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1 Introduction

By w, we denote the space of all real sequences. Any subset of w is called a sequence space. Let ¥, £, c and ¢ denote the sets of all finite,
bounded, convergent and null sequences, respectively and £, = {u = (un) € w : >_,, |un|? < oo} for 1 < p < oo. Throughout the study, we
assume that p, ¢ > 1 and % + % =1.

A B-space is a complete normed space. A topological sequence space in which all coordinate functionals 7y, 75 (u) = ug, are continuous
is called a K-space. A BK-space is defined as a K-space which is also a B-space, that is, a BK-space is a Banach space with continuous
coordinates. A BK-space A D 1) is said to have AK if every sequence v = (uj) € A has a unique representation u = ), uke(k), where e(¥)
is the sequence whose only non-zero term is 1 in the nth place for each k& € N. For example, the space ¢, (1 < p < 00) is a BK-space with the
norm ||ullp = (3°4 |uk|p)1/p and cg and { is a BK-space with the norm ||u||oc = supy, |ug|. Also, the BK-spaces cg and ¢, have AK but ¢
and {~ do not have AK.

The [3-dual of a sequence space A is defined by

M ={z=(2,) €w: 2u = (25up) € cs forall u = (uy,) € A}.

Let A be the sequence of n™ row of an infinite matrix A = (ay,%) with real numbers a,,;, for each n € N. For a sequence u = (u) € w,
the A-transform of u is the sequence Au = (Ap(u)), where

An(“) = Z AnkUk
n=0

provided that the series is convergent for each n € N.

(A, p) stands for the class of all infinite matrices from a sequence space A into another sequence space u. Hence, A € (A, u) if and only if
An € A forall n € N.

Let A be a normed space and S be the unit sphere in A. For a BK-space A D 1 and z = (z;,) € w, we use the notation

z:zkuk
k

l[2][x = sup
UESH

under the assumption that the supremum is finite. In this case observe that z € A

Lemma 1. [I, Theorem 1.29] Ef =leo, Zg ={q and 05, = 01, where 1 < p < 0. If A€ {l1,0p, Lo}, then 2|y = |||l xs holds for all
z € NP, where ||.|| s is the natural norm on \°.

By B(A, i), we denote the set of all bounded (continuous) linear operators from A to .

Lemma 2. [1, Theorem 1.23 (a)] Let A and p be BK-spaces. Then, for every A € (A, ), there exists a linear operator L 4 € B(\, ) such
that L o(u) = Au forall w € \.
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Lemma 3. [1] Let A D 1) be a BK-space and i € {cq, ¢, o }. If A € (A, ), then

HEall = lAllx ) = sup 1 AR]} < oo

The Hausdorff measure of noncompactness of a bounded set () in a metric space A is defined by
x(Q) =inf{e > 0:Q C Ui B(z4,73),2; € \,7; < &,n € N},

where B(z;,r;) is the open ball centered at x; and radius € foreachi = 1,2, ..., n.
The following theorem is useful to compute the Hausdorff measure of non-compactness in £, for 1 < p < oc.

Theorem 1. [2] Let Q be a bounded subset in lp for 1 <p<oo and Pr:{lp, — lp be the operator defined by Pr(u)=
(up, u1,ug, ..., ur, 0,0, ...) forall uw = (uy) € p and each r € N. Then, we have

r ueQ

x(Q) = lim <Sup (1 — Pr)(ﬂ)llfzp> ;

where I is the identity operator on {p.

Let A and i be Banach spaces. Then, a linear operator L : A — p is is said to be compact if the domain of L is all of A and L(Q) is a totally
bounded subset of p for every bounded subset Q in . Equivalently, we say that L is compact if its domain is all of A and for every bounded
sequence u = (un ) in A, the sequence (L(ux )) has a convergent subsequence in p.

The idea of compact operators between Banach spaces is closely related to the Hausdorff measure of non-compactness. For L € B(A, u),
the Hausdorff measure of non-compactness of L denoted by ||L||y is given by

I Lllx = x(L(Sx))

and we have
L is compact if and only if || L||, = 0.
Several authors have studied compact operators on the sequence spaces and given very important results related to the Hausdorff measure of
non-compactness of a linear operator. For example [3]-[9].

The main purpose of this study is to obtain necessary and sufficient conditions for some matrix operators to be compact. For this purpose,
we use the Banach spaces £, (7") and £oo (T') introduced in [10] as

0p(T) = {u— (un) Ew: Y

n

P
<oo} (1<p< o)

<o}.

1
tnun — —Up—1
tn

and

loo(T) = {u = (Un) Ew: sup

1
tnln — —Up—1
tn

Here, the difference matrix matrix T = (¢, ) is defined by

tn , k=n
tnk = —% , k=n—-1
0 , k>nor0<k<n—1,

where t, > 0 foralln € Nand t = (tn) € c\co.
Note that we use the sequence v = (v, ) for the T-transform of a sequence u = (unr ), that is,

touo )

’L)n:Tn(U):{ (n € N).

1
InUun — {~Un-1 , N >1

2 Compact Operators on the Spaces ¢,(T") and ¢, (T)

For a sequence a = (aj) € w, we define a sequence @ = (ay) as a = Z;’ik t Hz:k t%aj forall k € N.
We need the following results in the sequel. '

Lemmad. Leta = (ay,) € (£p(T))P, where 1 < p < co. Then a = (ay,) € {q and
D agup =Y dpvy M
k k

forallu = (uy) € £p(T).

Lemma 5. The following statements hold.
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(a) ||a|\2‘1(T) = supy, || < oo forall a = (ay) € (01(T))P.
(b) ”CLHZ(T) = (Zk |&k|q)1/q < oo foralla = (ay) € (ép(T))’ﬁ, where 1 < p < oo.
() llallj_ry) = S lak| < oo foralla = (a) € (Lo (T))".

Proof: We only prove part (a) and the others can be proved analogously. Choose a = (ay) € (£1 (T))ﬂ . Then, by Lemma 4, we have a =
(ak) € loo and (1) holds. Since [[ul|g, (1) = [|v]|¢, holds, we obtain thatu € Sy, (1) if and only if v € Sy, . Hence, we deduce that HaHZ(T)

SUPLeS, (7 | 2ok GkUk| = SUPyes, | 2o) @kvi| = [|allz, . From Lemma 1, it follows that [lal|7, (1) = llallz, = llalle,, = supylak|. O
Throughout this section, we use the matrix .A = (&,,,) defined by an infinite matrix A = (a,,) via
0o 7 1
ank = 173 H ?anj
j=k i=k 1
for all n, &k € N under the assumption that the series is convergent.

Lemma 6. Let \ be a sequence space. If A € (£p(T), \), then A € (€p, \) and Au = Av for all u € £p(T), where 1 < p < o0.

Lemma 7. If A € (¢1(T),{p), then we have

1/p
ILall = ANl (e, (1),6,) = Sup (Z Iﬁnk|p> < 00,

where 1 < p < co.
Lemma 8. [11, Theorem 3.7] Let A D 1 be a BK-space. Then, the following statements hold.
(a) A€ (N L), then 0 < ||L 4|l < limsup,, || An|l3-

(b) A € (X co), then || As|lx < limsup,, [|An]|}.
(¢)If X has AK or A\ = Lo and A € (A, c), then

1., .
5 limsup [ An — o[ < [[Lally < limsup | An — o]},
n n

where o = (o) and o, = limy, ay, forall k € N.
Theorem 2.
1. For A€ (1(T),40),
0 < LAl < timsup (sup o

holds.
2. For Ae (4(T),c),

1 . - . ~ -
= lim sup (Sup |G — Oék;|) < |[|Lallx < limsup <Sup |G — Oék|>
2 n k ' n k

holds.
3. For A€ (¢1(T), co),

ILallx = limsup (sup |ﬁnk|)
n k

holds.
4. For A e (41(T), 41),

o0
[Lallx = lim { sup @kl

e
holds.
Corollary 1.
1. L 4 is compact for A € (€1(T), Loo) if

lim (sup \ank|) =0.

n k
2. L4 is compact for A € (£1(T), ¢), if and only if

lim (sup |Gk — dk|) =0.
n k
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3. L4 is compact for A € (01(T),co) if and only if

lim (sup \&nk|) =0.
n k

4. L 4 is compact for A € (£1(T), £1) if and only if

o0
lim ( sup la,k] | =0

Lemma9. Let A D 1) be a BK-space. If A € (X, £1), then

*

li71jﬂ Nsup Z An <||Lallx < 41i£n sup Z An
EXr ||lnen X NeX, |lnen N

and L 4 is compact if and only if limy (supyege, | Yo pen AnllX) = 0, where Ky is the subcollection of K consisting of subsets of N with

elements that are greater than
Theorem 3. Let1 < p < oo.

1. For A € (6p(T), o),

holds.
2. For A€ (6p(T),c),

holds.
3. For A€ (6p(T), co),

holds.
4. For A € (£p(T),01),

.

1/q
0 < |[Lallx < limsup < E ank|q>
n

k

{ 1/q 1/q
5 limsup <Z |ank — dk|q> < |ILallx < limsup (Z |apg — dk:|q>
n k n

k

1/4q
[ Zallx = lim sup <Z ank|q>
n

k

hmHAH(E (.0 < Iallx < 4hm||«4\|<e (T),01)

holds, where AN ) ) = supwer,, (Sg | pen anrl?)”

Corollary 2. Let1 < p < oo.

1. L 4 is compact for A € (bp(T), o) if

1/q
lim <Z |ank‘J> =0.
k

2. Ly is compact for A € (£p(T), c) if and only if

1/q
lim (Z & — d,ﬂ) =0.
k

3. L4 is compact for A € (£p(T), co) if and only if

1/q
lim <Z |ank‘J> =0.
k

4. L 4 is compact for A € (£,(T), £1) if and only if

hm||AH (@, (T o) = =0,

~ 1
where HA”(/ (1)) = SUPNek, (il XCnen dnrl?) .

Theorem 4.

14
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1. For A€ (£oo(T),40),

0 < ||ILallx <limsup E |6k
n
k

holds.
2. For A€ (bso(T),c),

1. - - . - -
5 1msup > [k — @kl < | Lally < limsup D [ — ik
" k " k

holds.
3. For A € ({xo(T), o),

IL4llx = limsup g |6 k|
n
k

holds.

Corollary 3.

1. L 4 is compact for A € (Loo(T), lxo) if

2. L 4 is compact for A € (boo(T), ¢), if and only if

117?12 @y — ag| = 0.
k

3. L 4 is compact for A € (b (T), co) if and only if

3
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