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1. INTRODUCTION 

Singularly perturbed problems with rapidly oscillating free terms were studied in [1 - 3]. In [1], authors 

mostly focused on ordinary differential equations with a rapidly oscillating free term whose phase does 

not have stationary points. Using the regularization method for singularly perturbed problems [5], 

differential equations of parabolic type with a small parameter where fast-oscillating functions as a free 

member were studied in [2 - 3]. The asymptotic solutions constructed in [1 - 3] contain a boundary 

layer function having a rapidly oscillating character of change. In addition to such boundary-layer 

function, ordinary differential equations that contain an exponential boundary layer were studied in [1], 

parabolic equations with parabolic boundary layer were studied in [2], [3] and angular boundary layer 

were considered in [2], [6]. If the phase of the free term has stationary points, then boundary layers 

have an additional rise, which is due to a power character of a change. In this case, the asymptotic 

solution consists of regular and boundary layer terms. The boundary layer members are parabolic and 

power, rapidly oscillating boundary layer functions, and their products, which are called angular 

boundary layer functions [5]. In this paper we used the methods of [5], [6] to solve the parabolic 

problem. 

2. ASYMPTOTIC CONSTRUCTION 

2.1. Statement of the Problem 

In this paper we study the following problem: 

𝐿𝜀𝑢 ( 𝑥, 𝑡, 𝜀) ≡ 𝜕𝑡𝑢 − 𝜀2𝑎(𝑥)𝜕𝑥
2𝑢 − 𝑏(𝑥, 𝑡)𝑢 = ∑ 𝑓к(𝑥, 𝑡) exp (

𝑖𝜃к(𝑡)

𝜀
)𝑁

𝑘=1 , (𝑥, 𝑡) ∈ Ω, 

𝑢(𝑥, 𝑡, 𝜀)|𝑡=0 = 𝑢(𝑥, 𝑡, 𝜀)|𝑥=0 = 𝑢(𝑥, 𝑡, 𝜀)|𝑥=1 = 0 
 

(1)  

where  𝜀 > 0 – is a small parameter, Ω = { (x, t): x ∈ (0, 1), 𝑡 ∈ (0, 𝑇]}. 

The problem is solved under the following assumptions:  

1. 𝑎(𝑥) > 0, 𝑎(𝑥) ∈ С
∞[0, 1], 𝑏(𝑥, 𝑡), 𝑓(𝑥, 𝑡) ∈ С

∞(Ω̅), 
2. ∀ 𝑥 ∈ [0,1]  function  𝑎(𝑥) > 0 

3. 𝜃𝑘
′ (𝑡) = 0 – is the phase function. 

 

2.2. Regularization of the Problem 

For the regularization of the problem (1) we introduce regularizing independent variables using 

methods described in [4] and [6]: 

𝜂 =
𝑡

𝜀2 ,  𝑟𝑘 =
𝑖 [𝜃𝑘(𝑡)−𝜃𝑘(0)]

𝜀
, 𝜉𝜈 =

𝜑𝜈(𝑥)

𝜀
, 𝑖 = √−1, 

 

𝜁𝑣 =
𝜑𝜈(𝑥)

𝜀2  , 𝜑𝜈(𝑥) =  (−1)𝜈−1 ∫
𝑑𝑠

√𝑎(𝑠)
 ,

𝑥

𝜈−1
𝜈 = 1,2  , 

 

𝜎𝑘 = ∫ 𝑒𝑥𝑝 (
𝑡

0

𝑖 [𝜃к(𝑠) − 𝜃к(0)]

𝜀
)𝑑𝑠 ≡ 𝑝к(𝑡, 𝜀), 𝑙 = 0, 𝑟̅̅ ̅̅ , 𝑗 = 0, 𝑘𝑙 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

(2)  

 

Instead of the desired function 𝑢(𝑥, 𝑡, 𝜀) we study the extended function 
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𝑢̌(𝑀, 𝜀), 𝑀 = (𝑥, 𝑡, 𝑟, 𝜂, 𝜎, 𝜉, 𝜁), 𝜎 = (𝜎1, 𝜎2 … 𝜎𝑁),   𝑟 = (𝑟1, 𝑟2 … 𝑟𝑁),   𝜉 = (𝜉1, 𝜉2), 𝜁 = (𝜁1, 𝜁2) 

such that its constriction by regularizing variables coincides with the desired solution: 

 
𝑢̌(𝑀, 𝜀)|𝛾=𝑝(𝑥,𝑡,𝜀) ≡ 𝑢(𝑥, 𝑡, 𝜀) 

𝛾 = (𝑟, 𝜎, 𝜂, 𝜉, 𝜁) 
(3)  

 

Taking into account (2) and (3), we find the derivatives: 

𝜕𝑡𝑢(𝑥, 𝑡, 𝜀) ≡ (𝜕𝑡𝑢̌(𝑀, 𝜀) +
1

𝜀2
𝜕𝜂𝑢̌(𝑀, 𝜀) + ∑[

𝑖𝜃𝑘
′(𝑡)

𝜀
𝜕𝑟𝑘

𝑢̌(𝑀, 𝜀)

𝑁

𝑘=1

 

+ 𝑒𝑥𝑝(𝑟𝑘) 𝜕𝜎𝑘
𝑢̌(𝑀, 𝜀))|𝛾=𝑝(𝑥,𝑡,𝜀) , 

 

𝜕𝑥𝑢(𝑥, 𝑡, 𝜀) ≡  ((𝜕𝑥𝑢̌ (𝑀, 𝜀) +  ∑ {
𝜑𝜈

′ (𝑥)

𝜀
𝜕𝜉𝜈

𝑢̌(𝑀, 𝜀) +
𝜑𝜈

′ (𝑥)

𝜀2
𝜕𝜁𝜈

𝑢̌(𝑀, 𝜀)}

2

𝜈=1

) |𝛾=𝑝(𝑥,𝑡,𝜀), 

 

𝜕𝑥
2𝑢(𝑥, 𝑡, 𝜀) ≡    ((𝜕𝑥

2𝑢̌ (𝑀, 𝜀)    

+ ∑ {(
𝜑𝜈

′ (𝑥)

𝜀
)

2

𝜕𝜉𝜈

2 𝑢̌(𝑀, 𝜀) + (
𝜑𝜈

′ (𝑥)

𝜀2
)

2

𝜕𝜁𝜈

2 𝑢̌(𝑀, 𝜀) +
1

𝜀
𝐷𝜉,𝑣𝑢̌(𝑀, 𝜀)

2

𝜈=1

+
1

𝜀2
𝐷𝜁,𝑣𝑢̌(𝑀, 𝜀)}) |𝛾=𝑝(𝑥,𝑡,𝜀) 

 

𝐷𝜉,𝑣 ≡ 2𝜑𝜈
′ (𝑥)𝜕𝑥,𝜉𝜈

2 + 𝜑𝜈
′′(𝑥)𝜕𝜉𝜈

, 

 

𝐷𝜁,𝑣 ≡ 2𝜑𝜈
′ (𝑥)𝜕𝑥,𝜁𝜈

2 + 𝜑𝜈
′′(𝑥)𝜕𝜁𝜈

. 

 

(4)  

On the basis of (1), (2), (3), (4) for the extended function 𝑢̌(𝑀, 𝜀) we set the problem as: 

𝐿𝜀̃𝑢̌(𝑀, 𝜀) ≡
1

𝜀2
𝑇0𝑢̌(𝑀, 𝜀) + ∑

𝑖𝜃′
𝑘(𝑡)

𝜀
𝜕𝑟𝑘

𝑢̌(𝑀, 𝜀)

𝑁

𝑘=1

+ 𝑇1𝑢̌(𝑀, 𝜀)

= ∑ 𝑓к(𝑥, 𝑡) 𝑒𝑥𝑝 (𝑟𝑘 +
𝑖𝜃к(0)

𝜀
)

𝑁

𝑘=1

 +  𝐿𝜁𝑢̌(𝑀, 𝜀) + 𝜀𝐿𝜉𝑢̌(𝑀, 𝜀) + 𝜀2𝐿𝑥𝑢̌(𝑀, 𝜀) 

 

𝑢̌(𝑀, 𝜀)|𝑡=𝑟𝑘=𝜂=0 = 𝑢̌(𝑀, 𝜀)|𝑥=0,𝜉1=𝜁1=0 = 𝑢̌(𝑀, 𝜀)|𝑥=1,𝜉2=𝜁2=0 = 0, 

 

𝑇1 ≡ 𝜕𝜂 − ∑ 𝜕𝜁𝑣

2 ,

2

𝜈=1

 

𝑇2 ≡ 𝜕𝑡 − ∑ 𝜕𝜉𝑣

2 − 𝑏(𝑥, 𝑡) + ∑ exp(𝑟𝑘) 𝜕𝜎𝑘

𝑁

𝑘=1

,

2

𝜈=1

 

(5)  
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𝐿𝜉 ≡ 𝑎(𝑥) ∑ 𝐷𝜉,𝑣
2
𝑣=1 , 

𝐿𝜁 ≡ 𝑎(𝑥) ∑ 𝐷𝜁,𝑣,

2

𝑣=1

 

𝐿𝑥 ≡ 𝑎(𝑥)𝜕𝑥
2. 

 

The problem (5) is regular in ε as ε → 0: 

(𝐿𝜀̃𝑢̌(𝑀, 𝜀)) |𝑞=𝑞(𝑥,𝑡,𝜀) ≡ 𝐿𝜀𝑢̌(𝑥, 𝑡, 𝜀). (6)  

 

2.3. Solution of Iterative Problems 

The solution of the problem (5) is determined in the form of a series 

𝑢̌( 𝑀, 𝜀) = ∑ 𝜀𝑣𝑢𝑣(𝑀).

∞

𝑣=0

 (7)  

For the coefficients of this series we obtain the following iterative problems: 

𝑇1𝑢0(𝑀) = 0,         𝑇1𝑢1(𝑀) = −𝑖 ∑ 𝜃𝑘
′ (𝑡)

𝑁

𝑘=1

𝜕𝑟𝑘
𝑢0(𝑀), 

 

𝑇1𝑢2(𝑀) = −𝑖 ∑ 𝜃𝑘
′ (𝑡)𝜕𝑟𝑘

𝑢1(𝑀)

𝑁

𝑘=1

− 𝑇2𝑢0(𝑀) + ∑ 𝑓к(𝑥, 𝑡) 𝑒𝑥𝑝 (𝑟𝑘 +
𝑖𝜃к(0)

𝜀
)

𝑁

𝑘=1

, 

+𝐿𝜁𝑢0(𝑀) 

 

𝑇1𝑢𝑣(𝑀) = −𝑖 ∑ 𝜃𝑘
′ (𝑡)𝜕𝑟𝑘

𝑢𝑣−1(𝑀) −

𝑁

𝑘=1

𝑇2𝑢𝑣−2(𝑀) + 𝐿𝜁𝑢𝑣−2 + 𝐿𝜉𝑢𝑣−3(𝑀) 

+ 𝐿𝑥𝑢𝑣−4(𝑀), 

(8)  

The solution of this problem contains parabolic boundary layer functions, internal power boundary 

layer functions which are connected with a rapidly oscillating free term a phase which are vanishes at 

𝑡 = 𝑡𝑙 , 𝑙 = 0, 1, … … , 𝑛 in addition, the asymptotics also contain angular boundary layer functions. We 

introduce a class of functions in which the iterative problems are solved: 

𝐺0 ≅ 𝐶∞(Ω̅), 𝐺1 = {𝑢(𝑀): 𝑢(𝑀) =⊕𝑙=1
2 𝐺0 ⊗ 𝑒𝑟𝑓𝑐 (

𝜉𝑙

2√𝑡
)}, 

 

𝐺2 = {𝑢(𝑀): 𝑢(𝑀) =⊕𝑘=1
𝑁 𝐺0 ⊗ 𝑒𝑥𝑝(𝑟𝑘)}, 

 

𝐺3 = {𝑢(𝑀): 𝑢(𝑀) =⊕𝑘=1
𝑁 ⊕𝑙=1

2 𝑌𝑘
𝑙(𝑁𝑙) ⊗ 𝑒𝑥𝑝(𝑟𝑘), ‖𝑌𝑘

𝑙(𝑁𝑙)‖ < 𝑐 𝑒𝑥𝑝 (−
𝜍𝑙

2

8𝜂
)}, 
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𝐺4 = {𝑢(𝑀): 𝑢(𝑀) =⊕𝑘=1
𝑁 𝐺0 (⊕𝑙=1

2 𝐺0 ⊗ 𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)) 𝜎𝑘} , 𝑁𝑙 = (𝑥, 𝑡, 𝜂, 𝜍1, 𝜍2) 

From these spaces we construct a new space: 

𝐺 =⊕𝑙=0
4 𝐺𝑙. 

The element 𝑢(𝑀)𝜖𝐺 has the form: 

𝑢(𝑀) = 𝑣(𝑥, 𝑡) + ∑ 𝑤𝑙

2

𝑙=1

(𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

+ ∑ [𝑐𝑘(𝑥, 𝑡) + ∑ 𝑌𝑘
𝑙(𝑁𝑙)

2

𝑙=1

] 𝑒𝑥𝑝(𝑟𝑘)

𝑁

𝑘=1

+ ∑ [𝑧𝑘(𝑥, 𝑡) + ∑ 𝑞𝑘
𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (

𝜉𝑙
2

2√𝑡
)

2

𝑙=1

] 𝜎𝑘.

𝑁

𝑘=1

 

(9)  

 

2.4. Solvability of Intermediate Tasks 

The iterative problems (9) in general form can be written as: 

𝑇1𝑢(𝑀) = 𝐻(𝑀). 
(10)  

 

Theorem 1. Suppose that the conditions 1)-3) and 𝐻(𝑀)𝜖𝐺3 are satisfied. Then equation (10) is 

solvable in G. 

Proof. Let the free term 𝐻(𝑀)𝜖𝐺3 be representable in the form:  

𝐻(𝑀) = ∑ ∑ 𝐻𝑘
𝑙 (𝑁𝑙),   ‖𝐻𝑘

𝑙 (𝑁𝑙)‖ < 𝑐 𝑒𝑥𝑝 (
𝜍𝑙

2

8𝜂
)

2

𝑙=1

𝑁

𝑘=1

, 

then, by directly substituting function 𝑢(𝑀)𝜖 𝐺 from (9)  in  (10) we see that this function is a solution 

of a given problem if and only if the function 𝑌𝑘
𝑙(𝑁𝑙) is a solution of equation: 

 

𝜕𝜂𝑌𝑘
𝑙(𝑁𝑙) = 𝜕𝜍𝑙

2 𝑌𝑘
𝑙(𝑁𝑙) + 𝐻𝑘

𝑙 (𝑁𝑙), 𝑙 =1,2, k=1,2,…,N. 
(11)  

With the corresponding boundary conditions, this equation has a solution which has the estimate: 

‖𝑌𝑘
𝑙(𝑁𝑙)‖ < 𝑐 𝑒𝑥𝑝 (

𝜍𝑙
2

8𝜂
). 

The theorem is proved. 

 

Theorem 2. Suppose that the conditions of Theorem 1 are satisfied. Then, under the following 

additional conditions 

 

1. 𝑢(𝑀)|𝑡=𝜂=0 = 0, 𝑢(𝑀)|𝑥=𝑙−1,𝜉𝑙=0,𝜍𝑙=0 = 0, 𝑙 = 1, 2; 

 

2. 𝐿𝜍𝑢(𝑀) = 0, 𝐿𝜉𝑢(𝑀) = 0; 

 

3. 𝑖 ∑ 𝜃𝑘
′ (𝑡)𝜕𝑟𝑘

𝑢𝑣(𝑀) + 𝑇2𝑢𝑣−1(𝑀) + ℎ(𝑀) ∈ 𝐺3.𝑁
𝑘=1  
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equation (10) is uniquely solvable. 

 

Proof. By Theorem 1 equation (10) has a solution that can be written in the form (9). If condition 1) is 

satisfied, we obtain: 

𝑣(𝑥, 𝑡)|𝑡=0 = − ∑ 𝑐𝑘(𝑥, 0), 𝑤𝑙(𝑥, 𝑡)|𝑡=0 = 𝑤̅𝑙(𝑥),

𝑁

𝑘=1

 

𝑌𝑘
𝑙(𝑁𝑙)|𝑡=𝜂=0 = 0, 𝑞𝑘

𝑙 (𝑥, 𝑡)|𝑡=0=𝑞̅𝑘
𝑙 (𝑥), 𝑑𝑘

𝑙 (𝑥, 𝑡)|𝑡=0 = 𝑑̅𝑘
𝑙 (𝑥), 

 

𝑤𝑙(𝑥, 𝑡)|𝑥=𝑙−1 = −𝑐𝑘(𝑙 − 1, 𝑡), 𝑞𝑘
𝑙 (𝑥, 𝑡)|𝑥=𝑙−1 = −𝑧𝑘(𝑙 − 1, 𝑡), 𝑙 = 1, 2. 

 

(12)  

Due to the fact that the function 𝑒𝑟𝑓𝑐 (
𝜃

2√𝑡
) is zero at 𝜃 = 0 the values for 𝑤𝑙(𝑥, 𝑡)|𝑡=0, 𝑞𝑘

𝑙 (𝑥, 𝑡)|𝑡=0 are 

chosen arbitrarily. 

We calculate: 

𝑖 ∑ 𝜃𝑘
′ (𝑡)𝜕𝑟𝑘

𝑢𝑣(𝑀) +

𝑁

𝑘=1

𝑇2𝑢𝑣−1(𝑀) + ℎ(𝑀)

= 𝑖 ∑ 𝜃𝑘
′ (𝑡) [𝑐𝑘,𝑣(𝑥, 𝑡) + ∑ 𝑌𝑘,𝑣

𝑙 (𝑁𝑙)

2

𝑙=1

] exp (𝑟𝑘)

𝑁

𝑘=1

+ [𝜕𝑡𝑣𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑣𝑣−1(𝑥, 𝑡)]

+ ∑[𝜕𝑡𝑤𝑣−1
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑤𝑣−1

𝑙 (𝑥, 𝑡)]𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

2

𝑙=1

+ ∑ [𝜕𝑡𝑐𝑘,𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑐𝑘,𝑣−1(𝑥, 𝑡)

𝑁

𝑘=1

+ ∑(𝜕𝑡𝑌𝑘,𝑣−1
𝑙 (𝑁𝑙) − 𝑏(𝑥, 𝑡)𝑌𝑘,𝑣−1

𝑙 (𝑁𝑙))

2

𝑙=1

] exp(𝜏𝑘)

+ ∑ {𝜕𝑡𝑧𝑘,𝑣−1(𝑥, 𝑡) − (𝑥, 𝑡)𝑧𝑘,𝑣−1(𝑥, 𝑡)

𝑁

𝑘=1

+ ∑[𝜕𝑡𝑞𝑘,𝑣−1
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑞𝑘,𝑣−1

𝑙 (𝑥, 𝑡)]𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

2

𝑙=1

} 𝜎𝑘

+ ∑ [𝑧𝑘,𝑣−1(𝑥, 𝑡) + ∑ 𝑞𝑘,𝑣−1
𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (

𝜉𝑙

2√𝑡
)

2

𝑙=1

] 𝑒𝑥𝑝(𝜏𝑘) + ℎ0(𝑥, 𝑡)

𝑁

𝑘=1

+ ∑ ℎ1
𝑙 (𝑥, 𝑡)

2

𝑙=1

𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

+ ∑ [ℎ2
𝑘(𝑥, 𝑡) + ∑ ℎ2

𝑙,𝑘(𝑥, 𝑡)

2

𝑙=1

] 𝑒𝑥𝑝(𝜏𝑘)

𝑁

𝑘=1

+ ∑ [ℎ3
𝑘(𝑥, 𝑡) + ∑ ℎ3

𝑙,𝑘(𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

2

𝑙=1

] 𝜎𝑘.

𝑁

𝑘=1

 

(13)  
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The condition (3) of the theorem will be ensured, if we choose arbitrarily in (9) as the solutions of the 

following equations: 

𝜕𝑡𝑣𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑣𝑣−1(𝑥, 𝑡) = −ℎ0(𝑥, 𝑡), 
 

𝜕𝑡𝑤𝑣−1
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑤𝑣−1

𝑙 (𝑥, 𝑡) = −ℎ1
𝑙 (𝑥, 𝑡), 

𝜕𝑡𝑌𝑘,𝑣−1
𝑙 (𝑁𝑙) − 𝑏(𝑥, 𝑡)𝑌𝑘,𝑣−1

𝑙 (𝑁𝑙) = − (ℎ2
𝑙,𝑘(𝑥, 𝑡) + 𝑞𝑘,𝑣−1

𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜍𝑙

2√𝜂
)), 

𝜕𝑡𝑧𝑘,𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑧𝑘,𝑣−1(𝑥, 𝑡) = −ℎ3
𝑘(𝑥, 𝑡), 

 

𝜕𝑡𝑞𝑘,𝑣−1
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑞𝑘,𝑣−1

𝑙 (𝑥, 𝑡) = −ℎ3
𝑙,𝑘(𝑥, 𝑡), 

 

𝑖𝜃𝑘
′ (𝑡)𝑐𝑘,𝑣(𝑥, 𝑡) = −𝑧𝑘,𝑣−1(𝑥, 𝑡) − [𝜕𝑡𝑐𝑘,𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑐𝑘,𝑣−1(𝑥, 𝑡)] − ℎ2

𝑘(𝑥, 𝑡). 
 

(14)  

After the choice of arbitrariness, expression (13) is rewritten as 

 

𝑖 ∑ 𝜃𝑘
′ (𝑡)𝜕𝑟𝑘

𝑢𝑣(𝑀) +

𝑁

𝑘=1

𝑇2𝑢𝑣−1(𝑀) + ℎ(𝑀) = ∑ ∑[𝑖𝜃𝑘
′ (𝑡)𝑌𝑘,𝑣

𝑙 (𝑁𝑙)]exp (𝜏𝑘) ∈ 𝐺3

2

𝑙=1

𝑁

𝑘=1

 

 

In (14), transition is made from 𝜉𝑙 2√𝑡⁄  to variable 𝜍𝑙 2√𝜂⁄ . The function 𝑌𝑘
𝑙(𝑁𝑙) is defined as the 

solution of equation (11) under the boundary conditions from (12) in the form: 

𝑌𝑘
𝑙(𝑁𝑙) = 𝑑𝑘

𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜍𝑙

2√𝜂
)

+
1

2√𝜋
∫ ∫

𝐻𝑘
𝑙 (⋅)

√𝜂 − 𝜏
[𝑒𝑥𝑝 (−

(𝜍𝑙 − 𝑦)2

4(𝜂 − 𝜏)
) − 𝑒𝑥𝑝 (−

(𝜍𝑙 + 𝑦)2

4(𝜂 − 𝜏)
)] 𝑑𝑦𝑑𝜏.

∞

0

𝜂

0

 

(15)  

 

We substitute this function in the corresponding equation from (14), then with respect to 𝑑𝑘
𝑙 (𝑥, 𝑡) we 

obtain a differential equation. By solving it under the initial condition 𝑑𝑘
𝑙 (𝑥, 𝑡)|𝑡=0 = 𝑑̅𝑘

𝑙 (𝑥), we find 

𝑑𝑘
𝑙 (𝑥, 𝑡) = 𝑑̅𝑘

𝑙 (𝑥, 𝑡)𝐵(𝑥, 𝑡) + 𝑃𝑘
𝑙 (𝑥, 𝑡), 𝐵(𝑥, 𝑡) = exp (∫ 𝑏(𝑥, 𝑠)𝑑𝑠

𝑡

0

), 

where 𝑃𝑘
𝑙 (𝑥, 𝑡)-is known function. 

By substituting the obtained function into condition for 𝑑𝑘
𝑙 (𝑥, 𝑡)|𝑥=𝑙−1 from (12) we define the value of 

𝑑̅𝑘
𝑙 (𝑥)|𝑥=𝑙−1. The obtained value is used as an initial condition for a differential equation with respect 

to 𝑑̅𝑘
𝑙 (𝑥), which is obtained after substitution 𝑑𝑘

𝑙 (𝑥, 𝑡) into the first condition of 2). With that we 

ensure fulfillment of this condition and uniqueness of the function 𝑌𝑘
𝑙(𝑁𝑙). Due to the fact that  

𝜃𝑘
′ (𝑡𝑘) = 0, the last equation from (14) is solvable if  

 

𝑧𝑘,𝑣−1
𝑙 (𝑥, 0) = −ℎ2

𝑘(𝑥, 0) − [𝜕𝑡𝑐𝑘,𝑣−1(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑐𝑘,𝑣−1(𝑥, 𝑡)]|𝑡=0. 
 

The obtained ratio is used as the initial condition for the differential equation with respect to 

𝑧𝑘,𝑣−1
𝑙 (𝑥, 𝑡) from (14). 

The equation with respect to 𝑣𝑣−1(𝑥, 𝑡) under the initial condition from (12) determines this function 

uniquely. Equations with respect to 𝑤𝑘,𝑣−1
𝑙 (𝑥, 𝑡), 𝑞𝑘,𝑣−1

𝑙 (𝑥, 𝑡) under the corresponding condition from 

(12) have solutions in the form: 
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𝑤𝑘,𝑣−1
𝑙 (𝑥, 𝑡) = 𝑤̅𝑘,𝑣−1

𝑙 (𝑥)𝐵(𝑥, 𝑡) + 𝐻1,𝑣−1
𝑙 (𝑥, 𝑡), 

 

𝑞𝑘,𝑣−1
𝑙 (𝑥, 𝑡) = 𝑞̅𝑘,𝑣−1

𝑙 (𝑥)𝐵(𝑥, 𝑡) + 𝐻2,𝑣−1
𝑙 (𝑥, 𝑡) 

(16)  

where 𝐻1,𝑣−1
𝑙 (𝑥, 𝑡), 𝐻2,𝑣−1

𝑙 (𝑥, 𝑡)- are known functions. 

By substituting (16) into the conditions under 𝑥 = 𝑙 − 1 from (12), we define values of 

𝑤̅𝑘,𝑣−1
𝑙 (𝑥)|𝑥=𝑙−1, 𝑞̅𝑘,𝑣−1

𝑙 (𝑥)|𝑥=𝑙−1. These conditions are used for solving differential equations which 

are obtained from second condition of (2): 

𝐿𝜉 (𝑤𝑘,𝑣−1
𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (

𝜉𝑙

2√𝑡
)) = 0, 𝐿𝜉 (𝑞𝑘,𝑣−1

𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)) = 0. 

Thus function 𝑢(𝑀) is determined uniquely. The theorem is proved. 

 

2.5. Solution of iteration problems 

Equation (8) is homogeneous for k = 0, therefore by Theorem 1, it has a solution in G  in the form: 

𝑢0(𝑀) = 𝑣0(𝑥, 𝑡) + ∑ 𝑤𝑙

2

𝑙=1

(𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)

+ ∑ {(𝑐𝑘,0(𝑥, 𝑡) + ∑ 𝑌𝑘,0
𝑙 (𝑁𝑙)

2

𝑙=1

) e𝑟𝑘

𝑁

𝑘=1

+ [𝑧𝑘,0(𝑥, 𝑡) + ∑ 𝑞𝑘,0
𝑙

2

𝑙=1

(𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
)] 𝜎𝑘} 

(17)  

 

The function 𝑌𝑘,0
𝑙 (𝑁𝑙) is solution of the equation 𝜕𝜂𝑌𝑘,0

𝑙 (𝑁𝑙) = 𝜕𝜍𝑙
2 𝑌𝑘,0

𝑙 (𝑁𝑙) which satisfies 

 

𝑌𝑘,0
𝑙 (𝑁𝑙)|𝑡=𝜂=0 = 0, 𝑌𝑘,0

𝑙 (𝑁𝑙)|𝑥=𝑙−1,   𝜍𝑙=0 = −𝑐𝑘,0(𝑙 − 1, 𝑡). 

 

From the last problem we define 

 

𝑌𝑘,0
𝑙 (𝑁𝑙) = 𝑑𝑘,0

𝑙 (𝑥, 𝑡) 𝑒𝑟𝑓𝑐 (
𝜍𝑙

2√𝜂
) , 𝑑𝑘,0

𝑙 (𝑥, 𝑡)|𝑥=𝑙−1 = −𝑐𝑘,0(𝑙 − 1, 𝑡), where 𝑑𝑘,0
𝑙 (𝑥, 𝑡)|𝑡=0 = 𝑑̅𝑘,0

𝑙 (𝑥). 

 

𝑑̅𝑘,0
𝑙 (𝑥) is arbitrary function. In the next step the equation (8) for k = 1 takes the form: 

        𝑇1𝑢1(𝑀) = −𝑖 ∑ 𝜃𝑘
′ (𝑡)

𝑁

𝑘=1

[𝑐𝑘,0(𝑥, 𝑡) + ∑ 𝑌𝑘,0
𝑙 (𝑁𝑙)

2

𝑙=1

] e𝑟𝑘 . 

According to the Theorem 1, this equation is solvable in U, if 𝑐𝑘,0(𝑥, 𝑡)=0 and the function 𝑌𝑘,0
𝑙 (𝑁𝑙) is 

solution of the differential equation 𝜕𝜂𝑌𝑘,0
𝑙 (𝑁𝑙) = 𝜕𝜍𝑙

2 𝑌𝑘,0
𝑙 (𝑁𝑙) + 𝐻𝑘,0

𝑙 (𝑁𝑙) and its solution can be 

written in the form (14), where 𝐻𝑘
𝑙 (0) = 𝑖𝜃𝑘

′ (𝑡)𝑌𝑘,0
𝑙 (𝑁𝑙). By satisfying conditions 1) -3) of Theorem 1 

we obtain (see (14)): 

𝜕𝑡𝑣0 − 𝑏(𝑥, 𝑡)𝑣0(𝑥, 𝑡) = 0, 𝜕𝑡𝑤0
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑤0

𝑙 (𝑥, 𝑡) = 0, 
𝜕𝑡𝑑𝑘,0

𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑑𝑘,0
𝑙 (𝑥, 𝑡) = −𝑞𝑘,0

𝑙 (𝑥, 𝑡), 
 

(18)  
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𝜕𝑡𝑧𝑘,0(𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑧𝑘,0(𝑥, 𝑡) = 0, 
 

𝜕𝑡𝑞𝑘,0
𝑙 (𝑥, 𝑡) − 𝑏(𝑥, 𝑡)𝑞𝑘,0

𝑙 (𝑥, 𝑡) = 0, 

 

𝑖𝜃𝑘
′ (𝑡)𝑐𝑘,1(𝑥, 𝑡) = −𝑧𝑘,0(𝑥, 𝑡) + 𝑓𝑘(𝑥, 𝑡) exp (

𝑖𝜃к(0)

𝜀
) , 

𝐿𝜍 (𝑑𝑘,0
𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (

𝜍𝑙

2√𝜂
)) = 0 

 

When the equation is solved with respect to 𝑑𝑘,0
𝑙 (𝑥, 𝑡), in the 𝑞𝑘,0

𝑙 (𝑥, 𝑡)𝑒𝑟𝑓𝑐 (
𝜉𝑙

2√𝑡
) occurs a transition: 

𝜉𝑙

2√𝑡
=

𝜍𝑙

2√𝜂
. 

The initial conditions for equations (18) are determined from (12). Functions 

𝑤0
𝑙 (𝑥, 𝑡), 𝑑𝑘,0

𝑙 (𝑥, 𝑡), 𝑞𝑘,0
𝑙 (𝑥, 𝑡) are expressed through arbitrary functions 𝑤̅0

𝑙 (𝑥), 𝑑̅𝑘,0
𝑙 (𝑥), 𝑞̅𝑘,0

𝑙 (𝑥). These 

arbitrary functions provide the condition 

𝐿𝜉𝑢𝑘(𝑚) = 0, 𝐿𝜍𝑢𝑘(𝑚) = 0 

ensuring the solvability of the equation with respect to 𝑐𝑘,1
𝑙 (𝑥, 𝑡).  Suppose that 

𝑍𝑘,0(𝑥, 𝑡)|𝑡=0 = 𝑓𝑘(𝑥, 𝑡)𝑒𝑥𝑝 (
𝑖𝜃𝑘(0)

𝜀
). 

This relation is used by the initial condition for determining 𝑍𝑘,0(𝑥, 𝑡) by putting in to the equation 

(18). 

Repeating this process, we can determine all the coefficients of 𝑢𝑘(𝑚) of the partial sum. 

𝑢𝜀𝑛(𝑚) = ∑ 𝜀𝑖𝑢𝑖(𝑚).

𝑛

𝑖=0

 

In each iteration with respect to 𝑣𝑖(𝑥, 𝑡), 𝑤𝑖
𝑙(𝑥, 𝑡), 𝑑𝑘,𝑖

𝑙 (𝑥, 𝑡), 𝑧𝑘,𝑖(𝑥, 𝑡), 𝑞𝑘,𝑖
𝑙 (𝑥, 𝑡), we obtain 

inhomogeneous equations. 

2.6. Assessment of the Remainder Term.  

For the remainder term 

𝑅𝜀𝑛(𝑥, 𝑡, 𝜀) ≡ 𝑅𝜀𝑛(𝑚, 𝜀)|𝛾=𝜌(𝑥,𝑡,𝜀) = 𝑢(𝑥, 𝑡, 𝜀) − ∑ 𝜀𝑖

𝑛

𝑖=0

𝑢𝑖(𝑚)|𝛾=𝜌(𝑥,𝑡,𝜀), 

taking into account (3), (6), we obtain the equation 

𝐿𝜀𝑅𝜀𝑛(𝑥, 𝑡, 𝜀) = 𝜀𝑛+1𝑔𝑛(𝑥, 𝑡, 𝜀) 

with homogeneous boundary conditions. Using the maximum principle, as in [7], we get the estimate 

http://www.journals.manas.edu.kg/


A. Omuraliev, E. Abylaeva / MANAS Journal of Engineering 6 (2) (2018) 98-107 202 

   

 MJEN  MANAS Journal of Engineering, Volume 6 (Issue 2) © 2018 www.journals.manas.edu.kg 
 

|𝑅𝜀𝑛(𝑥, 𝑡, 𝜀)| < 𝑐𝜀𝑛+1. (19)  

Theorem 3. Suppose that conditions 1) -3) are satisfied. Then the constructed solution is an asymptotic 

solution of problem (1), i.e. ∀𝑛 = 0,1,2, … the estimate is fair (18). 

3. CONCLUSION 

It is shown that the asymptotic solution of the problem contains parabolic, power, rapidly oscillating, 

and angular boundary layer functions. Angular boundary layer functions have two components: the 

first is described by the product of a parabolic boundary layer function and a boundary layer function, 

which has a rapidly oscillating change. 
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