-series representation, several 
new exact exponential-rational wave solutions have been derived. The obtained results 
demonstrate that the Abel equation serves as an effective auxiliary structure for constructing 
exact solutions of nonlinear evolution equations. The derived solution families exhibit various 
nonlinear wave behaviors, including localized and shock-type structures. To examine their 
physical characteristics, comprehensive graphical analyses were carried out through two-
dimensional and three-dimensional plots, as well as contour and density distributions. These 
visualizations clearly illustrate the propagation properties, amplitude variations, and spatial 
features of the obtained waves, thereby supporting the validity of the analytical results. 

The present findings also extend the existing literature on the Van der Waals gas system. Previous 
studies have mainly reported hyperbolic, trigonometric, rational, and polynomial traveling-wave 
solutions obtained through methods such as the tanh-function method, Riccati-based techniques, 
and ((G'/G))-type expansions. In contrast, the proposed Abel-equation-based approach generates 
fundamentally different exponential-rational solution families, thereby enlarging the known 
solution space of the model. From a methodological perspective, the systematic use of closed-
form Abel equation solutions within a finite-series framework for the analysis of the (1+1)-
dimensional Van der Waals gas system appears to be new. This highlights the novelty of the 
proposed approach and suggests its potential applicability to a broad class of nonlinear 
mathematical models. Overall, the analytical, symbolic, and graphical results confirm that the 
Abel equation method provides an efficient and reliable tool for investigating nonlinear wave 
phenomena. The methodology can be extended to other nonlinear evolution. 
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