Results in Nonlinear Analysis 1 (2018) No. 3, 128-132
Available online at www.resultsinnonlinearanalysis.com

Results in Nonlinear Analysis

ISSN 2636-7556

‘ Peer Reviewed Scientific Journal

An Extention of Angelov's Fixed Point Theorem in
Uniform Spaces

Ljubomir P. Georgiev?

@Department of Mathematics, University of Mining and Geology “St. I. Rilski”, 1700 Sofia, Bulgaria

Abstract

In this paper we establish an existence result for fixed points of mapping in a uniform space, which extends
some previous theorems of V. G. Angelov [1].
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1. Introduction and Preliminaries

We begin the present note recalling some basic notions from [1], [2].

Further on we denote by (X, A) a Hausdorff sequentially complete uniform space, whose uniformity is
generated by a saturated family A = {p, : @ € A} of pseudo-metrics p, : X x X — [0,00), A being an index
set.

Recall that a Hausdorff uniform space is called sequentially complete if any Cauchy sequence in it is
convergent. The sequence {z, € X} 2, is said to be Cauchy one if for every € > 0 and o € A there is a
natural number ng € N := {1, 2,3, ...} such that py (2, ) < € for all m,n > ng. The sequence {z, € X}72;
is called convergent if there exists an element z € X such that for every ¢ > 0 and a € A, there exists ng € N
with po(z,z,) < € for all n > ngy. Let us point out that the uniform spaces and gauge spaces are equivalent
notions [3].

Let (®) = {®q : a € A} be a family of functions @, (-) : [0,00) — [0,00) with the properties (for every
fixed o € A):

(1) P, (+) is non-decreasing and continuous from the right;
(92) 0 < y(t) < t, YVt > 0. (It follows ®,(0) =0.)
Let j : A — A be an arbitrary mapping of the index set into itself. The iterations can be defined

‘m—1

inductively as follows: j"(a) = j(5" 1 (a)), (@) = a (n =1,2,3,...).
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Definition 1.1. [I] Let M be a subset of X and T': M — M be a mapping. T is said to be (®,j)—
contractive on M, if po(T(z), T(y)) < Pa(pj(a)(,y)) for every fixed a € A and for every z,y € M.

Remark 1.2. Recall that if ®, € (®) and the function ¢, : (0,00) — (0,00), defined by
O, (t
Palt) = t( )

(where ®5,(t) = t, @, (t) = ®o (®571(1)),1 € N).

(e.9]
Vt € (0,00), is non-decreasing, then Z ®! (t) < oo for any fixed t € (0, 00)
1=0

Indeed, for any fixed [ € N and ¢ > 0 it follows by (®2) @, (t) = @, (®,1(t)) < ®,'(t). Therefore
L (1) < LH(E) < @L2(t)... < @4 (t) < t and the inequalities

() D, (D,(1)) l . Do (1)
o] — o = QYq [6)) < a (O3 < ...< o (ba < o — o 1
DL (1) oL (1) v ( a@) =@ ( a <t>) < oo S pa (Palt)) < @alt) S <1 (eN)
oo
are a sufficient condition for the convergence of Z CI)la (t).
=0

Fixed point theorems from [I], [2] guarantee an existence of fixed points of (®, j) — contractive (or just (®) —
contractive) and j— non-expansive mappings under various conditions.
In this paper we extend the following result from [I]:

Theorem 1.3. (Angelov). Let the following conditions hold:
1) the operator T : X — X is (®) — contractive;
2) for every oo € A there exists a function ®o € (®) such that

— D, (t
sup {fl)jn(a)(t) :n=0,1,2,3, } < P, (t) and at( )
3) there exists an element xy € X such that for every o € A there is q(a) > 0 :
Pin(a) (0, T'(70)) < q(a) < o0 (n=0,1,2,3,...).
Then T has at least one fized point in X.
If, in addition, we suppose that
4) for every a € A and x,y € X there exists p = p(x,y, ) such that
pjk(a)(x,y) <p(z,y,a) < oo (k=0,1,2,3,...),
then the fized point of T is unique.

is non-decreasing (t > 0);

2. Main results

Let j1 : A — A, jo : A — A be two mappings of the index set into itself.

In this paper we introduce the notion of (9, ji,j2) — contractive mappings and we establish some fixed
point results for such mappings in uniform spaces.

Introduce the subfamily (V) C (®) of functions ®, € () which are sub-additive, i.e.
(@3) for every o € A(V P, € V) : Py (t1 + t2) < P (t1) + Pu(ta) for all t1,t2 € [0, 00).

Definition 2.1. The mapping 7" : X — X is said to be (9, j1, j2) —contractive on X, if for any fixed o € A
. . 1
there is a function @, € (V) such that po(T'(x),T(y)) < 5@04 (p]-1 (@) (Z,9) + P, () (z,y)) for every z,y € X.

Define the mapping 51 : A — ji(A) U ja(A) as follows: Sy (v) = {j1 (7),j2 ()} for v € A. Introduce for
any fixed index o € A the following notations: S°(a) = g = a; S'(a) = Si(a);
S"(a) = {o" = (a1,...,an) : ag € S1(ag—1),Vk =1, ...,n} for every n € N, n > 1.

Theorem 2.2. Let (X, A) be a Hausdorff sequentially complete uniform space, whose uniformity is generated
by a saturated family of pseudo-metrics A = {pq (x,y) : a € A}, where A is an index set. Let the mappings
Jj1: A— Aand jo : A — A be defined and (V) = {®@, : o« € A} be the family of functions with properties
(P1) — (©3). Let the following conditions hold:
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1. The mapping T : X — X is (P, j1, j2) —contractive on X.

_ P, (t —_
2. For every a € A there is a function @, € (®) such that O;( ) is non-decreasing, o (t) < @4 (1), VE >0

and for any fived k € N for all % = (ay, ..., 1) € S¥ () the inequalities @y, (t) < o (t), YVt > 0 are satisfied
for all coordinates o;; of o% (i =1,...,k).

3. There exists an element xog € X such that for every a € A there exists a constant qo, = q(a) > 0
such that pa (20, T(20)) < qa and for any fivzed k € N for all % = (a1, ...,a;) € S¥ () the inequalities
P (70, T(20)) < qo are satisfied for all coordinates cuy, of o* (m =1,....k).

Then T has at least one fixed point in X.

Theorem 2.3. If to the conditions of Theorem [2.9 we add the following assumption for the set X :

4. for any fized o € A there exists po : X x X — (0,00) such that pa(,y) < pal(z,y) for all (z,y) € X xX
and for any fized k € N for all o% = (au, ...,ar) € S¥ () the inequalities pa, (z,y) < pa(z,y) are satisfied
for all (z,y) € X x X and for all coordinates oy of o* (I = 1,..., k), then the fized point of T is unique.

Proof. (of Theorem Begin with xp € X, we define the sequence {z,, : n=0,1,2,...}, x, = T"(xo),
where T° = Id and T"(-) = T (T"'(-)) for n € N. If @,y = 2,y for some n/ € N then z,y_; is a fixed
point of T'. Consequently we may assume x,, # Tp_1,Vn € N.

Let o € A be any fixed index. Define the sequence { ¢} 2 ¢ = pa(Tn, Tny1) (R =0,1,2,...). For any
fixed n € N let 0™ = (ay, ..., ) be an arbitrary element of S™ («).

Define cZ”‘k = pa, . (Tg, xpy1) for every k =1,...,n (with ag = a and ¢§° = ¢2). It follows:
1
C(lyn b= Pon_i1(T1,72) < 5<I>an—1 (pjl((ln—l)($07 1) + pjg(anfl)(xo’xl))
1 1
< 5 Pan1 (05, (an-1) (@0, 21)) + 5 Pa (P, (@ 1) (%0, 21))
1 1 1 — _
< 5 %al(p), (an-1) (@0, 21)) + 5 Palpj, (@n 1) (20, 21)) < 5 - 2®a(da) = Pa(da)-

Therefore ¢;" " < ®,(qq) for any ay,—1 € Si(an—2). By induction, for every choice of 0™ € S™ (a) and its
coordinates «a;,_j, we prove:
—k
P <P (ga)Vh=1,...,n — L.
In fact, such estimates are valid when k = 1, as we have already proven. Suppose that the above inequalities
are valid for all kK <m < n — 1. Then for Kk = m + 1 we obtain:

e 1
C?nnJrl Y= P (Tmg1, Tg2) < §¢an—m—1(pj1 (anfmq)(xm’xm-s-l) + Pj, (an,m,l)(ﬂfm, Trm+1))
1 1
< §(I)Cvn—m—1 (IOj1 (an—m—1) (1:771’ l’m+1)) + §(I)Oln—m—1 (pj2 (an—m—1) (:Ema xm+1))
1 1— _ "
< §¢a(pjl (an,m,l)(xmaxm—i—l)) + Q(I)a(ij (an,mfl)(xma fl:m-i—l)) < P, (cin_m> ,

where a* € Si(an_m—1) is such that

*

Cm™ = Paz_,. (xma l'erl) = maX{le (on—m—1) (l’m, merl)a ij (n—m—1) (:L'ma -Terl)}-

Q

It follows by assumption that cﬁ*m < ®"(qs). Therefore ¢ o < g (@a (¢a)) = @Jrl(qa).

For ¢, we obtain as follows:

H

¢y = PalTn, Tng1) < 5 (Pgl () (xnfla Tp) + Pj, (a) (Tn—1,2n))
_ 1_ _
5(1)04 (,Oj1 (o) (xnfla xn)) 5(1) (pj2 (o) (.Iinfl,.fn)) <&, (pcq (Qj‘nfl,.fl)n)) s

where o] € S1(a) is such that

IN

Pax (Tn-1,2n) = max {pa, (Tn-1,25) : a1 € S1(a)} = maX{le (@) (3371—173571):[’]'2 (@) (Tn—1,20)}.
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Hence ¢ < @, (pa; (Tp—1, xn)) =, (czl_l> < EQ(EZ_l(qa)) (since o € Si(a)).
N

Thus we obtain the inequality ¢ < da), which is valid for any fixed index @ € A and for every n € N.
Consequently for every fixed m = 0,1,2,... and p € N we obtain:

Pa mmaxm—I—p Z S ZEZL—HC(QOJ =Viip — U,
k= k=0
k—1
where Uy = Zfb da) is the k-th partial sum of the series Zq) da), which is convergent, in view of
1=0 1=0

Remark [[.21
Therefore for any € > 0 there exists Ny € N such that Vim > No: pa(@m, Tmip) < WUrgp — U < € for
every p € N, ie. {z, =T"(x9):n=0,1,2,...} is a Cauchy sequence in X. In view of the sequential
completeness of (X, A) there exists x € X: po(xn, ) njOOO, Va € A.
The right-continuity of ®, and the inequalities
0@, T(@)) < pale, T (0)) + palT™ (20), T(w)) <

1
< pal@, 1) + 5% (b1, @)@0:2) + P e (@0 2)) (M EN)

imply po(z, T(x)) = 0Va € A, that is = T'(x). Theorem [2.2|is thus proved. O

Proof. (of Theorem Let (z,y) € X x X be an arbitrary fixed pair. Let a € A be any fixed index.
Denote by d% = d%(z,y) = pa (T"(x),T"(y)) (n =0,1,2,...). For any fixed n € N let 0" = (a1, ...,a,) be
an arbitrary element of S™ («).

Define d," " = d," " (2,y) = pa,_,(T"(z), T*(y)) for every k = 1,...,n (with ap = o and d2° = d%). It

follows:
1

47" = Py (T(@). TW)) < 5Pars (), (w0 (@) + 05y (001 (@)
1 1 )
< §¢Oén—1(pj1 (Oénfl)(x7y)) + §q)an—1(pj2(anfl)(x’y)) < (I)O‘('OO‘Z (@,9)),

where o € S1(ay-1) is such that pas (2, y) = max{p; (a,_1)(Z:Y): Pj, (an_1)(®,Y)}-
Therefore d;" " < @4 (pa(z,y)) for ap—1 € S1(an_2).
By induction, for every choice of 6™ € S™ («) and its coordinates «,,_, we prove:
n— —k
d," % < @y (palm,y))Vk=1,2,...,n — 1.
Indeed, we have just obtained that the estimates are valid for & = 1. If we suppose that the above
inequalities are satisfied for all £ < m < n — 1, then for £k = m + 1 we obtain:

e (T (@), TN (y)) .
Canm1 (05, () T (@), T (Y))) + 5 P 1 (P, (o —1) (T (2), T™(y)))

o (@),

where a* € Si(an—m-—1) is such that

[\

O —m—1
dm+1

ININ
BN~

A% = pas (™), T™(5)) = masc{py a0y (™). T (). sy o) s P}

In particular, d%-m < B (pa(2,y)). It follows dir "' < By (@) (pa(z,y))) = Ty (Palz,y)). This
completes the induction. Finally,

dy = pa (T"(2), T"(y)) < %(I)a(pjl (@) (T @), T" 1Y) + £y, () (T (@), T H(y)))

< 5Pals @I @ T W) + 5 Balpiy (T @), T (1)) < Bl (" (@), T (1),

—_
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where a] € S1(a) is such that Pa (z,y) = max{p; (a)(2,¥), pj,(a)(x,y)}, and consequently
— — I -1
por (T Y(2), T""Y(y)) = d,' ; < By (palw,y)). Therefore d3 < Ty (pa(,y)).
The properties of the function ®, € (®) guarantee that @, (t) — 0 for any fixed t € [0, 00). Thus, if we
n—oo

suppose that there exist two elements z # y of X, for which = T'(x) and y = T'(y), then for every index
a € A pa(z,y) = pa(T™(z), T(y)) < Do (palz,y)) for all n € N, which implies po(x,y) = 0 for every a € A.
The obtained contradiction proves Theorem [2.3] O
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