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1. Introduction
In mathematical calculus, integral transforms are a specific branch that has used various applied area. In 1993, Watugala introduced a new

integral transform called Sumudu Integral Transform (SIT) to solve differential equations and engineering problems [1]. The Sumudu
Transform of the function f(r) is defined over the set of A (seen [1], [2], [3], [4])

A= {f(0):3M,11,% > 0,[£(0)] < Me%if 1€ (~1) x [0,%)}

as below formula

F(u) = S[f(1) : u] :/Omf(uz)e”dt e (—,m) (.1

Also, modified version of (1.1) is presented as

F(u) =/0m f(t)uidt ue (—1,70) 1.2)

by Watugala [1], [4] and Belgacem [2],[3]. Hereafter, many authors consider the Sumudu Integral Transform to investigate properties,
applications and relations with other transforms [1]-[10].

In recent time, homotopy perturbation, differential transform and adomian decomposition methods are applied to find Laplace transform as
seen [11],[12],[13] respectively. Furthermore, homotopy perturbation method is also applied to Sumudu transform [8].

The goal of this paper is to present a different approach to obtain Sumudu transform of functions. In order to do this, we use the differential
transform method (DTM) and first order initial value problem which has a solution that corresponds to Sumudu transform of desired
functions. DTM is very famous and powerful analytic technique and it does not required complex integration process. So, very accurate and
efficient results are obtained easily.
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Functions Transformed form of functions
V(t) = e Vik) =4
k71§ .
v(t) =cos(at) | V(k)={ L if ko even
0, if k odd
K—)a
v() = sin(ar) | Vk)={ " if Kk odd
0, if k even
ad
V() =cosh(ar) | V() ={ ki K even

if k odd

v(t) = sinh(ar) Vk) ={

Table 1: Basic transformations of DTM for some functions.

2. Basic idea of DTM

The differential transform of the analytical v() function is defined (seen [14], [15], [16], [17]) as
1 [d*

V(k)=— | —v(t 2.1
=3 thkv( )LO @D

where V (k) is the transformed function of v(z) which is called spectrum function. And the inverse transform of V (k) is defined (seen [14],
[15], [16], [17]) as

(i)=Y vkt (2.2)
k=0
Combining (2.1) and (2.2), we obtain the DTM solution of v(¢) as follow

noq dk

(r)] X+ Ry (1) 2.3)
k=0 t=0

Here R, 11(t) = Y01 V (k)t* are remaining terms of solution series. Some of the transformed functions are presented in Table 1.

3. Results by using DTM

Theorem 3.1. Let v(t) is an analytic function and r is positive constant. Also, we consider the linear initial value problem as follow
vt = ~v(0)+ ~q(0) (3.1

Then, the Sumudu transform of q(t) is

t=o0

Slg(r)] = { gvo‘)f}

=0
Here, V (i) is differential transform of v(t).

Proof. First of all, we can write the solution of (3.1) as

W) = e ( / ‘1(’):;m> 32)

and by rewriting two side of (3.2) from zero to infinity, we obtain the relation between (3.2) and Sumudu transform as follow

[v(z)e‘ﬁ]:: _ </O°° Q(t)re*'? dz) (3.3)

It is clearly seen that right hand side of (3.3) is the definition of Sumudu transform of ¢(r) as seen in (1.2).
In order to find Sumudu transform of ¢(¢), we construct the differential transformed form of (3.1) as
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1V 106)
ri+1 ri+1
V(0) =0

V(i+1)= (3.4)

where V (i), Q(i) are differential transformed functions of v(z) and ¢(¢) respectively. Then, by using the inverse differential transform as in
(2.2), (2.3), we obtain the DTM solution of v(¢) as

(1) = Zv(i)ti (3.5)

S[q(t)] = ( /0 - q(t):_’dz> = |:elr iV(i)t’} (3.6)

This completes the proof.
O

The following illustrations are given to show accuracy, efficiency and easy applicability of our approach to find Sumudu transform of
functions.

Case 1: In the Theorem 3.1, let g(r) = . Then considering (3.4) and transformed form of g(¢) = e*, we can write

1 V(i) 1 d

R (0] d

A A R
V(0)=0

Some of the V (i) are obtained as

1 1+ar 1+ ar+a%r?
vil)=- VQ2)=—— V@3)=—7r—5—
(1) r 2) 2112 (3) 3173
_ l+ar+d*r?+a3r +a*r
B 515
_ l4ar+d*r?+ar +a*r*+a7°
B 6!r0

_ l+ar+d*r*+a°r
N 414

V(4) V(5) (3.7

v (6)

From (3.5) and from (3.7), we have

iv(')t" t+12+t3 +t4+t5 +o )+ [2+t3 +t4+t5 +t6+ (3.8)
wt‘t=|-+—-—+—+—+ —-4--- ar|{ —+—+—+ —4+ —+--- .
4 roo 220 313 0 414 SIS 21,2 0 313 0 44 SIS 6o

I P ] 16 ¢’ 4 ] 1% ! 3
2P cmtrgtostoetomto | 4@8P gt o b o b o b | e
rar 3!r3+4!r4 5150 610 717 44 515 6l 71T 818

And the equation (3.8) can be written as equivalently following

iV(i)ti = <e£ — 1) +ar (e§ —-1- ;) +a*r? <e£ N %) 3.9

i=0 r

2 3 2 3 4
3 3 t t t t 4 4 r t t t t
B R FINN [ DI
tar (e ro2r? 3!r3)+a ¢ roo2r2 313 414 +

Finally, by using (3.6) and (3.9) we find the Sumudu transform of e%

2 t=oo
t t L t t
S[e‘”] = {e77 (e£ —1>—i—ar><e*£ <e’? —1—;>+a2r2><e7’? (67 _1_;_ﬁ) —I—}
t=0

=l+ar+d®P+dP +a** +a°P +a55 + -
1
T l—ar
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Case 2: In the Theorem 3.1, let ¢(r) = cos(at). Then, from (3.4) and Table 1 we can write

1 V(i) 1 d(-nt
V(i+1)= - T, even
=it it o, "

V(0)=0

Thus, V(i) are obtained as

1 1+ar 1 —a?r? 1—a?r?
viy=- V)= Ve =5 v =
1—a?r? +a*r* 1—a?r? +a*r*
V(5) 51,5 V(6) = 6 (3.10)
V(7) _ 1—d?r?2 +a*r* — abr® (8) _ 1 —a?r? +a*r* —abr
7177 8!8
Using the (3.5) and (3.10), we have
> c ot 7 3 * I8 3 * o 10
Vi =(-+— 3+ 4+ )t 3.11
l;) © (r AT R T R T T ) T s tas 311
5 6 7 8 7 8 9 10
a4t t t t 66 t t t t
rar (ﬁ*@*ﬁ*@*’“)*“ ’ (W*Ws*9!7+ilozrlo+"'>i"'
The (3.11) can be rewritten as follow
o 2 2 3 4
N t 29 r t t 4 4 L t t t t
E{)V(l)t —(er—l)—a r (er—l—;—zrz)—i-a r (er_l_;_ﬁ_W_W)
Y O R S N SN AR AN AT S
roo2r2 0 313 4t 515 6
At the end, the Sumudu transform of cos(at)
1\~ 1 ¢ 2\ 1 ¢ 2 N o\
S[cos(at)}:(l——,) 7a2r2(177177r771) +a4"4<1*ﬁ*7x* T T r)
er /=0 er rer  2rfer )i—o er  rer  2r2er  3P3er  4Alrter Ji—o
1 ¢ 2 3 i IS N\
a6r6(1_7[_71_ r T [ r 1) :t
er rer  2rfer  3l3er  4lrfer  51er  6!r%r /g
=1-a*? +a*r* a8+ a8 — a0+ ..
_ 1
T 14a2r?
Case 3: In the Theorem 3.1, let ¢(r) = gmg—‘m Again, by considering (3.4) and Table 1 we can write
1V (i 1 dent
V(i+1)=—- (1) . { Tarnro b oeven (3.12)
ritl o r(i+1)" o, i odd
V(0)=0
In that case, we can write some of V(i) as
1 1 3—a*r? 3—a%r?
Vi)=- V(2)=— =— =—
(1) r @) 2172 (3) 3 %313 3 x4l
15 — 54212 +3a*r* 15 — 5a212 + 3a*+*
vS)=————+— V)= ——— —— 3.13
) 15 x 5175 (©) 15 x 6!r0 (3.13)
V7) = 105 —35a%r% +21a*r* — 15a5r°
105 x 7!77

By considering (3.5) in the Theorem 3.1 and using (3.13), we have
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I 2 3 4 5 3 4 5 6
; t t t t t 1 t t t t
V(i) = SO I 3.14
l;’) (@) a(ar+2!ar2+3!ar3 Jr4!617’4+5!ar5 * ) 347 <3!ar3 +4!ar4+5!ar5 jL6!ar6'Jr ) 19
Lo A + A + ! + ¢ I B A + ’ + i +o ) E
5 S5larS  6lar®  Tlar’ = 8lard 7 7lar’ * 8lard  9lar®  10!arl®
The (3.14) can be rewritten equally as below
> ; 1/ a1 . t 7 ot 1 . N tt
V(i) = 7(?71) - G [P [P (S S . A
;) ® “L ¢ } 3 [a (e r 2r2>}+ 5 [a ¢ ro22 318 4!r4>}
a1 (. t 28 P 16
AR [ (7P [P . A i |
7 |a roo2r2 313 4t SIS 6o
Finally, by using (3.6) we obtain the Sumudu transform of Smtﬂ
=00
sin(ar) IR SN _ar a dr® _ tan!(ar)
S{ . }—|:e ;)V(l)t:| =a 3+5 7:|: = -
= =0
Case 4: In the Theorem 3.1, let g(r) = sinh(at). Then, considering (3.4) and Table 1 we can write
, 1 V(i) 1 @ i odd
\%4 1)=-—= it 3.15
(i+1) ri+1+r(i+l) 0,i even (3.15)
V(0)=0
By means of (3.15), V(i) are obtained following
a a a(l14a*r?)
V(l)=0 V(2)= VB3)=—— V@4)=——5—
(1) @ =7, VO =37 V& 4173
a(l+d*r?) a(l+d*r? +a*r*)
VO === — VO =—"——F5— (3.16)
V(7) = a(14a* +a*r*) V(8) = a(14a*? +a*r* 4+ a®r°)
7156 81r7
From (3.5) in the Theorem 3.1 and from (3.16), we have
oo 2 3 4 5 4 5 6
NP t t t ro a3t t t -
i:ZOV(l)l‘ —ar(ﬁ+ﬁ+m+ﬁ7+-)+ar (W+75!I‘5+W+- ) 3.17)

t6 t7 t8 tS l9 th
5,5 S T B A N IO W
e (6!r6+7!r7+8!r8+ )“’ ' (8!r8+9!r9+10!r10+ )+

And the equation (3.17) can be written as equivalently below

roo2r2 3173 2r2 3153 44 515

o 2 3 2 3 4 5

: i t t t t t t t t 1t t t
ZV(i)t’:ar(e?—l—f)+a3r3 (67—1—7————)+a5r5 <e?—l—f— )
= r r

ro22 313 44 suS el 77

As aresults, we find the Sumudu transform of sinh(at)

2 3 4 5 6 7
tot t t t t t
+a7r7(e%flffff7777*7*7* )

=00
S[sinh(ar)] = e+ ZV(i)ti =ar+dr+dr +d'r +dP + - = %
i=0 =0 1—a*r

Case 5: In the Theorem 3.1, let ¢(r) = cosh(at). Then, considering (3.4) and Table 1 we can write

) 1 V(i) 1 a i even
Vv 1) = ——2~ il
D= T 7Dt 0 odd

V(0)=0
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Hence, some of the V(i) are obtained as

1 1 1 +a*? 1 +a*?
V)=- VQ2)=z5 V@)=—75— V@)= ——7F—
(1) r (2) 2152 (3) 313 “) 414
1+a*r? 4 a*r* 1+a*? +a*r*
V(35) = 51,5 V(6)= s (3.18)
Once again, by using (3.5) in the Theorem 3.1 and from (3.18), we have
o 2 3 4 5 3 4 5 6
N AT t t t 2ot t t t
;)V(z)t = <;+W+3!7+W+5!7+~->+a r <3!7+W+5!7+W+"') (3.19)
s /6 7 8 sof 1 8 9 (10
s s T s ) T\ Tas s T ) T

The (3.19) can be rewritten equally as follow

2 3 4

‘ t t t 1
+a4r4(e_1"777777) (3.20)

r . .

Y U ST A LN SN AN AN S
roo2r2 3173 414 515 60

Finally, we find the Sumudu transform of cosh(ar)

t=00
e ; 1
S([sinh(ar)] = |:er Y V(i)t’] =1+ +a'rt +abr a8 o = —>
4 1 —a*r

4. Conclusion

As a result, we use the differential transform method (DTM) to find Sumudu Transform of functions as a different way. Moreover, contrary
to the literature we obtain the Sumudu transform of functions easily without complex integration and long calculations.
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