P-iePE
x.m

o,
x,
=
ol
>
o

P 0N oY

-
£
w
~
'
&
~

&

Afyon Kocatepe Universitesi Fen ve Miihendislik Bilimleri Dergisi

Afyon Kocatepe University - Journal of Science and Engineering
https://dergipark.org.tr/tr/pub/akufemubid

e-ISSN: 2149-3367

Arastirma Makalesi / Research Article
DOI: https://doi.org/10.35414/akufemubid.1964187

CITE: Afyon Kocatepe University Journal of Science and Engineering. 26(4) (2026) 897-907

Standing Waves of the NLS Equation on Locally
Finite Weighted Graphs: A Linking Geometry

Approach

*Makale Bilgisi / Article Info
Alindi/Received: 04.06.2026
Kabul/Accepted: 16.07.2026
Yayimlandi/Published: : 03.08.2026

Lokal Sonlu Agirlikh Graflar Uzerinde Dogrusal Olmayan
Schrodinger Denkleminin Duragan Dalga Coziimleri:

Linking Geometrisi Yaklagimi

Setenay AKDUMAN"

izmir Democracy University, Department of Mathematics, izmir, Turkey

© 2026 The Authors | Creative Commons Attribution-Noncommercial 4.0 (CC BY-NC) International License

Abstract

We investigate wave solutions of the nonlinear Schrédinger
equation (H — D)u = f(x,u) on alocally finite weighted graph,
where H is the associated Schrédinger operator. The central
hypothesis is a tail summability condition 1/V € £% (V) on the
effective potential V, which, together with canonical
compactifiability of the graph, yields a compact Sobolev-type
embedding E & #P,(V) for the full range 1 <p < o and
forces the spectrum of H to be purely discrete. This framework
does not require the global lower bound inf,¢c,m(x) > 0 and is
strictly incomparable with the measure-theoretic potential
conditions in the existing literature, thereby covering a
genuinely broader class of weighted graphs. Under the
Ambrosetti-Rabinowitz super linearity condition on f, we
establish the Palais—Smale condition for the associated energy
functional for every A € R and verify the linking geometry
through a spectral decomposition of the energy space. An
application of the Linking theorem then vyields at least one
nontrivial solution for every value of the spectral parameter.
When the nonlinearity is additionally odd, the Symmetric
Mountain Pass Theorem produces infinitely many pairs of
solutions.

Keywords: Nonlinear Schrodinger equation; Locally finite weighted
graphs; Standing waves; Linking theorem; Palais-Smale condition;
Variational methods.
AMS Subject Classifications (2020): 35Q55, 35A15, 47J30, 39A12,
39A70, 58E05, 78A40

Oz

Bu calismada, lokal sonlu agirlikli bir graf tizerinde tanimlanan
dogrusal olmayan Schrédinger denkleminin (H — A)u = f(x, u)
duragan dalga c¢ozumlerini inceliyoruz. Burada H ilgili
Schrodinger operatoriini gostermektedir. Calismanin temel
varsayimi, etkin potansiyel V igin 1/V € £%,(V) bigimindeki
kuyruk toplanabilirlik kosuludur. Bu kosul, grafin kanonik
kompaktlanabilirligi ile birlikte, 1 < p < oo araligindaki tim p
degerleri icin E & €P,(V) seklinde kompakt bir Sobolev tipi
gomilme saglamakta ve H operatorinin spektrumunun
tamamen diskrit olmasina yol agmaktadir. Bu c¢ergeve,
inf,cpm(x) > 0 bigimindeki global bir alt sinir kosulunu
gerektirmemekte olup, mevcut literatiirde kullanilan 6l¢l-teorik
potansiyel kosullariyla kesin olarak karsilastirilamaz niteliktedir.
Bu sayede gercekten daha genis bir agirlikhi graf sinifini
kapsamaktadir. Dogrusal olmayan f fonksiyonu igin
Ambrosetti—Rabinowitz stiper lineerlik kosulu altinda, iliskili
enerji fonksiyonelinin her A € R degeri i¢in Palais—Smale
kosulunu sagladigini gosteriyor ve enerji uzayinin spektral
ayrisimi araciligiyla Linking geometrisini dogruluyoruz. Daha
sonra Linking teoremi uygulanarak, spektral parametrenin her
degeri icin en az bir adet asikar olmayan ¢6ziimiin varlig elde
edilmektedir. Dogrusal olmayan f fonksiyonu tek fonksiyon
oldugunda ise Simetrik Mountain Pass teoremi sonsuz sayida
¢6zUm ¢ifti Uretmektedir.

Anahtar Kelimeler: Dogrusal olmayan Schrodinger denklemi; Lokal
sonlu agirhkh graflar; Duragan dalgalar; Linking teoremi; Palais-Smale
kosulu; Varyasyonel yontemler.

AMS Konu Siniflandirmasi (2020): 35Q55, 35A15, 47J30, 39A12, 39A70,
58E05, 78A40

1. Introduction

The nonlinear Schrodinger (NLS) equation on weighted
graphs models wave propagation in a variety of physical
systems, including nonlinear optical waveguide arrays,
Bose—Einstein condensates in optical lattices, and energy
localisation in  biomolecular chains; see, for
example, (Ablowitz et al., 2003; Lederer et al., 2008;

Pelinovsky et al., 2005) and the references therein. In its
standing wave reduction, the equation takes the form

(H = Du(x) = f(x,u(®)),

Here k = +1 and V is the vertex set of a locally finite

XEV. (1)

weighted graph, H = L + I is the associated Schrodinger
operator, A € R is a spectral parameter, and f is a
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nonlinearity. The natural variational framework for
equation (1) leads to the energy functional

Ja(u) = %Q(u) —g I 117 = K By m (%) F(x, u(x)),

whose critical points are precisely the solutions of (1). The
central analytic difficulty is to establish sufficient
compactness properties of the energy space E to carry
out the minimax arguments of critical point theory. This is
a non-trivial task on a general weighted graph, where
neither a Poincaré inequality nor a coercive potential

growth condition is assumed a priori.
Background and motivation

Variational methods for NLS-type equations on discrete
structures have been developed since the foundational
work of Rabinowitz on minimax methods in critical point
theory (Rabinowitz, 1986), which provides the abstract
framework underlying both the Mountain Pass Theorem
and the Linking Theorem. The application of these tools
to NLS equations requires compact Sobolev-type
embeddings of the energy space into weighted sequence
spaces, and the precise mechanism by which
compactness is achieved depends sensitively on the
growth behaviour of the potential and the geometric
properties of the underlying graph.

On the one-dimensional lattice V =7, Zhang and
Pankov (Zhang and Pankov, 2010) proved the existence of
standing wave solutions for every A € R via the Linking
Theorem, under a coercive potential condition (V(n) =
+0o0 as |n| = o) combined with the boundedness of the
graph Laplacian on £?(Z). The coercive growth of the
potential provides the compact embedding of the energy
space into £%(Z) directly, and is the key analytic ingredient
in their Palais—Smale argument.

On locally finite graphs, Grigor'yan, Lin, and
Yang (Grigor’yan et al., 2017) established the existence of
positive solutions via the Mountain Pass Theorem under
the global

summability condition on the inverse potential. The lower

lower bound inf,cym(x) >0 and a
bound implies that every subset of finite m-measure is
finite, which in turn gives a continuous embedding
21 (V) o €2°(V); together with a compact embedding of
the energy space into #1 (V), this yields compact
embeddings E < £9(V) forall 1 < q < oo.

More recently, Akduman, Hofmann, and Karakilig

(Akduman et al., 2025) extended the variational theory to
locally finite graphs by replacing the coercive condition
with the measure-theoretic potential condition

R L0 = e @
m(¥)<oo

and used the generalised Nehari manifold approach
(Szulkin and Weth, 2010) to produce ground state
solutions. Condition (2) requires the potential to grow to
infinity outside every canonically compactifiable subset of
finite m-measure; it is strictly weaker than pointwise
coercivity, and it yields compact embeddings E < {’pm 2
forp = 2.

Present contributions

The present paper works under a genuinely different set
of hypotheses, which we now describe. We consider a
locally finite weighted graph I = (V, b, ¢) subject to two
structural conditions:

(A1) Canonical compactifiability: This provides the
required continuous embedding E & £ (V) .

(A2) Tail summability: 1/V € €1 (V),
m(x)?
inf Z
Aoy m(x) + c(x) <

m(I)<oo XEV\X

equivalently,

Crucially, we do not require inf,eym(x)>0. As a
consequence, infinite subsets of V with finite m-measure
are permitted, which accommodates vertices with
infinitesimally small weights and a substantially broader
class of weighted graphs than
by (Grigor’yan et al., 2017).

those covered

The condition (A2) is strictly incomparable with condition
(2) of (Akduman et al., 2025): there exist weighted graphs
satisfying (A2) for which (2) fails, and conversely (see
10-11 in Section3). The
mechanism developed here is therefore genuinely
different from those of both (Zhang and Pankov, 2010)
and (Akduman et al., 2025).

Examples compactness

A key advantage of the tail summability condition (A2) is
that it is particularly well suited to variational methods
based on Palais—Smale compactness and linking or
mountain-pass geometry, where compact embeddings
into finite-exponent spaces suffice. Indeed, condition (A2)
yields compact embeddings E & ffn(V) for the full range
1 < p < o0, including the low-exponent regime 1 < p <
2 that is not covered by (2) in (Akduman et al., 2025). This
stronger family of embeddings provides additional
flexibility in the linking geometry and is also expected to
be useful in the study of multiplicity results and
bifurcation phenomena on weighted graphs.

Our main results are as follows.

i. Strict incomparability (Section 3). The tail summability
condition (A2) and the measure-theoretic potential
condition (2) of (Akduman et al., 2025) are strictly
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incomparable: neither implies the other in general
(Examples 10-11).

ii. Compact Sobolev embedding and discrete spectrum
(Sections 3—4). Under (A1) and (A2), the embedding
E & £P (V) is compact for every 1 < p < oo (Lemma
12), and the Schrodinger operator H has compact

resolvent and purely discrete spectrum
(Proposition 16).
iii. Palais—Smale condition (Section 6). The energy

functional J; satisfies the Palais—Smale condition for
every A € R (Theorem 18). The proof adapts the
Ambrosetti—Rabinowitz condition to
coercive splitting argument of (Zhang and Pankov,

replace the

2010), which is unavailable in our setting.

iv. Existence and multiplicity for k = 1 (Section 8). For
every 1 € R, equation (1) has at least one nontrivial
solution u € E. When f(x,") is additionally odd, the
equation has infinitely many pairs of nontrivial
solutions tu,,, € E (Theorem 27).

Organisation of the paper

Section 2 introduces the functional framework, the
weighted graph Laplacian, the quadratic form and energy
space, and the assumptions on the nonlinearity and the
graph. Section 3 establishes the compact Sobolev
embedding and compares our framework with those
of (Grigor’'yan et al., 2017) and (Akduman et al., 2025).
Section 4 proves that H has purely discrete spectrum.
Section 5 establishes the C'-regularity of the energy
functional. Section 6 proves the Palais—Smale condition.
Section 7 develops the spectral decomposition and linking
geometry. Section 8 contains the main existence and
multiplicity theorem for the self-focusing case k = 1.
Section 9 collects remarks on related open problems.

2. Functional Setting and Assumptions
2.1 Weighted graphs

Let V be an infinite countable set and m:V - (0,) a
measure with full support. A weighted graph T = (V, b, c)
over (V, m) consists of a killing weight c: V — [0, ) and
an edge weight b: V XV — [0, o) satisfying

b(x,y) = b(y,x)

and the local finiteness condition

Zb(x,y)<oo

where we write y ~ x to indicate that x and y are

b(x,x) =0, forallx,y €V,

forallx eV,

adjacent, i.e., b(x,y) > 0. This framework is standard;

we refer the reader to (Keller et al., 2021),

(Georgakopoulos et al., 2015) and (Akduman et al., 2025)
for a systematic treatment.

2.2 Function spaces

For 1 < p < o, the weighted Lebesgue space ¢, (V) is
defined by

(V) i=wV > R{lull,:= Z m () [u(x)|?

xX€V
< w},

and £*(V) comprises all bounded functions on V,
normed by || © Il = sup,ey |u(x)]. The space £2,(V) isa
Hilbert space with

(W V)2, 1= Z m(x)u(x) v(x).

xX€V

The weighted graph Laplacian takes the form
1
A = ) - ’ E ’
U@ = s y> b (6, Y)u() ~u(®), x€V

where u: V = R. Let C,(V) denotes the set of functions
whose support is finite on V.

2.3 Quadratic forms and the Schrédinger operator

Following the Dirichlet form approach of (Keller et al.,
2021), we define g, on C.(V) by

1
W@ i=5 ). bEEE) - 1)
x),/yNExV
+ ) c()ux)>?

The form g, is closable on #2,(V); we denote its closure
by g, which is the Dirichlet form with the form domain
D(q). The Neumann form § is the maximal closed
extension of q,, given on

D(@):={u € £7,(V): g(w) < oo}.

where G(u) denotes the same expression as g, but
evaluated on all u € £2 (V) for which it is finite; see
(Akduman et al. 2025). By construction, D(q) < D(§) and
q = qonD(q).

Since q is closed and non-negative, there exists a unique
non-negative self-adjoint operator L on £2,(V) satisfying

qu,v) = (W, Lv)ez, forallu € D(q), v € D(L),

with  D(q) =D(LY?) and  q(uu) =l L2u 1% ;

see (Keller et al., 2021, Appendix B).

We define the Schrédinger operator H : = L + I. A direct
computation shows that
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Hu(x) = —Au(x) + V(x) u(x),

_c(x) + m(x) -
EZON

V(x):

The quadratic form corresponding to the operator H is
Q(w) : = q(w+Il u I3 , which may be written explicitly

as
1
0(w) = Exzevb (D) —um))
7
+ ) m(x)V(x)u(x)

In particular, D(Q) = D(q) by definition. We refer to the
Hilbert space

E:=D(Q) = D(HY?)

as the energy space, endowed with

1
@v)ei=3 ). b —ue)EE - vK)
X, yEV
+ ) m@x)V(x)ulx)v(x)

and corresponding norm || u IZ: = Q(u) =Il H/?u IIE%.
We note that the identity Q(u) = (Hu,u),2, holds for

u € D(H); for general u € E = D(H'/?), the correct
statement is Q(w) =l H/*u IIj; .

2.4 Assumptions on the nonlinearity

Assumption 1 (Nonlinearity). The function f:V X R = R
satisfies the following conditions.

(f1) The nonlinearity f(x,u) is measurable in x and
continuous inu, with f(x,0) = 0,Vx € V.

) If W) < u®)|ul, vx €V and |u| <R, with
u(R) non-decreasing, u(R) > 0 for R > 0, u(R) -» 0 as
R—-0.

(f3) There exist constants C > 0 and 2 < p < oo such that
If(x,w)| <CA+|ulP~Y) forallx € Vandu € R.

(f4) (Ambrosetti—Rabinowitz  condition.) There exists
2 <60 < oo suchthat

0<O0F(x,uw) <uf(x,u) forallx € V,u #0,
where F(x,u) : = fouf (x,5) ds.

Remark 2. Condition (f4) has several
consequences. Integrating the differential inequality

(InF(x,"))' = 8/u foru > 0 yields the lower bound

useful

F(x,u) = F(x, uo)(uio)e foru>wuy, >0, (3)

so that F (x,u) = Cy|u|® forlarge |u|, uniformly in x, and
in particular F(x,u) >0 for all u# 0. Conditions (f2)
and (f3) together imply that for every € > 0 there exists a
constant A(g) > 0, independent of x, such that

0 < F(x,u) <= [ul + A@)u (4)

Finally, combining (f3) and (f4) gives the exponent

constraint2 < 6 < p.

Definition 3. (Akduman et al. (2025)) Any given subset
K inV is said to be canonically compactifiable if the map
1%:D(G) > £°(V) defined by 13(u) = yicu is
continuous. In this case we write K € V.

Assumption 4 (Canonical compactifiability). The weighted
graph T is canonically compactifiable, that is, the
embedding D(G) & €% (V) is continuous.

Remark 5. Our assumption Assumption 4 implies a
continuous embedding E = D(Q) & £°(V), which is
sufficient for controlling the nonlinear term and for the
variational arguments below.

Assumption 6 (Potential condition).

m(x)>?

A e 5o Tem

m(K)<oo
2.5 Formulation of the problem

We consider the NLS equation (1), which may be written
equivalently as

—Au(x) + V() ulx) —Aulx) =k f(x,u(x)), x€V,

where u: ¥V — R, the self-focusing case for k = 1 and the
defocusing case for k = —1, and A is a real spectral
parameter. We aim to establish the existence of solutions
methods under the

by variational assumptions

introduced above.
2.6 The energy functional

The energy functional associated with equation (1) is

J2) =3 QW) =5 1wl — K Beeym () FOou@).  (5)

As we shall verify in Section 5, J; is of class C! on E, and
its critical points are precisely the solutions of (1), in both
the weak and the pointwise sense.

3. Compact Sobolev Embedding
3.1 Equivalence with the summability condition

Lemma 7. Assumption 6 is equivalent to the summability
condition 1/V € £, (V), i.e., X ey m () /V (x) < 0.

Proof. Since m(x)/V(x) = m(x)?/(m(x) + c(x)) and
V(x) = 1, for any finite-measure subset X' € V we have
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= m(x) +c(x)

Therefore Assumption 6 holds if and only if the full sum
Trerm (x)/V(x) is finite. O

Remark 8. Compared with the framework of (Grigor’yan
et al., 2017), the principal relaxation in the present work
does not stem from the weighted summability condition
1/V € €1 (V) itself, but from dropping the global lower
bound ig;m(x) >0, which is a rather restrictive

geometric assumption on the weighted graph. Indeed,
under this lower bound every subset of finite measure is
necessarily finite. Once the assumption is removed,
infinite subsets of finite measure become possible,
allowing vertices with infinitesimally small weights and
accommodating a substantially broader class of weighted
graphs.

The following example illustrates that the present
framework applies to weighted graphs for which the
global lower bound on the measure fails, thereby
highlighting the restrictive nature of the condition
Jicggm(x) > 0.

Example 9. Let V =N, m(n) =27, and c(n) = 272",
Then irellgm(n) = (, so the global lower bound condition
n

of (Grigor’yan et al., 2017) fails. Nevertheless,

V(n) =20 = 1 4o,

m(n)

and therefore

Z—TL

(n)
Snen Jgny = Znen Tyymn < 50 1/V € £5,(V)
and Assumption 6 holds. To see this directly, take I = @,
for whichm(¥) = 0 < oo and

2—71

m(n)Z 2—2n
Znen Tz %

Lnenx e Lnen F-myg-2n

so the infimum in Assumption 6 is finite.
3.2 Comparison with existing frameworks

Example 10 (Assumption 6 does not imply the potential
condition of (Akduman et al., 2025)). LetV = N, m(n) =
27", and c(n) = 272" ThenV(n) =1+ 2™ < 2 for all
n. For any canonically compactifiable subset KX € V with
non-empty complement, one has ; Ci]r}\fj(V(n) <2, and

consequently

B gl ) <
m(K)<oo

so condition (2) of (Akduman et al., 2025) fails. On the
other hand, Y., m(m)/V(n) = Yo 27" /(1 +27) <
o0, so 1/V € £1 (V) and Assumption 6 holds.

Example 11 (The potential condition (2) of (Akduman et
al., 2025) does not imply Assumption 6). LetV =7Z, m =
1, and c(n) = |n|. Then V(n) = 1+ |n|. Since m=1
m(¥) < oo if and only if X €V is finite. Taking Iy =
{=N,..,N}, we have m(Ky) <o and Ky €WV.
Moreover, ne%}rgc NV(n) =N + 2 - +oo, so condition (2)

is satisfied. On the other hand, for any finite subset K c

V, the complement V\XK contains all integers of

sufficiently large absolute value, and thus Y,ep\x
m(n)2 _ 1

mm+c(n) Lnev Tl

so Assumption 6 fails.

The two conditions are therefore strictly incomparable.
The summability condition 1/V € £1,(V) controls the
total m-weighted mass of 1/V, while condition (2)
of (Akduman et al., 2025) requires V to be large outside
canonically compactifiable subsets of finite m-measure.
The compactness mechanism developed in this paper is
consequently distinct from those of both (Zhang and
Pankov, 2010) and (Akduman et al., 2025).

3.3 The compact embedding theorem

Lemma 12 (Compact Sobolev embedding). Under
Assumptions 4 and 6, the embedding E & €% (V) s
compact forevery1 < p < o,

Proof. Let (u,,) be a bounded sequence in E. Since E is a
Hilbert space, we may pass to a subsequence and assume
u, — u weakly in E. By Assumption 4, the sequence is
uniformly bounded in £ (V):

I uy o< Coosupy, l uy lg< C,M for some constant
M > 0.

Step 1: Strong convergence in £1 (V). Let £ > 0. By

Lemma 7, choose K c V with a finite measure and
m(x)  &€?

V(x)  4M?

XEV\K

For any w € E with || w lI;< 2M, the Cauchy-Schwarz

inequality and the identity m(x)/V(x) = m(x)?/
(m(x) + c(x)) give

m(x)>?
Zxemae M () wW()| < Qyenvac m)” 2

Cxevae m () V() [w(x)[*)*?
m(x)>? 1/2
< Qxenvic —m(x)ﬂ(x)) lwlg
<= .2M=¢.
2M
Applying this to w = u,, — u, which is bounded in E by

2M, shows that the tail contribution is uniformly smaller
than ¢.

For the finite part, on X, note that for each x € V, the

901



Standing Waves of the NLS Equation on Locally Finite Weighted Graphs: A Linking Geometry Approach, AKDUMAN.

evaluation functional 6,:FE - R, §,(u) =u(x), is
bounded and linear by Assumption 4. Hence weak
convergence u,, = uin E implies u, (x) = u(x) for every
x €V. Since m(K) <o and |u,(x) —u(x)| < 2C,M
uniformly, the discrete dominated convergence theorem

yields Il (U, —w) llpz,— 0.

Combining the two estimates, we conclude that u,, - u
strongly in €1, (V).

Step 2: Strong convergence in £- (V) for p € (1, ).
Since 1, () — u()IP <l uy —u I [u, () — u(x)|
and (u, —u) is uniformly bounded in £ (V), we obtain

oty = ullfy < 2CoM)P lluy, — ull, > 0
m
O

Remark 13. The convergence on K established in Step 1
can alternatively be derived from the local compactness
result of (Akduman et al., 2025, Lemma 3.9), which
provides a stronger form of compactness on canonically
compactifiable subsets. Specifically, since m(K) < oo, the
restriction operator 1y: £° (V) - €1 (K) is compact by
that lemma, and hence, after passing to a subsequence,
XacUn = Xacu strongly in £1,(3C). The argument given
above relies only on the weaker consequence that weak
with
compactifiability, implies pointwise convergence and

convergence in E, combined canonical
hence strong convergence in £1,(}) by dominated

convergence.

Remark 14. Assumption 6 yields compact embeddings for
the full range 1 < p < oo, including the low-exponent
regime 1 < p < 2. In contrast, condition (2) of (Akduman
et al., 2025) yields compact embeddings only for p = 2.

Remark 15. /n (Grigor’yan et al., 2017), the assumption
inf,cym(x) > 0 implies that every set of finite measure is
finite, and one obtains the continuous embedding
21 (V) © £2°(V). Combined with the compact embedding
into €1, (V), this yields compact embeddings E & £1(V)
forthe full range 1 < q < oo.

As noted above, the condition inf,c,m(x) > 0 is quite
restrictive and excludes many natural weighted graphs. In
the present work, we replace it by canonical
compactifiability (Assumption 4), and under this weaker

hypothesis we still obtain compact embeddings
Eo ¢l (1),1<q <.

Although compactness of the embedding E < £ (V) is
no longer available in general, this causes no difficulty for
our variational analysis. The existence results in this paper
require only the continuous embedding E < £*(V),
which follows directly from Assumption 4 and is sufficient

to control the nonlinear term and to carry out the Palais—
Smale and linking arguments in the sections that follow.

4. Discreteness of the Spectrum

Proposition 16. Under Assumptions4 and6, the
Schrédinger operator H has compact resolvent. In
particular, the spectrum of H is purely discrete: a(H) =
{A, Ay, .3 with 1 <A, <A, <+ = 400, where each
eigenvalue is repeated according to its multiplicity, and
€2,(V) admits an orthonormal basis {¢;}2, of

eigenfunctions of H.

Proof. By Lemma 12 applied with p = 2, the embedding
tE & £2,(V)is compact. We claim that H™1: £2,(V) - E
is bounded. Indeed, for f € £2,(V), let u=H™1f €
D(H) c E. Using Q(v) = (Hv,v),z, for v € D(H) and
H=>=MI

NHZ fE= Q) = (L H ez, I f g | Hf Nz,
<A S NG,

so H™1: 42, (V) > E is bounded with norm at most 11—1/2'

The composition 1o H™1:£2 (V) -» ¢2,(V) is then
compact, being the composition of a bounded operator
with the compact embedding (. The standard spectral
theorem for compact self-adjoint operators (see,
e.g., (Birman and Solomjak, 1987; Reed and Simon, 1975))
then gives the stated conclusion: the spectrum is purely
discrete, consisting of eigenvalues of finite multiplicity
accumulating only at +co0. O

Since H = I, we have 4; = 1. We write H¢; = A, ¢; with
¢, € E normalised, and refer to 1, as the first eigenvalue
of H throughout.

5. C1-Regularity of the Energy Functional

Proposition 17.
functional J,:E = R is of class C1. For every u € E, the
derivative J;(u) € E* actson v € E by

@), v) =
Q(w,v) = Aw,v) g, = k Erevm () f(x,u(x)) v(x),

where ., .) denotes the duality pairing between E* and
E.

Under Assumptions 1, 4, and 6, the

Proof. By Assumption 4, every u € E satisfies || U [, <
Co Il U llg< o0. Using the estimate (4), the Nemytskii
functional W (u) : = X,cp m (x)F (x, u(x)) satisfies

u(ll u llo)

el < (S A N ) N i, < o

so W is well defined on E. By Lemma 12 withp = 1, the
embedding E © £1, (V) is continuous (compactness is hot
needed at this stage), and for each fixed u € E the linear
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map v e Y, m(x)f(x,u(x))v(x) defines a bounded
functional on E. The C'-regularity of ¥ and the derivative
formula then follow by the standard Nemytskii operator
argument, using the uniform bound || u [l < Co Il u lig;
see (Akduman et al., 2025, Proposition 2.8) and (Drabek
and Milota, 2013) for the details. O

6. Palais—Smale Condition

Definition. A sequence (u,,) C E is called a Palais—Smale
sequence for J, at level c € RifJ,(u,) = cand];(u,) =
0in E*. We say that ] satisfies the Palais—Smale condition
(PS condition) if every such sequence possesses a
convergent subsequence in E.

Under
Assumptions 1, 4, and 6, the functional J, satisfies the PS

Theorem 18 (Palais—Smale condition).

condition for every k € {1,—1} and every A € R.

Proof. Let (u,) c E satisfy |J,(u,)] < C and J;(u,) = 0
inE*.

Step 1: Boundedness. Suppose for contradiction that
Il u, llg— . Set i, :=u,/ll u, llg, so Il &, ll;=1. By
Lemma 12 withp = 2, after passing to a subsequence we
have i, » @ strongly in €2/ (V), and consequently
i, (x) = ti(x) foreveryx € V

(since  m(x)|t,(x) — (x)|? <Il @i,, — @t II%H—) 0 and
m(x) > 0).

Dividing the relation J;(u,) = ¢ by Il u, % and using
Il w, llg— oo, we obtain

ZxM(X)F (x,un)
lunl

a:=1/2(1-21171%) ifr=1,

6
p:=1/2(2N0a1% —1) ifx=-1 e

Since F = 0 by (f4), botha > 0and 8 > 0.
Dividing (J5 (), u,) by Il u, % and passing to the limit
yields

2xm(x)f (x,up)un
lunll?

S 1=l (7)

By (f4), f (x,u)u = 0F(x,u) = 0 for 6 > 2.

Case k = 1. From (6)—(7), we get 2a =1—-A | 1 II§%12
fa,so (2 —0)a = 0. Since 8 > 2, this forcesa = 0.

Case k = —1. Similarly, (6 —2)f <0, and since 6 > 2,
we conclude 8 = 0.

In both cases, 4 || ii II§%L= 1.

For A <0 this is impossible, since @ >0 implies
Al ||§%ns 1, which together with A < 0 contradicts A ||

u |I§3n= 1>0. For A >0: the identity Al |I§$n= 1

forces i # 0, so there exists x, € V with#i(xy) # 0. Then
|[un (X0)| =l ty, g |Tn (Xo)| = +00. By (3), f(xo,wu 2
Cy,lul® for large |ul, giving

m(xo) f (%o, Un () ) un (X0) >
Il u, I -

" Up "Z‘_Z |ﬁn(x0)|9 i +OO,

Cxom(xo)

which contradicts (7). Hence (u,,) is bounded in E.

Step 2: Strong convergence. Since (u,,) is bounded in E,
we may extract a subsequence with u,, = u weakly in E.
By Lemma 12, u,, - u strongly in £5 (V) for all p < oo,
and in particularin £2,(V) and £, (V). Assumption 4 gives
I w, < M uniformly.

Expanding (/3 (u,) — J3 (W), up, — u):

Iy —wlig= (J3w) = @), uy —u) + Al u, —
w7z + K Teer m () (f () — £ (6, W) (U — 1) (8)

Each term on the right-hand side tends to zero:

i (), u, — uy > 0:since |l J5(wy) llg+— 0
and (u, —u) is bounded in E.

ii. {Ja(w), u, —u) - 0:since u,, = u weakly and
J;(uw) € E* is afixed element.

iii. Allu, —u II§2 — 0: by strong convergence in
m

22, (V).

iv. The nonlinear term: by (f3) and the uniform
bound [u,l, Jul <M, we have
If(x,uy) — flx,w)] < Cy uniformly, so

| e m (O (f (o, u) = f (6, u) (un — )| <

Cy lup —ully,— 0.
Therefore | u, —u 12— 0, i.e., u,, = u strongly in E. O

Remark 19. The main departure from Pankov—
Zhang (Zhang and Pankov, 2010) occurs in Step 1. Their
proof exploits the coercivity of the potential on 7

(meaning V (n) — +oo) to decompose || u II§2 into a

(2
controlled finite-set contribution and a small tail; this
splitting is unavailable under our assumptions. We replace
it with three ingredients: (i) the compact embedding E <
€2, (V) to extract a pointwise-convergent subsequence;
(ii) the Ambrosetti-Rabinowitz condition (f4) to derive
a =0 (or B = 0); (iii) the polynomial lower bound (3) to
produce the final contradiction. In particular, the
strengthened assumption F(x,u)/|u|?> - o used in

(Zhang and Pankov, 2010) is not required.
7. Linking Geometry

Throughout this section we take k = 1.
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7.1 Spectral decomposition and abstract critical point
theorems

Fix A€R. If A= 4,, let k=1 be the unique integer
satisfying A, <A < A4q;if A < 44, set k = 0. Define

- K
Y :=span{¢,, ..., P, } ,

Z:=Y"* =span{¢pi1, Pri2, -} (9)

so that E =Y @ Z orthogonally in both E and #2,(V)
(withY = {0} when k = 0). Set

A, :=max(1,0), &,:=2k1"2 ¢ (01]. (10)
1

Akt
Fixzy € Z with || zy l;= 1. For 0 < r < p, define

N:={uezZ:lulg=r}

M:={fu=y+szy0y€Y, s=0, lulz<p}

OM:={u=y+szyy€Y, s=0, lullz=p}
U{yeY:lly llg<p}

We shall use the following two abstract results.

Theorem 20 (Linking Theorem (Rabinowitz, 1986,
Theorem 5.3)). Let] € C(E, R) satisfy the PS condition

and infy ey /(W) > supyeam/(W).
Setting T':={y € C(M,E):y|sm = id}, the value
¢ : = infsup/(y(u))

Y€lyem

is a critical value of ] with ¢ = inf,¢yJ(u).
Forr>0letB.(0):={u€E:llullg<r}.

Theorem 21 (Symmetric Mountain Pass Theorem
(Rabinowitz, 1986, Theorem 9.12)). Let ] € C1(E,R) be
even with J(0) = 0, satisfying the PS condition and E =
Y @ Z with dimY < oo, Suppose:

(B1) there existr,a > 0 such that ]|yp n7 = @;

(B2) for a nested dense sequence E; C E, C --- of finite-
dimensional subspaces, there exist radii p,, > 0 such that
J <0o0nEp\B,, (0)foreachm = 1.

Then | has an unbounded sequence of critical values ¢; <
Cy < o0 > Fo00,

7.2 Spectral bounds

Lemma 22 (Spectral bounds). For the decomposition (9)
with A, <A< Ayt
((H=2y, ¥)pz, <0 forally €Y,

(H=MDz2)pz 26,1z I} forall z € Z.

Proof. Upper bound on Y. Expanding in the eigenbasis:
((H=Dy, 9z, = Zisk (4 = Dyi|* <0, since 4; <
A < Aforalli < k.

Lower bound on Z. ((H—21)z,2)ez, = Xisk+1 (1= 2/
A)A;|z;|?. For 2 = 0, the factor 1 — 1/, is increasing in

A, soinfiup (1 —A/) =1—=2A, /Ay = 6. ForA <0
(which occurs only when k =0): ((H—21)z2).z =

2
IzIE=2A 1zl =20z IE=8; 1z I O

7.3 Ambrosetti-Rabinowitz growth on finite-
dimensional subspaces

Lemma 23 (AR-monotonicity). Let W c E be a finite-
dimensional subspace spanned by finitely many
eigenfunctions of H, so that W c €8 (V). Define G (v)
1= ey M (X)F (x, v(x)) for v in the unit sphere S, of
W. Then

C,: =V16r51£VG(v) >0,

and consequently

Zxer m (XF (x,u(x)) = C,p°
forallu € Wwith lullz=p = 1.

Proof. The unit sphere S, is compact (since W is finite-
dimensional) and G is continuous on S,. Forany v € Sy,
there exists x, € V with v(x,) # 0 (since [l v ;=1 and
m >0 everywhere), and condition (f4) then gives
F(xq,v(xy)) > 0. Hence G > 0 on Sy, and the infimum
C, = infG > 0 is attained.

For the lower bound, write u = pv with v =u/p € §),.
By (f4), the map t - F(x,t)/|t|? is non-decreasing on
(0, ) (since its derivative equals (f(x,t)t — 0F(x,t))/
|£]®+* > 0). Hence F(x, pv(x)) = p?F(x,v(x)) for p =
1 and v(x) # 0. Summing over x with weights:

Yrevm (OF (x, pr(x)) = p?G(v) = C,p°. O
7.4 Linking geometry

Lemma 24 (Linking geometry). Let 1> A1, and set
7o = Qrs1/ll @riq llg. There exist 0 < r < p such that

infyenJa(w) > 0 = supyean/a(W.

Proof. Lower bound on N. For u € Z with [[ullg=r7,
Lemma 22 and (4) yield

6y £
Ja@) = 2w li= iz — ACe) Il .

Since H = 4,1, we have || u II?;nS AT u 1. By

Assumption 4 and Hoélder’s inequality:

lu ”5}7 < CP73rP=2)71r2, Substituting:
m

A(e)CP %P2

22, 4 '

Choose € = 6,4, /4. For r >0 sufficiently small, the
bracket is at least §,/4 > 0, giving infyJ; = (6,/4) 12 >
0.

Upper bound on 0M, Partl (s=0, u=yEe€Y).
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Lemma 22 and F > 0 together give J;(y) < 0.

Upper bound on dM, Part2 (u=y+sz, e W:=Y @
span{zy}, s > 0, Il u llz;= p). By Lemma 12 with p = 6,
the eigenfunctions satisfy ¢; € £9,(V), so W < £9,(V).
Lemma 23 applied to W gives

Yom ()F(x,ux)) = C,p°.

For the quadratic part, using Hpy 1 = Agy1Pr41 and the
continuity of E & £2,(V):

2
I v 7,

I Presr I
< Cpy — )52 < C(Ayy — P2

((H = D(520),520) g3, = 5% (Aes1 = 1)

Combined with ((H — 4)y,y),z, < 0, this yields

%((H —Du,u)pz, < Cyp? for some constant Cy, > 0.
Hence L) < Cyp?—Cp? <0 for
p = po:=(Cy/CHYED,

Choosing p = max(r + 1, p,) completes the proof. O

Remark 25 (Mountain pass as a special case). When
A<A, we have Y={0}, M={sz;:0<s<p)}
N=0B.(0)nE, and 6;=@A;—21,)/4 € (01]
Lemma 22 provides the lower bound on N, and
J3(s20) < Cyys? — C45% - —c0 as s > oo, In this case the
Linking Theorem reduces to the standard Mountain Pass
Theorem and yields a nontrivial critical point.

Lemma 26 (Finite-dimensional estimate). Form = 1, let
E,, :=span{®;, ..., Or+m}. There exist constants c;, c, >
0 such that

L@ <c lulz—c, lullf forallu € E,,.

In particular, J, <0 on Ep,\Bg, (0) for all sufficiently
large R,y,.

Proof. Since E,, is finite-dimensional, all norms are
equivalent; in particular, ((H —Du, w2, <Cp llu 2.
Lemma 23 applied to E. gives
Yem@)F(,u) = Cs lullg forll ullz= 1. Since 8 > 2,
the estimate J(w) <c¢ lullz—c, llullf follows
immediately, and the right-hand side is non-positive for

IIu ”EZ Rm = (Cl/cz)l/(e—z)‘ O
8. Existence of Solutions for k = 1

Under
Assumptions 1, 4, and 6 with k = 1, for every A € R the

Theorem 27 (Existence and multiplicity, k = 1).

following hold.

i There exists at least one nontrivial solution
u € Eof (H—Mu= f(x,u).

ii. If in addition f(x,-) is odd for every x €V, then
], possesses an unbounded sequence of critical
values, and the equation has infinitely many
pairs of nontrivial solutions t+u,, € E.

Proof. By Theorem 18, ], satisfies the PS condition.

Proof of (i).

Cast 1 (1 < A;, mountain pass). Set z, = ¢, /Il ¢, llg. By
Remark 25, infyJ; = (6;/4) 1% >0 with
6, = —1,)/2, >0, and J,(sz5) = —o0 as s — oo.
Since  J;(0) = 0 < infyJ;, Theorem 20 (with Y = {0})
yields a critical value ¢ > (6,/4)7r? > 0 and hence a
nontrivial critical point.

Case 2 (A= A4, linking). By Lemma 24, infy/, >0 >
supgm/a- Since J;(0) = 0 < infyJ;, Theorem 20 yields a
critical value ¢ = infyJ; > 0 and a nontrivial critical point
u€ekE.

Proof of (ii). The oddness of f (x,-) implies that J; is even
and satisfies J;(0) = 0. Condition (B1) of Theorem 21 is
provided by Lemma 24, which gives
Jalos.nz = (67/4)r? > 0. Condition (B2) is provided by
Lemma 26 with

_= {Span{dh. s P}
™ span{ey, ..., Prim}

ifA< Ay,
A, A<y, k=1,

with corresponding radii R, > 0 such that J, <0 on
En\Bg,, (0) for each m = 1. Theorem 21 then yields an
unbounded sequence of critical values and the pairs
tu,,. O

m-
9. Further Remarks and Open Problems

The results of this paper naturally suggest several
directions for further investigation.

The defocusing case k = —1. The Palais—Smale condition
established in Theorem 18 holds for both signs of k, but
the linking geometry developed in Section 7 is specific to
the self-focusing case; adapting the variational framework
to treat existence and non-existence of solutions in the
defocusing regime requires a different approach and will
be pursued separately.

Bifurcation. A natural continuation of Theorem 27 is to
study the bifurcation of nontrivial solutions from the
trivial one as A crosses an eigenvalue A, of H, a question
that the discrete spectrum established in Proposition 16
makes precise.

Exponential decay. The solutions obtained here belong to
the energy space E c £2,(V), and it is natural to ask
whether they decay exponentially at infinity; under
suitable additional assumptions on f near zero, this is
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expected to follow from the functional calculus of H, in
analogy with the one-dimensional argument of (Zhang
and Pankov, 2010).
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