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Abstract: In this paper we construct the asymptotics of the solution of the singularly
perturbed parabolic problem with the stationary phase and the additive free
term by using the regularization method for singularly perturbed problems. In
this case, the asymptotic solution consists of regular and boundary layer terms.
The boundary layer members are parabolic, power and rapidly oscillating
boundary layer functions, and their products. These products are called
angular boundary layer functions. Angular boundary layer functions have two
components: the first is described by the product of a parabolic boundary layer
function and a boundary layer function, which has a rapidly oscillating
change.
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1. INTRODUCTION

Singularly perturbed problems with rapidly oscillating free terms were studied in [1 - 3]. In [1], authors
mostly focused on ordinary differential equations with a rapidly oscillating free term whose phase does
not have stationary points. Using the regularization method for singularly perturbed problems [5],
differential equations of parabolic type with a small parameter where fast-oscillating functions as a free
member were studied in [2 - 3]. The asymptotic solutions constructed in [1 - 3] contain a boundary
layer function having a rapidly oscillating character of change. In addition to such boundary-layer
function, ordinary differential equations that contain an exponential boundary layer were studied in [1],
parabolic equations with parabolic boundary layer were studied in [2], [3] and angular boundary layer
were considered in [2], [6]. If the phase of the free term has stationary points, then boundary layers
have an additional rise, which is due to a power character of a change. In this case, the asymptotic
solution consists of regular and boundary layer terms. The boundary layer members are parabolic and
power, rapidly oscillating boundary layer functions, and their products, which are called angular
boundary layer functions [5]. In this paper we used the methods of [5], [6] to solve the parabolic
problem.

2. ASYMPTOTIC CONSTRUCTION
2.1. Statement of the Problem
In this paper we study the following problem:

Lou (x,t,&) = 0u — e2a(x)02u — b(x, t)u = Yh—; f(x, t) exp (ie“(t)) ,(x,t) € Q, 1)

&

u(x, t, S)|t=0 = u(x' t, S)|x=0 = u(x' t' S)|x=1 =0

where & > 0 —is a small parameter, Q= { (x,t): x € (0,1), t € (0,T]}.
The problem is solved under the following assumptions:

1. a(x) >0, a(x) € C*[0,1], b(x,t), f(x,t) € C*(Q),

2. Vx €[0,1] function a(x) >0

3. 6, (t) = 0—is the phase function.

2.2. Regularization of the Problem

For the regularization of the problem (1) we introduce regularizing independent variables using
methods described in [4] and [6]:
t

=L, n =100l e 00 o, @
_ ev(x) — r_ayv—1 (X ds _
617 g2 (pV(x) - ( 1) fv_lm V= 1,2 ,

L i [6,(s) — 6,(0
asz exp( [6( )8 « )])dssz(t,e),l:0,r,j=0,kl—1
0

Instead of the desired function u(x, t, €) we study the extended function
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ﬁ(Mr ‘S)rM = (X, i, n,0, E' ()'O- = (01'02 "'GN)' r= (TI,TZ '"rN)' f = (61' 52)16 = ((1152)

such that its constriction by regularizing variables coincides with the desired solution:

ii(M, 5) |y=p(x,t,£) = U(X, ¢, 8) (3)
Yy = (T, o,n, S;r Z)

Taking into account (2) and (3), we find the derivatives:

K ()

ou(x, t,e) = (0,u(M, ) + 6 LM, ) + Z 0y U(M, £)

+ exp(rk) aak u(M 8))|y—p(x,t,e) ’

@y (x) @y (x)
af v u € 2
& &

2
ou(x, t,e) = | (0,04 (M, ¢) + Z{ Lu(M, e)} ly=pCx,t.e)s
v=1

22u(x, t, ) = 021 (M, €
xulx,t, €) (0x1 (M, €) @
2 2 2
Py (%) ~ Py (x) ~ 1.
+ z {( Vg > 0¢ (M, €) + < 1;2 0z (M, €) + EDg,,,u(M, )
v=1
1 N~
+ S_ZD(,vu(M: 8) |y=p(x,t,£)
Dey = 203,(x)05 ¢ + @y (x)0,,
D(v = 2¢v(x)ax( + (pv (x)a(v-
On the basis of (1), (2), (3), (4) for the extended function % (M, €) we set the problem as:
t
LAi(M, €) = —Tou(M €) + Z AiOP 9, (M, &) + T,i(M, £)
K( ) ~ _ .
= fK(x, t)exp | + - + L;i(M, €) + eLl(M, ) + €L, ti(M, €)
k=1
(M, &)= =n=0 = T(M, &) 4=0,6,=¢,=0 = T(M, &) lx=16,-¢,=0 = O, ©)

2
n=0,-) %,
v=1 N

2
— Z 0Z — b(x,t) + Z exp(r) O, »
v=1

k=1
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L = a(x) 212;=1 D¢ ,

L; = a(x) 2 D¢ 4,
v=1

L, = a(x)02.

The problem (5) is regular in € as € — 0:

(Lett(M,€)) lqmqxe) = LetiCx, ). (©)

2.3. Solution of Iterative Problems

The solution of the problem (5) is determined in the form of a series

o)

WM, ) = Z evu, (M), (7)

v=0

For the coefficients of this series we obtain the following iterative problems:

N
Tiug(M) =0, Tyu (M) = —iz O (£) Or, uo (M),
k=1

Tut (M) = =0 ) 0D, (M) = Toto (M) + ) filet) exp < + 2 O)),
k=1 =1

(8)

N
Tyu,(M) = —i Z O ()0, Uy—1 (M) — Tyuyy_o (M) + Lzt + Letty,_3(M)
k=1

+ Lxuv—4(M):
The solution of this problem contains parabolic boundary layer functions, internal power boundary
layer functions which are connected with a rapidly oscillating free term a phase which are vanishes at

t=t¢t,l=0,1,.... ,n in addition, the asymptotics also contain angular boundary layer functions. We
introduce a class of functions in which the iterative problems are solved:

Go = C=(D), 6y = {u(M):u(M) =B, G, ® erfc (j—jz)}

Gy = {u(M): u(M) =®II¥=1 Go ® exp(ry)},

2
s = {u(M): u(M) =@} ey YW ® exp(o), VW) | < c exp <_ ;_;7)}
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Gy = Ju(M): u(M) :eall¥=1 Go (EBIZ=1 Go ®erfc (%)) Gk}le = (x,t,1,61,62)

From these spaces we construct a new space:

G =®?_=O Gl'
The element u(M)eG has the form:

u(M) = v(x,t) + 22: w! (x, terfc <ZE_\}E)
=1

. 2
+ a(x,t) + Z Yi(N) | exp(ny) (9)
L =1

- > ,
Zi(x,t) + Z q,l((x, t)erfc <2€—\lﬁ>] Oy
! =1

—+

=T

&
1l
ey

2.4. Solvability of Intermediate Tasks
The iterative problems (9) in general form can be written as:
Tou(M) = H(M). (10)

Theorem 1. Suppose that the conditions 1)-3) and H(M)eG5 are satisfied. Then equation (10) is
solvable in G.

Proof. Let the free term H(M)eG5 be representable in the form:

N 2 2
H(M) = HL(ND, [|HEOND|| < c exp (),
81

k=11=1
then, by directly substituting function u(M)e G from (9) in (10) we see that this function is a solution
of a given problem if and only if the function Y;!(N,) is a solution of equation:

0, YL (N = B2VE(NY) + HE(NY, 1 =12, k=12,...N. (11)
With the corresponding boundary conditions, this equation has a solution which has the estimate:

2
l St
||Yk (Nl)” < cexp <877>'

The theorem is proved.

Theorem 2. Suppose that the conditions of Theorem 1 are satisfied. Then, under the following
additional conditions

1. u(M)|t=n=0 = O'u(M)|x=l—1,fl=0,cl=0 =0,l=1,2;

2. Lau(M) = 0, Leu(M) = 0;

3. i Xk=1 0k ()0 Uy, (M) + Tyu,_1 (M) + h(M) € Gs.
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equation (10) is uniquely solvable.

Proof. By Theorem 1 equation (10) has a solution that can be written in the form (9). If condition 1) is
satisfied, we obtain:

N
V(8 Ol = = ) 66,00, wHCx, Ol = W),
l ot ! ! i (12)
Ye(NDe=p=0 = 0, @i (x, ) |¢=0=q1 (x), dic (x, ) | =0 = djc (%),

Wl(xr t)|x=l—1 = _Ck(l - 1) t); qll((xl t)|x=l—1 = _Zk(l - 1' t)'l = 1' 2.

Due to the fact that the function erfc (zi\/f) is zero at & = 0 the values for w!(x, t)|¢=q, gk (x, t) | ;=0 are

chosen arbitrarily.
We calculate:

N
) 060y, 10, (M) + Tyt (M) + (M)
k=1

N 2
= iz Ok (t) [ck,v (x,t) + Z Ve (N)
F [0v0-1(x,8) — b(x, O)vys (%, )]
2

exp (i)

+ z[atwf,_l(x, t) — b(x, t)wy_, (x, t)]erfc <2€_\}E>

atck,v—l(x; t) - b(xl t)ck,v—l(xl t)

(01 (N) — b(x, Y, (ND) | exp(ty)

(13)

[9:0k 2 (6, 8) = b, Ok (5 Oerfc (;—\;E)} o

Bpa (5,0) + Z Ghos (6, Derfic (%)] exp(ti) + ho (.0

=1
N
",
k=1
2
"
=1
£y {atzk,v_loc, ) = (6 021 (6 0)
k=1
2
"
=1
N
",
k=1
2

+ Z hl(x,t) erfc (%)
I=1

h¥(x, t) + Z h;'k(x, t)] exp(ty)
I =1

+

—+

PA=ID

- 2
hE(x, t) + Z hé’k(x, t)erfc <ZE_\;E)] Oy
! I=1

&
1l
ey
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The condition (3) of the theorem will be ensured, if we choose arbitrarily in (9) as the solutions of the
following equations:

atvv—l(xl t) - b(x) t)vv—l(xl t) = —ho(x, t)r
atwle—l(xJ t) - b(x) t)WIIJ—l(x' t) = _hi (x' t)r

¢
atYkl,v—l(Nl) — b(x, t)Ylé,v—l(Nl) =- hlk(x t) + ka 1(x, t)erfc< : ) )

2n (14)

atzk,v—l(x; t) - b(x) t)Zk,v—l(xl t) = _h§ (xl t);
atqllc,v—l(x) t) — b(x, t)qllc,v—l(x' t) = _hfék(x; t),

16 (O kw0, 8) = =2k p-1 (6, 8) = [O¢Cip-1(x, ) = b(x, gy (x, )] — K5 (x, 0).

After the choice of arbitrariness, expression (13) is rewritten as

z 04613, (M) + Ty (M) + h(M) = Z Z[Lek(t)ykv(zvl)]exp(rk) € Gy

k=11=

In (14), transition is made from &,/2+/t to variable gl/zﬁ. The function Y. (N,) is defined as the
solution of equation (11) under the boundary conditions from (12) in the form:

Vi) = dix, ©) (c>
KD = i Derfe (= -

Hi.() =) ci+y)
zv—JJ "( 407 = )) ex”( 407 - ))ldydf'

We substitute this function in the corresponding equation from (14), then with respect to d (x,t) we
obtain a differential equation. By solving it under the initial condition d}, (x, t)|;=o = dj(x), we find
t

di(x,t) = dL(x,t)B(x,t) + PL(x,t), B(x,t) = exp <J b(x, s)ds),
0

where P} (x, t)-is known function.

By substituting the obtained function into condition for dj (x, t)|,—;—; from (12) we define the value of
dk (x)|x=i—1. The obtained value is used as an initial condition for a differential equation with respect
to di (x), which is obtained after substitution d(x,t) into the first condition of 2). With that we

ensure fulfillment of this condition and uniqueness of the function Y}(N,). Due to the fact that
0, (t;) = 0, the last equation from (14) is solvable if

lec,v—l(xf 0) = _hlzc (x,0) — [atck,v—l(x: t) — b(x, t)cgp-1(x, t)]|t=0-

The obtained ratio is used as the initial condition for the differential equation with respect to
Zk 1 (x, t) from (14).
The equation with respect to v,,_; (x, t) under the initial condition from (12) determines this function

uniquely. Equations with respect to wy ,_; (x, t), qk ,—1 (x, t) under the corresponding condition from
(12) have solutions in the form:

an YRSl MANAS Journal of Engineering, Volume 6 (Issue 2) © 2018 www.journals.manas.edu.kg


http://www.journals.manas.edu.kg/

A. Omuraliev, E. Abylaeva / MANAS Journal of Engineering 6 (2) (2018) 98-107 200

Wll(,v—l(xﬁ t) = Wllc,v—l(x)B(x' t) + H{,U—l(x' t),
! =1 l (16)
Qk,v—l(x’ t) = Qk,v—l(x)B(x' t) + HZ,‘U—l(x' t)
where Hi,_;(x,t), H ,_1 (x, t)- are known functions.
By substituting (16) into the conditions under x =1—1 from (12), we define values of
W 1) =11, @r y—1(x)|x=1-1. These conditions are used for solving differential equations which
are obtained from second condition of (2):

L¢ <W,lm,_1(x, t)erfc <2€_\;f)> 0,L¢ (qu 1(x, t)erfC< ik)) =0

Thus function u(M) is determined uniquely. The theorem is proved.

2.5. Solution of iteration problems

Equation (8) is homogeneous for k =0, therefore by Theorem 1, it has a solution in G in the form:

uo(M) = vy (x,t) "‘ZW (x, t)erfc (2\/—>

+ Z 1 {(Ck o(x,t) + Z Yi 0(N1)> (17

+ [z o(x, t) + Z qk_0 (x,t)erfc (;—ﬁ)] ak}
I=1

The function Y; o(N,) is solution of the equation 9, Y; o (N;) = 82, ,(N,) which satisfies

YIé,O(Nl)It=17=O = O: Ykl,O(Nl)Ix=l—1, ¢1=0 = _Ck,O(l - 1: t)-

From the last problem we define
Yio(N) = djo(x, 1) erfc( \/—> die o (%, ) |x=i—1 = —Cro(I — 1, 1), where dj o (x, t) |¢=0 = df o ().

d}, o (x) is arbitrary function. In the next step the equation (8) for k = 1 takes the form:

Tk

N 2
Tiuy (M) = —i Z 0 (1) [Ck,o(x' t) + Z Ykl,o(Nl) e
k=1 =1

According to the Theorem 1, this equation is solvable in U, if ¢, o(x, t)=0 and the function Ykl,o(Nl) is
solution of the differential equation 0,Y,(N;)) = 2Y,o(N) + Hf o(N,) and its solution can be
written in the form (14), where H.(0) = iH,Q(t)Ykl,O(Nl). By satisfying conditions 1) -3) of Theorem 1
we obtain (see (14)):

0,9 — b(x, )vy(x,t) = 0,0,w)(x,t) — b(x,)wi(x,t) =0

18
dedL o (x, £) — b(x, )L o (x, 1) = —qL o (x, 1), (18)
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atZk’O(x, t) - b(x, t)Zk’O(.x, t) = 0,

atqllc,o(x» t) — b(x, t)(hlc,o(x' t) =0,

‘1 i6,.(0)
10, (t)cp1(x, t) = =z o(x, t) + fi(x,t) exp< Kg ,
L| d ‘L)) =0
| diox, terfc ﬁ =
When the equation is solved with respect to d]lc,o(x' t), inthe q,’cjo(x, t)erfc (j—\/‘f) occurs a transition:
S s
N NEY

The initial conditions for equations (18) are determined from (12). Functions
wh(x, t),dl o (x, ), qx o (x, t) are expressed through arbitrary functions w¢(x), dy o(x), gk o (x). These
arbitrary functions provide the condition

Leup(m) = 0,L.ug(m) = 0
ensuring the solvability of the equation with respect to c , (x, t). Suppose that

i9k€(0)>_

Zio(x,t)|¢=0 = fie(x,)exp (

This relation is used by the initial condition for determining Zj o(x,t) by putting in to the equation
(18).

Repeating this process, we can determine all the coefficients of u; (m) of the partial sum.

n

usn(m) = z giui(m)_

i=0
In each iteration with respect to w;(x,t),wi(x,t),dk;(x, 1),z (x, 1), qk;(x,t), we obtain

inhomogeneous equations.

2.6. Assessment of the Remainder Term.

For the remainder term

n
Ren(6,,) = Ren(m, Ol y=peee) = U0 6,8) = ) e uy(mlycpicr
i=0
taking into account (3), (6), we obtain the equation
LR, (x,t,e) = e g (x,t,¢€)
with homogeneous boundary conditions. Using the maximum principle, as in [7], we get the estimate
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|Ren (x,t,€)| < ce™ ™. (19)

Theorem 3. Suppose that conditions 1) -3) are satisfied. Then the constructed solution is an asymptotic
solution of problem (1), i.e. Vvn = 0,1,2, ... the estimate is fair (18).

3. CONCLUSION

It is shown that the asymptotic solution of the problem contains parabolic, power, rapidly oscillating,
and angular boundary layer functions. Angular boundary layer functions have two components: the
first is described by the product of a parabolic boundary layer function and a boundary layer function,
which has a rapidly oscillating change.
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