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Abstract 
We investigate wave solutions of the nonlinear Schrödinger 
equation (𝐻 − 𝜆)𝑢 = 𝑓(𝑥, 𝑢) on a locally finite weighted graph, 
where 𝐻 is the associated Schrödinger operator. The central 
hypothesis is a tail summability condition 1/𝑉 ∈ ℓ𝑚

1 (𝒱) on the 
effective potential 𝑉, which, together with canonical 
compactifiability of the graph, yields a compact Sobolev-type 
embedding 𝐸 ↪ ℓᵖₘ(𝒱) for the full range 1 ≤ 𝑝 < ∞ and 
forces the spectrum of 𝐻 to be purely discrete. This framework 
does not require the global lower bound inf𝑥∈𝒱𝑚(𝑥) > 0 and is 
strictly incomparable with the measure-theoretic potential 
conditions in the existing literature, thereby covering a 
genuinely broader class of weighted graphs. Under the 
Ambrosetti–Rabinowitz super linearity condition on 𝑓, we 
establish the Palais–Smale condition for the associated energy 
functional for every 𝜆 ∈ ℝ and verify the linking geometry 
through a spectral decomposition of the energy space. An 
application of the Linking theorem then yields at least one 
nontrivial solution for every value of the spectral parameter. 
When the nonlinearity is additionally odd, the Symmetric 
Mountain Pass Theorem produces infinitely many pairs of 
solutions. 
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Öz 
Bu çalışmada, lokal sonlu ağırlıklı bir graf üzerinde tanımlanan 
doğrusal olmayan Schrödinger denkleminin (𝐻 − 𝜆)𝑢 = 𝑓(𝑥, 𝑢) 
durağan dalga çözümlerini inceliyoruz. Burada 𝐻 ilgili 
Schrödinger operatörünü göstermektedir. Çalışmanın temel 
varsayımı, etkin potansiyel 𝑉 için 1/𝑉 ∈ ℓ𝑚

1 (𝒱)  biçimindeki 
kuyruk toplanabilirlik koşuludur. Bu koşul, grafın kanonik 
kompaktlanabilirliği ile birlikte, 1 ≤ 𝑝 < ∞  aralığındaki tüm 𝑝 
değerleri için 𝐸 ↪ ℓᵖₘ(𝒱) şeklinde kompakt bir Sobolev tipi 
gömülme sağlamakta ve 𝐻 operatörünün spektrumunun 
tamamen diskrit olmasına yol açmaktadır. Bu çerçeve, 
inf𝑥∈𝒱𝑚(𝑥) > 0 biçimindeki global bir alt sınır koşulunu 
gerektirmemekte olup, mevcut literatürde kullanılan ölçü-teorik 
potansiyel koşullarıyla kesin olarak karşılaştırılamaz niteliktedir. 
Bu sayede gerçekten daha geniş bir ağırlıklı graf sınıfını 
kapsamaktadır. Doğrusal olmayan 𝑓 fonksiyonu için 
Ambrosetti–Rabinowitz süper lineerlik koşulu altında, ilişkili 
enerji fonksiyonelinin her 𝜆 ∈ ℝ değeri için Palais–Smale 
koşulunu sağladığını gösteriyor ve enerji uzayının spektral 
ayrışımı aracılığıyla Linking geometrisini doğruluyoruz. Daha 
sonra Linking teoremi uygulanarak, spektral parametrenin her 
değeri için en az bir adet aşikar olmayan çözümün varlığı elde 
edilmektedir. Doğrusal olmayan 𝑓 fonksiyonu tek fonksiyon 
olduğunda ise Simetrik Mountain Pass teoremi sonsuz sayıda 
çözüm çifti üretmektedir. 
 
Anahtar Kelimeler: Doğrusal olmayan Schrödinger denklemi; Lokal 
sonlu ağırlıklı graflar; Durağan dalgalar; Linking teoremi; Palais-Smale 
koşulu; Varyasyonel yöntemler. 
AMS Konu Sınıflandırması (2020): 35Q55, 35A15, 47J30, 39A12, 39A70, 
58E05, 78A40  

 
  

 

1. Introduction 

The nonlinear Schrödinger (NLS) equation on weighted 

graphs models wave propagation in a variety of physical 

systems, including nonlinear optical waveguide arrays, 

Bose–Einstein condensates in optical lattices, and energy 

localisation in biomolecular chains; see, for 

example, (Ablowitz et al., 2003; Lederer et al., 2008; 

Pelinovsky et al., 2005) and the references therein. In its 

standing wave reduction, the equation takes the form 

(𝐻 − 𝜆)𝑢(𝑥) = 𝜅 𝑓(𝑥, 𝑢(𝑥)),   𝑥 ∈ 𝒱. (1) 

Here 𝜅  = ±1 and 𝒱 is the vertex set of a locally finite 

weighted graph, 𝐻 = 𝐿 + 𝐼 is the associated Schrödinger 

operator, 𝜆 ∈ 𝑅 is a spectral parameter, and 𝑓 is a 
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nonlinearity. The natural variational framework for 

equation (1) leads to the energy functional 

 𝐽𝜆(𝑢) =
1

2
𝑄(𝑢) −

𝜆

2
∥ 𝑢 ∥ℓ𝑚

2
2 − 𝜅 ∑ 𝑚𝑥∈𝒱 (𝑥) 𝐹(𝑥, 𝑢(𝑥)), 

whose critical points are precisely the solutions of (1). The 

central analytic difficulty is to establish sufficient 

compactness properties of the energy space 𝐸 to carry 

out the minimax arguments of critical point theory. This is 

a non-trivial task on a general weighted graph, where 

neither a Poincaré inequality nor a coercive potential 

growth condition is assumed a priori. 

Background and motivation 

Variational methods for NLS-type equations on discrete 

structures have been developed since the foundational 

work of Rabinowitz on minimax methods in critical point 

theory (Rabinowitz, 1986), which provides the abstract 

framework underlying both the Mountain Pass Theorem 

and the Linking Theorem. The application of these tools 

to NLS equations requires compact Sobolev-type 

embeddings of the energy space into weighted sequence 

spaces, and the precise mechanism by which 

compactness is achieved depends sensitively on the 

growth behaviour of the potential and the geometric 

properties of the underlying graph. 

On the one-dimensional lattice 𝒱 = ℤ, Zhang and 

Pankov (Zhang and Pankov, 2010) proved the existence of 

standing wave solutions for every 𝜆 ∈ ℝ via the Linking 

Theorem, under a coercive potential condition (𝑉(𝑛) →

+∞ as |𝑛| → ∞) combined with the boundedness of the 

graph Laplacian on ℓ2(ℤ). The coercive growth of the 

potential provides the compact embedding of the energy 

space into ℓ2(ℤ) directly, and is the key analytic ingredient 

in their Palais–Smale argument. 

On locally finite graphs, Grigor’yan, Lin, and 

Yang (Grigor’yan et al., 2017) established the existence of 

positive solutions via the Mountain Pass Theorem under 

the global lower bound inf𝑥∈𝒱𝑚(𝑥) > 0 and a 

summability condition on the inverse potential. The lower 

bound implies that every subset of finite 𝑚-measure is 

finite, which in turn gives a continuous embedding 

ℓ𝑚
1 (𝒱) ↪ ℓ∞(𝒱); together with a compact embedding of 

the energy space into ℓ𝑚
1 (𝒱), this yields compact 

embeddings 𝐸 ↪ ℓ𝑞(𝒱) for all 1 ≤ 𝑞 ≤ ∞. 

More recently, Akduman, Hofmann, and Karakılıç 

(Akduman et al., 2025) extended the variational theory to 

locally finite graphs by replacing the coercive condition 

with the measure-theoretic potential condition 

sup
𝒦⋐𝒱

𝑚(𝒦)<∞

inf
𝑥∈𝒱\𝒦

𝑉(𝑥) = +∞, (2) 

and used the generalised Nehari manifold approach 

(Szulkin and Weth, 2010) to produce ground state 

solutions. Condition (2) requires the potential to grow to 

infinity outside every canonically compactifiable subset of 

finite 𝑚-measure; it is strictly weaker than pointwise 

coercivity, and it yields compact embeddings 𝐸 ↪ ℓ𝑚
𝑝

(𝒱) 

for 𝑝 ≥ 2. 

Present contributions 

The present paper works under a genuinely different set 

of hypotheses, which we now describe. We consider a 

locally finite weighted graph Γ = (𝒱, 𝑏, 𝑐) subject to two 

structural conditions: 

(A1) Canonical compactifiability: This provides the 

required continuous embedding 𝐸 ↪ ℓ∞(𝒱) . 

(A2) Tail summability: 1/𝑉 ∈ ℓ𝑚
1 (𝒱), equivalently, 

inf
𝒦⊂𝒱

𝑚(𝒦)<∞

∑
𝑚(𝑥)2

𝑚(𝑥) + 𝑐(𝑥)
𝑥∈𝒱\𝒦

< ∞. 

Crucially, we do not require inf𝑥∈𝒱𝑚(𝑥) > 0. As a 

consequence, infinite subsets of 𝒱 with finite 𝑚-measure 

are permitted, which accommodates vertices with 

infinitesimally small weights and a substantially broader 

class of weighted graphs than those covered 

by (Grigor’yan et al., 2017). 

The condition (A2) is strictly incomparable with condition 

(2) of (Akduman et al., 2025): there exist weighted graphs 

satisfying (A2) for which (2) fails, and conversely (see 

Examples 10–11 in Section 3). The compactness 

mechanism developed here is therefore genuinely 

different from those of both (Zhang and Pankov, 2010) 

and (Akduman et al., 2025). 

A key advantage of the tail summability condition (A2) is 

that it is particularly well suited to variational methods 

based on Palais–Smale compactness and linking or 

mountain-pass geometry, where compact embeddings 

into finite-exponent spaces suffice. Indeed, condition (A2) 

yields compact embeddings 𝐸 ↪ ℓ𝑚
𝑝

(𝒱) for the full range 

1 ≤ 𝑝 < ∞, including the low-exponent regime 1 ≤ 𝑝 <

2 that is not covered by (2) in (Akduman et al., 2025). This 

stronger family of embeddings provides additional 

flexibility in the linking geometry and is also expected to 

be useful in the study of multiplicity results and 

bifurcation phenomena on weighted graphs. 

Our main results are as follows. 

i. Strict incomparability (Section 3). The tail summability 

condition (A2) and the measure-theoretic potential 

condition (2) of (Akduman et al., 2025) are strictly 
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incomparable: neither implies the other in general 

(Examples 10–11). 

ii. Compact Sobolev embedding and discrete spectrum 

(Sections 3–4). Under (A1) and (A2), the embedding 

𝐸 ↪ ℓ𝑚
𝑝

(𝒱) is compact for every 1 ≤ 𝑝 < ∞ (Lemma 

12), and the Schrödinger operator 𝐻 has compact 

resolvent and purely discrete spectrum 

(Proposition 16). 

iii. Palais–Smale condition (Section 6). The energy 

functional 𝐽𝜆 satisfies the Palais–Smale condition for 

every 𝜆 ∈ ℝ (Theorem 18). The proof adapts the 

Ambrosetti–Rabinowitz condition to replace the 

coercive splitting argument of (Zhang and Pankov, 

2010), which is unavailable in our setting. 

iv. Existence and multiplicity for 𝜅 = 1 (Section 8). For 

every 𝜆 ∈ ℝ, equation (1) has at least one nontrivial 

solution 𝑢 ∈ 𝐸. When 𝑓(𝑥,⋅) is additionally odd, the 

equation has infinitely many pairs of nontrivial 

solutions ±𝑢𝑚 ∈ 𝐸 (Theorem 27). 

Organisation of the paper 

Section 2 introduces the functional framework, the 

weighted graph Laplacian, the quadratic form and energy 

space, and the assumptions on the nonlinearity and the 

graph. Section 3 establishes the compact Sobolev 

embedding and compares our framework with those 

of (Grigor’yan et al., 2017) and (Akduman et al., 2025). 

Section 4 proves that 𝐻 has purely discrete spectrum. 

Section 5 establishes the 𝐶1-regularity of the energy 

functional. Section 6 proves the Palais–Smale condition. 

Section 7 develops the spectral decomposition and linking 

geometry. Section 8 contains the main existence and 

multiplicity theorem for the self-focusing case 𝜅 = 1. 

Section 9 collects remarks on related open problems. 

2. Functional Setting and Assumptions 

2.1 Weighted graphs 

Let 𝒱 be an infinite countable set and 𝑚: 𝒱 → (0, ∞) a 

measure with full support. A weighted graph Γ = (𝒱, 𝑏, 𝑐) 

over (𝒱, 𝑚) consists of a killing weight 𝑐: 𝒱 → [0, ∞) and 

an edge weight 𝑏: 𝒱 × 𝒱 → [0, ∞) satisfying 

𝑏(𝑥, 𝑥) = 0,   𝑏(𝑥, 𝑦) = 𝑏(𝑦, 𝑥)  for all 𝑥, 𝑦 ∈ 𝒱, 

and the local finiteness condition 

∑ 𝑏
𝑦∼𝑥

(𝑥, 𝑦) < ∞  for all 𝑥 ∈ 𝒱, 

where we write 𝑦 ∼ 𝑥 to indicate that 𝑥 and 𝑦 are 

adjacent, i.e., 𝑏(𝑥, 𝑦) > 0. This framework is standard; 

we refer the reader to (Keller et al., 2021), 

(Georgakopoulos et al., 2015) and (Akduman et al., 2025) 

for a systematic treatment. 

2.2 Function spaces 

For 1 ≤ 𝑝 < ∞, the weighted Lebesgue space ℓ𝑚
𝑝

(𝒱) is 

defined by 

ℓ𝑚
𝑝

(𝒱) : = {𝑢: 𝒱 → ℝ |∥ 𝑢 ∥
ℓ𝑚

𝑝
𝑝

: = ∑ 𝑚
𝑥∈𝒱

(𝑥)|𝑢(𝑥)|𝑝

< ∞}, 

and ℓ∞(𝒱) comprises all bounded functions on 𝒱, 

normed by ∥ 𝑢 ∥∞: = sup𝑥∈𝒱|𝑢(𝑥)|. The space ℓ𝑚
2 (𝒱) is a 

Hilbert space with  

(𝑢, 𝑣)ℓ𝑚
2 : = ∑ 𝑚

𝑥∈𝒱

(𝑥) 𝑢(𝑥) 𝑣(𝑥). 

The weighted graph Laplacian takes the form 

Δ𝑢(𝑥) : =
1

𝑚(𝑥)
∑ 𝑏
𝑦∼𝑥

(𝑥, 𝑦)(𝑢(𝑦) − 𝑢(𝑥)),    𝑥 ∈ 𝒱, 

where 𝑢: 𝒱 → ℝ. Let 𝐶𝑐(𝒱) denotes the set of functions 

whose support is finite on 𝒱. 

2.3 Quadratic forms and the Schrödinger operator 

Following the Dirichlet form approach of (Keller et al., 

2021), we define 𝑞0 on 𝐶𝑐(𝒱) by 

𝑞0(𝑢) : =
1

2
∑ 𝑏

𝑥,𝑦∈𝒱
𝑦∼𝑥

(𝑥, 𝑦)(𝑢(𝑥) − 𝑢(𝑦))2

+ ∑ 𝑐
𝑥∈𝒱

(𝑥) 𝑢(𝑥)2. 

The form 𝑞0 is closable on ℓ𝑚
2 (𝒱); we denote its closure 

by 𝑞, which is the Dirichlet form with the form domain 

𝐷(𝑞). The Neumann form 𝑞 ˜  is the maximal closed 

extension of 𝑞0, given on  

 𝐷(𝑞̃): = {𝑢 ∈ ℓ𝑚
2 (𝒱): 𝑞̃(𝑢) < ∞}.  

where 𝑞̃(𝑢) denotes the same expression as  𝑞0 but 

evaluated on all 𝑢 ∈ ℓ𝑚
2 (𝒱) for which it is finite; see 

(Akduman et al. 2025). By construction, 𝐷(𝑞) ⊂ 𝐷(𝑞̃) and 

𝑞̃ = 𝑞 on 𝐷(𝑞).  

Since 𝑞 is closed and non-negative, there exists a unique 

non-negative self-adjoint operator 𝐿 on ℓ𝑚
2 (𝒱) satisfying 

𝑞(𝑢, 𝑣) = (𝑢, 𝐿𝑣)ℓ𝑚
2   for all 𝑢 ∈ 𝐷(𝑞),  𝑣 ∈ 𝐷(𝐿), 

with 𝐷(𝑞) = 𝐷(𝐿1/2) and 𝑞(𝑢, 𝑢) =∥ 𝐿1/2𝑢 ∥ℓ𝑚
2

2 ; 

see (Keller et al., 2021, Appendix B). 

We define the Schrödinger operator 𝐻 : = 𝐿 + 𝐼. A direct 

computation shows that 
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𝐻𝑢(𝑥) = −Δ𝑢(𝑥) + 𝑉(𝑥) 𝑢(𝑥), 

𝑉(𝑥) : =
𝑐(𝑥) + 𝑚(𝑥)

𝑚(𝑥)
≥ 1. 

The quadratic form corresponding to the operator 𝐻 is 

𝑄(𝑢) : = 𝑞(𝑢)+∥ 𝑢 ∥ℓ𝑚
2

2 , which may be written explicitly 

as 

𝑄(𝑢) =
1

2
∑ 𝑏

𝑥,𝑦∈𝒱
𝑦∼𝑥

(𝑥, 𝑦)(𝑢(𝑥) − 𝑢(𝑦))2

+ ∑ 𝑚
𝑥∈𝒱

(𝑥) 𝑉(𝑥) 𝑢(𝑥)2. 

In particular,  𝐷(𝑄) = 𝐷(𝑞) by definition. We refer to the 

Hilbert space 

𝐸 : = 𝐷(𝑄) = 𝐷(𝐻1/2)  

as the energy space, endowed with  

(𝑢, 𝑣)𝐸 : =
1

2
∑ 𝑏

𝑥,𝑦∈𝒱

(𝑥, 𝑦)(𝑢(𝑥) − 𝑢(𝑦))(𝑣(𝑥) − 𝑣(𝑦))

+ ∑ 𝑚
𝑥∈𝒱

(𝑥) 𝑉(𝑥) 𝑢(𝑥) 𝑣(𝑥) 

and corresponding norm ∥ 𝑢 ∥𝐸
2 : = 𝑄(𝑢) =∥ 𝐻1/2𝑢 ∥ℓ𝑚

2
2 . 

We note that the identity 𝑄(𝑢) = (𝐻𝑢, 𝑢)ℓ𝑚
2  holds for 

𝑢 ∈ 𝐷(𝐻); for general 𝑢 ∈ 𝐸 = 𝐷(𝐻1/2), the correct 

statement is 𝑄(𝑢) =∥ 𝐻1/2𝑢 ∥ℓ𝑚
2

2 . 

2.4 Assumptions on the nonlinearity 

Assumption 1 (Nonlinearity).  The function 𝑓: 𝒱 × ℝ → ℝ 

satisfies the following conditions. 

(f1) The nonlinearity 𝑓(𝑥, 𝑢) is measurable in 𝑥 and 

continuous in 𝑢, with 𝑓(𝑥, 0) = 0, ∀𝑥 ∈ 𝒱.   

(f2) |𝑓(𝑥, 𝑢)| ≤ 𝜇(𝑅)|𝑢|, ∀𝑥 ∈ 𝒱 and |𝑢| ≤ 𝑅, with 

𝜇(𝑅) non-decreasing, 𝜇(𝑅) > 0 for 𝑅 > 0, 𝜇(𝑅) → 0 as 

𝑅 → 0. 

(f3) There exist constants 𝐶 > 0 and 2 < 𝑝 < ∞ such that 

|𝑓(𝑥, 𝑢)| ≤ 𝐶(1 + |𝑢|𝑝−1) for all 𝑥 ∈ 𝒱 and 𝑢 ∈ ℝ. 

(f4) (Ambrosetti–Rabinowitz condition.) There exists     

2 < 𝜃  < ∞  such that                                   

0 < 𝜃 𝐹(𝑥, 𝑢) ≤ 𝑢 𝑓(𝑥, 𝑢)  for all 𝑥 ∈ 𝒱, 𝑢 ≠ 0,  

where 𝐹(𝑥, 𝑢) : = ∫ 𝑓
𝑢

0
(𝑥, 𝑠) 𝑑𝑠. 

Remark 2.  Condition (f4) has several useful 

consequences. Integrating the differential inequality 

(ln𝐹(𝑥,⋅))′ ≥ 𝜃/𝑢 for 𝑢 > 0 yields the lower bound 

 𝐹(𝑥, 𝑢) ≥ 𝐹(𝑥, 𝑢0)(
𝑢

𝑢0
)𝜃  for 𝑢 ≥ 𝑢0 > 0,   (3) 

so that 𝐹(𝑥, 𝑢) ≥ 𝐶𝜃|𝑢|𝜃 for large |𝑢|, uniformly in 𝑥, and 

in particular 𝐹(𝑥, 𝑢) > 0 for all 𝑢 ≠ 0. Conditions (f2) 

and (f3) together imply that for every 𝜀 > 0 there exists a 

constant 𝐴(𝜀) > 0, independent of 𝑥, such that 

 0 ≤ 𝐹(𝑥, 𝑢) ≤
𝜀

2
|𝑢|2 + 𝐴(𝜀)|𝑢|𝑝 .   (4) 

Finally, combining (f3) and (f4) gives the exponent 

constraint 2 < 𝜃 ≤ 𝑝. 

Definition 3. (Akduman et al. (2025)) Any given subset 

𝒦 in 𝒱 is said to be canonically compactifiable if the map 

𝑟𝒦: 𝐷(𝑞̃) → ℓ∞(𝒱) defined by 𝑟𝒦(𝑢) = 𝜒𝒦𝑢 is 

continuous. In this case we write 𝒦 ⋐ 𝒱. 

Assumption 4 (Canonical compactifiability). The weighted 

graph Γ is canonically compactifiable, that is, the 

embedding 𝐷(𝑞̃) ↪ ℓ∞(𝒱) is continuous. 

Remark 5.  Our assumption Assumption 4 implies a 

continuous embedding 𝐸 = 𝐷(𝑄) ↪ ℓ∞(𝒱), which is 

sufficient for controlling the nonlinear term and for the 

variational arguments below. 

Assumption 6 (Potential condition).  

 inf
𝒦⊂𝒱

𝑚(𝒦)<∞

∑
𝑚(𝑥)2

𝑚(𝑥)+𝑐(𝑥)𝑥∈𝒱\𝒦 < ∞. 

2.5 Formulation of the problem 

We consider the NLS equation (1), which may be written 

equivalently as 

−Δ𝑢(𝑥) + 𝑉(𝑥) 𝑢(𝑥) − 𝜆 𝑢(𝑥) = 𝜅 𝑓(𝑥, 𝑢(𝑥)),  𝑥 ∈ 𝒱, 

where 𝑢: 𝒱 → ℝ, the self-focusing case for 𝜅 = 1 and the 

defocusing case for 𝜅 = −1, and 𝜆 is a real spectral 

parameter. We aim to establish the existence of solutions 

by variational methods under the assumptions 

introduced above. 

2.6 The energy functional 

The energy functional associated with equation (1) is 

𝐽𝜆(𝑢) : =
1

2
 𝑄(𝑢) −

𝜆

2
∥ 𝑢 ∥ℓ𝑚

2
2 − 𝜅 ∑ 𝑚𝑥∈𝒱 (𝑥) 𝐹(𝑥, 𝑢(𝑥)). (5) 

As we shall verify in Section 5, 𝐽𝜆 is of class 𝐶1 on 𝐸, and 

its critical points are precisely the solutions of (1), in both 

the weak and the pointwise sense. 

3. Compact Sobolev Embedding 

3.1 Equivalence with the summability condition 

Lemma 7.  Assumption 6 is equivalent to the summability 

condition 1/𝑉 ∈ ℓ𝑚
1 (𝒱), i.e., ∑ 𝑚𝑥∈𝒱 (𝑥)/𝑉(𝑥) < ∞. 

Proof. Since 𝑚(𝑥)/𝑉(𝑥) = 𝑚(𝑥)2/(𝑚(𝑥) + 𝑐(𝑥)) and 

𝑉(𝑥) ≥ 1, for any finite-measure subset 𝒦 ⊂ 𝒱 we have 
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∑
𝑚(𝑥)2

𝑚(𝑥) + 𝑐(𝑥)
𝑥∈𝒦

≤ 𝑚(𝒦) < ∞. 

Therefore Assumption 6 holds if and only if the full sum 

∑ 𝑚𝑥∈𝒱 (𝑥)/𝑉(𝑥) is finite. ◻ 

Remark 8.  Compared with the framework of (Grigor’yan 

et al., 2017), the principal relaxation in the present work 

does not stem from the weighted summability condition 

1/𝑉 ∈ ℓ𝑚
1 (𝒱) itself, but from dropping the global lower 

bound inf
𝑥∈𝒱

𝑚(𝑥) > 0, which is a rather restrictive 

geometric assumption on the weighted graph. Indeed, 

under this lower bound every subset of finite measure is 

necessarily finite. Once the assumption is removed, 

infinite subsets of finite measure become possible, 

allowing vertices with infinitesimally small weights and 

accommodating a substantially broader class of weighted 

graphs. 

The following example illustrates that the present 

framework applies to weighted graphs for which the 

global lower bound on the measure fails, thereby 

highlighting the restrictive nature of the condition 

inf
𝑥∈𝒱

𝑚(𝑥) > 0. 

Example 9.  Let 𝒱 = ℕ, 𝑚(𝑛) = 2−𝑛 , and 𝑐(𝑛) = 2−2𝑛. 

Then inf
𝑛∈ℕ

𝑚(𝑛) = 0, so the global lower bound condition 

of (Grigor’yan et al., 2017) fails. Nevertheless, 

 𝑉(𝑛) =
𝑚(𝑛)+𝑐(𝑛)

𝑚(𝑛)
= 1 + 2−𝑛 , 

 and therefore 

 ∑
𝑚(𝑛)

𝑉(𝑛)𝑛∈ℕ = ∑
2−𝑛

1+2−𝑛𝑛∈ℕ < ∞, so 1/𝑉 ∈ ℓ𝑚
1 (𝒱) 

and Assumption 6 holds. To see this directly, take 𝒦 = ∅, 

for which 𝑚(𝒦) = 0 < ∞ and 

 ∑
𝑚(𝑛)2

𝑚(𝑛)+𝑐(𝑛)𝑛∈𝒱\𝒦 = ∑
2−2𝑛

2−𝑛+2−2𝑛𝑛∈ℕ = ∑
2−𝑛

1+2−𝑛𝑛∈ℕ < ∞, 

so the infimum in Assumption 6 is finite. 

3.2 Comparison with existing frameworks 

Example 10 (Assumption 6 does not imply the potential 

condition of (Akduman et al., 2025)).  Let 𝒱 = ℕ, 𝑚(𝑛) =

2−𝑛, and 𝑐(𝑛) = 2−2𝑛. Then 𝑉(𝑛) = 1 + 2−𝑛 ≤ 2 for all 

𝑛. For any canonically compactifiable subset 𝒦 ⋐ 𝒱 with 

non-empty complement, one has inf
𝑛∈𝒱\𝒦

𝑉(𝑛) ≤ 2, and 

consequently  

sup
𝒦⋐𝒱

𝑚(𝒦)<∞

inf
𝑛∈𝒱\𝒦

𝑉(𝑛) < ∞, 

 so condition (2) of (Akduman et al., 2025) fails. On the 

other hand, ∑ 𝑚∞
𝑛=1 (𝑛)/𝑉(𝑛) = ∑ 2−𝑛∞

𝑛=1 /(1 + 2−𝑛) <

∞, so 1/𝑉 ∈ ℓ𝑚
1 (𝒱) and Assumption 6 holds. 

Example 11 (The potential condition (2) of (Akduman et 

al., 2025) does not imply Assumption 6).  Let 𝒱 = ℤ, 𝑚 ≡

1, and 𝑐(𝑛) = |𝑛|. Then 𝑉(𝑛) = 1 + |𝑛|. Since 𝑚 ≡ 1 

𝑚(𝒦) < ∞ if and only if 𝒦 ⊂ 𝒱 is finite. Taking 𝒦𝑁 =

{−𝑁, … , 𝑁}, we have 𝑚(𝒦𝑁) < ∞ and 𝒦𝑁 ⋐ 𝒱. 

Moreover, inf
𝑛∈𝒱\𝒦𝑁

𝑉(𝑛) = 𝑁 + 2 → +∞, so condition (2) 

is satisfied. On the other hand, for any finite subset 𝒦 ⊂

𝒱, the complement 𝒱\𝒦 contains all integers of 

sufficiently large absolute value, and thus ∑𝑛∈𝒱\𝒦

𝑚(𝑛)2

𝑚(𝑛)+𝑐(𝑛)
= ∑

1

1+|𝑛|𝑛∈𝒱\𝒦 = ∞, 

 so Assumption 6 fails. 

The two conditions are therefore strictly incomparable. 

The summability condition 1/𝑉 ∈ ℓ𝑚
1 (𝒱) controls the 

total 𝑚-weighted mass of 1/𝑉, while condition (2) 

of (Akduman et al., 2025) requires 𝑉 to be large outside 

canonically compactifiable subsets of finite 𝑚-measure. 

The compactness mechanism developed in this paper is 

consequently distinct from those of both (Zhang and 

Pankov, 2010) and (Akduman et al., 2025). 

3.3 The compact embedding theorem 

Lemma 12 (Compact Sobolev embedding).  Under 

Assumptions 4 and 6, the embedding 𝐸 ↪ ℓ𝑚
𝑝

(𝒱) is 

compact for every 1 ≤ 𝑝 < ∞. 

Proof. Let (𝑢𝑛) be a bounded sequence in 𝐸. Since 𝐸 is a 

Hilbert space, we may pass to a subsequence and assume 

𝑢𝑛 ⇀ 𝑢 weakly in 𝐸. By Assumption 4, the sequence is 

uniformly bounded in ℓ∞(𝒱):  

∥ 𝑢𝑛 ∥∞≤ 𝐶∞sup𝑛 ∥ 𝑢𝑛 ∥𝐸≤ 𝐶∞𝑀 for some constant 

𝑀 > 0. 

Step 1: Strong convergence in ℓ𝑚
1 (𝒱). Let 𝜀 > 0. By 

Lemma 7, choose 𝒦 ⊂ 𝒱 with a finite measure and 

∑
𝑚(𝑥)

𝑉(𝑥)
𝑥∈𝒱\𝒦

<
𝜀2

4𝑀2
. 

For any 𝑤 ∈ 𝐸 with ∥ 𝑤 ∥𝐸≤ 2𝑀, the Cauchy–Schwarz 

inequality and the identity 𝑚(𝑥)/𝑉(𝑥) = 𝑚(𝑥)2/

(𝑚(𝑥) + 𝑐(𝑥)) give 

∑ 𝑚𝑥∈𝒱\𝒦 (𝑥)|𝑤(𝑥)| ≤ (∑
𝑚(𝑥)2

𝑚(𝑥)+𝑐(𝑥)𝑥∈𝒱\𝒦 )1/2

                                         (∑ 𝑚𝑥∈𝒱\𝒦 (𝑥) 𝑉(𝑥)|𝑤(𝑥)|2)1/2

≤ (∑
𝑚(𝑥)2

𝑚(𝑥)+𝑐(𝑥)𝑥∈𝒱\𝒦 )1/2 ∥ 𝑤 ∥𝐸

         <
𝜀

2𝑀
⋅ 2𝑀 = 𝜀.

  

Applying this to 𝑤 = 𝑢𝑛 − 𝑢, which is bounded in 𝐸 by 

2𝑀, shows that the tail contribution is uniformly smaller 

than 𝜀. 

For the finite part, on 𝒦, note that for each 𝑥 ∈ 𝒱, the 
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evaluation functional 𝛿𝑥: 𝐸 → ℝ, 𝛿𝑥(𝑢) = 𝑢(𝑥), is 

bounded and linear by Assumption 4. Hence weak 

convergence 𝑢𝑛 ⇀ 𝑢 in 𝐸 implies 𝑢𝑛(𝑥) → 𝑢(𝑥) for every 

𝑥 ∈ 𝒱. Since 𝑚(𝒦) < ∞ and |𝑢𝑛(𝑥) − 𝑢(𝑥)| ≤ 2𝐶∞𝑀 

uniformly, the discrete dominated convergence theorem 

yields ∥ 𝜒𝒦(𝑢𝑛 − 𝑢) ∥ℓ𝑚
1 → 0. 

Combining the two estimates, we conclude that 𝑢𝑛 → 𝑢 

strongly in ℓ𝑚
1 (𝒱). 

Step 2: Strong convergence in ℓ𝑚
𝑝

(𝒱) for 𝑝 ∈ (1, ∞). 

Since |𝑢𝑛(𝑥) − 𝑢(𝑥)|𝑝 ≤∥ 𝑢𝑛 − 𝑢 ∥∞
𝑝−1

|𝑢𝑛(𝑥) − 𝑢(𝑥)| 

and (𝑢𝑛 − 𝑢) is uniformly bounded in ℓ∞(𝒱), we obtain 

  ‖𝑢𝑛 − 𝑢‖
ℓ𝑚

𝑝
𝑝

≤ (2𝐶∞𝑀)𝑝−1‖𝑢𝑛 − 𝑢‖ℓ𝑚
1 → 0 

 ◻ 

Remark 13.  The convergence on 𝒦 established in Step 1 

can alternatively be derived from the local compactness 

result of (Akduman et al., 2025, Lemma 3.9), which 

provides a stronger form of compactness on canonically 

compactifiable subsets. Specifically, since 𝑚(𝒦) < ∞, the 

restriction operator 𝑟𝒦: ℓ∞(𝒱) → ℓ𝑚
1 (𝒦) is compact by 

that lemma, and hence, after passing to a subsequence, 

𝜒𝒦𝑢𝑛 → 𝜒𝒦𝑢 strongly in ℓ𝑚
1 (𝒦). The argument given 

above relies only on the weaker consequence that weak 

convergence in 𝐸, combined with canonical 

compactifiability, implies pointwise convergence and 

hence strong convergence in ℓ𝑚
1 (𝒦) by dominated 

convergence. 

Remark 14.  Assumption 6 yields compact embeddings for 

the full range 1 ≤ 𝑝 < ∞, including the low-exponent 

regime 1 ≤ 𝑝 < 2. In contrast, condition (2) of (Akduman 

et al., 2025) yields compact embeddings only for 𝑝 ≥ 2. 

Remark 15.  In (Grigor’yan et al., 2017), the assumption 

inf𝑥∈𝒱𝑚(𝑥) > 0 implies that every set of finite measure is 

finite, and one obtains the continuous embedding 

ℓ𝑚
1 (𝒱) ↪ ℓ∞(𝒱). Combined with the compact embedding 

into ℓ𝑚
1 (𝒱), this yields compact embeddings 𝐸 ↪ ℓ𝑞(𝒱) 

for the full range 1 ≤ 𝑞 ≤ ∞. 

As noted above, the condition inf𝑥∈𝒱𝑚(𝑥) > 0 is quite 

restrictive and excludes many natural weighted graphs. In 

the present work, we replace it by canonical 

compactifiability (Assumption 4), and under this weaker 

hypothesis we still obtain compact embeddings  

𝐸 ↪ ℓ𝑚
𝑞

(𝒱), 1 ≤ 𝑞 < ∞. 

Although compactness of the embedding 𝐸 ↪ ℓ∞(𝒱) is 

no longer available in general, this causes no difficulty for 

our variational analysis. The existence results in this paper 

require only the continuous embedding 𝐸 ↪ ℓ∞(𝒱), 

which follows directly from Assumption 4 and is sufficient 

to control the nonlinear term and to carry out the Palais–

Smale and linking arguments in the sections that follow. 

4. Discreteness of the Spectrum 

Proposition 16.  Under Assumptions 4 and 6, the 

Schrödinger operator 𝐻 has compact resolvent. In 

particular, the spectrum of 𝐻 is purely discrete: 𝜎(𝐻) =

{𝜆1, 𝜆2, … } with 1 ≤ 𝜆1 ≤ 𝜆2 ≤ ⋯ → +∞, where each 

eigenvalue is repeated according to its multiplicity, and 

ℓ𝑚
2 (𝒱) admits an orthonormal basis {𝜙𝑖}𝑖=1

∞  of 

eigenfunctions of 𝐻. 

Proof. By Lemma 12 applied with 𝑝 = 2, the embedding 

𝜄: 𝐸 ↪ ℓ𝑚
2 (𝒱) is compact. We claim that 𝐻−1: ℓ𝑚

2 (𝒱) → 𝐸 

is bounded. Indeed, for 𝑓 ∈ ℓ𝑚
2 (𝒱), let 𝑢 = 𝐻−1𝑓 ∈

𝐷(𝐻) ⊂ 𝐸. Using 𝑄(𝑣) = (𝐻𝑣, 𝑣)ℓ𝑚
2  for 𝑣 ∈ 𝐷(𝐻) and 

𝐻 ≥ 𝜆1𝐼: 

∥ 𝐻−1𝑓 ∥𝐸
2 = 𝑄(𝑢) = (𝑓, 𝐻−1𝑓)ℓ𝑚

2 ≤∥ 𝑓 ∥ℓ𝑚
2 ∥ 𝐻−1𝑓 ∥ℓ𝑚

2   

≤ 𝜆1
−1 ∥ 𝑓 ∥ℓ𝑚

2
2 , 

so 𝐻−1: ℓ𝑚
2 (𝒱) → 𝐸 is bounded with norm at most 𝜆1

−1/2
. 

The composition 𝜄 ∘ 𝐻−1: ℓ𝑚
2 (𝒱) → ℓ𝑚

2 (𝒱) is then 

compact, being the composition of a bounded operator 

with the compact embedding 𝜄. The standard spectral 

theorem for compact self-adjoint operators (see, 

e.g., (Birman and Solomjak, 1987; Reed and Simon, 1975)) 

then gives the stated conclusion: the spectrum is purely 

discrete, consisting of eigenvalues of finite multiplicity 

accumulating only at +∞. ◻ 

Since 𝐻 ≥ 𝐼, we have 𝜆1 ≥ 1. We write 𝐻𝜙1 = 𝜆1𝜙1 with 

𝜙1 ∈ 𝐸 normalised, and refer to 𝜆1 as the first eigenvalue 

of 𝐻 throughout. 

5. 𝑪𝟏-Regularity of the Energy Functional 

Proposition 17.  Under Assumptions 1, 4, and 6, the 

functional 𝐽𝜆: 𝐸 → ℝ is of class 𝐶1. For every 𝑢 ∈ 𝐸, the 

derivative 𝐽𝜆
′ (𝑢) ∈ 𝐸∗ acts on 𝑣 ∈ 𝐸 by 

 ⟨𝐽𝜆
′ (𝑢), 𝑣⟩ = 

𝑄(𝑢, 𝑣) − 𝜆(𝑢, 𝑣)ℓ𝑚
2 − 𝜅 ∑ 𝑚𝑥∈𝒱 (𝑥) 𝑓(𝑥, 𝑢(𝑥)) 𝑣(𝑥),  

where ⟨. , . ⟩ denotes the duality pairing between 𝐸∗ and 

𝐸. 

Proof. By Assumption 4, every 𝑢 ∈ 𝐸 satisfies ∥ 𝑢 ∥∞≤

𝐶∞ ∥ 𝑢 ∥𝐸< ∞. Using the estimate (4), the Nemytskii 

functional Ψ(𝑢) : = ∑ 𝑚𝑥∈𝒱 (𝑥)𝐹(𝑥, 𝑢(𝑥)) satisfies 

|Ψ(𝑢)| ≤ (
𝜇(∥ 𝑢 ∥∞)

2
+ 𝐴(𝜀) ∥ 𝑢 ∥∞

𝑝−2
) ∥ 𝑢 ∥ℓ𝑚

2
2 < ∞, 

so Ψ is well defined on 𝐸. By Lemma 12 with 𝑝 = 1, the 

embedding 𝐸 ↪ ℓ𝑚
1 (𝒱) is continuous (compactness is not 

needed at this stage), and for each fixed 𝑢 ∈ 𝐸 the linear 
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map 𝑣 ↦ ∑ 𝑚𝑥 (𝑥)𝑓(𝑥, 𝑢(𝑥))𝑣(𝑥) defines a bounded 

functional on 𝐸. The 𝐶1-regularity of Ψ and the derivative 

formula then follow by the standard Nemytskii operator 

argument, using the uniform bound ∥ 𝑢 ∥∞≤ 𝐶∞ ∥ 𝑢 ∥𝐸 ; 

see (Akduman et al., 2025, Proposition 2.8) and (Drábek 

and Milota, 2013) for the details. ◻ 

6. Palais–Smale Condition 

Definition.  A sequence (𝑢𝑛) ⊂ 𝐸 is called a Palais–Smale 

sequence for 𝐽𝜆 at level 𝑐 ∈ ℝ if 𝐽𝜆(𝑢𝑛) → 𝑐 and 𝐽𝜆
′ (𝑢𝑛) →

0 in 𝐸∗. We say that 𝐽𝜆 satisfies the Palais–Smale condition 

(PS condition) if every such sequence possesses a 

convergent subsequence in 𝐸. 

Theorem 18 (Palais–Smale condition).  Under 

Assumptions 1, 4, and 6, the functional 𝐽𝜆 satisfies the PS 

condition for every 𝜅 ∈ {1, −1} and every 𝜆 ∈ ℝ. 

Proof. Let (𝑢𝑛) ⊂ 𝐸 satisfy |𝐽𝜆(𝑢𝑛)| ≤ 𝐶 and 𝐽𝜆
′ (𝑢𝑛) → 0 

in 𝐸∗. 

Step 1: Boundedness. Suppose for contradiction that  

∥ 𝑢𝑛 ∥𝐸→ ∞. Set 𝑢̃𝑛 : = 𝑢𝑛/∥ 𝑢𝑛 ∥𝐸 , so ∥ 𝑢̃𝑛 ∥𝐸= 1. By 

Lemma 12 with 𝑝 = 2, after passing to a subsequence we 

have 𝑢̃𝑛 → 𝑢̃ strongly in ℓ𝑚
2 (𝒱), and consequently 

𝑢̃𝑛(𝑥) → 𝑢̃(𝑥) for every 𝑥 ∈ 𝒱  

(since 𝑚(𝑥)|𝑢̃𝑛(𝑥) − 𝑢̃(𝑥)|2 ≤∥ 𝑢̃𝑛 − 𝑢̃ ∥ℓ𝑚
2

2 → 0 and 

𝑚(𝑥) > 0). 

Dividing the relation 𝐽𝜆(𝑢𝑛) → 𝑐 by ∥ 𝑢𝑛 ∥𝐸
2  and using          

∥ 𝑢𝑛 ∥𝐸→ ∞, we obtain 

∑ 𝑚𝑥 (𝑥)𝐹(𝑥,𝑢𝑛)

∥𝑢𝑛∥𝐸
2 →

{
𝛼 : = 1 2⁄ (1 − 𝜆 ∥ 𝑢̃ ∥ℓ𝑚

2
2 ) if 𝜅 = 1,

𝛽 : = 1 2⁄ (𝜆 ∥ 𝑢̃ ∥ℓ𝑚
2

2 − 1) if 𝜅 = −1.
        (6)                            

Since 𝐹 ≥ 0 by (f4), both 𝛼 ≥ 0 and 𝛽 ≥ 0. 

Dividing ⟨𝐽𝜆
′ (𝑢𝑛), 𝑢𝑛⟩ by ∥ 𝑢𝑛 ∥𝐸

2  and passing to the limit 

yields 

∑ 𝑚𝑥 (𝑥)𝑓(𝑥,𝑢𝑛)𝑢𝑛

∥𝑢𝑛∥𝐸
2 → 1 − 𝜆 ∥ 𝑢̃ ∥ℓ𝑚

2
2 .                      (7)       

By (f4), 𝑓(𝑥, 𝑢)𝑢 ≥ 𝜃𝐹(𝑥, 𝑢) ≥ 0 for 𝜃 > 2. 

Case 𝜅 = 1. From (6)–(7), we get 2𝛼 = 1 − 𝜆 ∥ 𝑢̃ ∥ℓ𝑚
2

2 ≥

𝜃𝛼, so (2 − 𝜃)𝛼 ≥ 0. Since 𝜃 > 2, this forces 𝛼 = 0. 

Case 𝜅 = −1. Similarly, (𝜃 − 2)𝛽 ≤ 0, and since 𝜃 > 2, 

we conclude 𝛽 = 0. 

In both cases, 𝜆 ∥ 𝑢̃ ∥ℓ𝑚
2

2 = 1. 

For 𝜆 ≤ 0 this is impossible, since 𝛼 ≥ 0 implies 

𝜆 ∥ 𝑢̃ ∥ℓ𝑚
2

2 ≤ 1, which together with 𝜆 ≤ 0 contradicts    𝜆 ∥

𝑢̃ ∥ℓ𝑚
2

2 = 1 > 0. For 𝜆 > 0: the identity 𝜆 ∥ 𝑢̃ ∥ℓ𝑚
2

2 = 1 

forces 𝑢̃ ≠ 0, so there exists 𝑥0 ∈ 𝒱 with 𝑢̃(𝑥0) ≠ 0. Then 

|𝑢𝑛(𝑥0)| =∥ 𝑢𝑛 ∥𝐸 |𝑢̃𝑛(𝑥0)| → +∞. By (3), 𝑓(𝑥0, 𝑢)𝑢 ≥

𝐶𝑥0
|𝑢|𝜃 for large |𝑢|, giving 

𝑚(𝑥0)𝑓(𝑥0, 𝑢𝑛(𝑥0))𝑢𝑛(𝑥0)

∥ 𝑢𝑛 ∥𝐸
2 ≥ 𝐶𝑥0

𝑚(𝑥0)

∥ 𝑢𝑛 ∥𝐸
𝜃−2 |𝑢̃𝑛(𝑥0)|𝜃 → +∞, 

which contradicts (7). Hence (𝑢𝑛) is bounded in 𝐸. 

Step 2: Strong convergence. Since (𝑢𝑛) is bounded in 𝐸, 

we may extract a subsequence with 𝑢𝑛 ⇀ 𝑢 weakly in 𝐸. 

By Lemma 12, 𝑢𝑛 → 𝑢 strongly in ℓ𝑚
𝑝

(𝒱) for all 𝑝 < ∞, 

and in particular in ℓ𝑚
2 (𝒱) and ℓ𝑚

1 (𝒱). Assumption 4 gives 

∥ 𝑢𝑛 ∥∞≤ 𝑀 uniformly. 

Expanding ⟨𝐽𝜆
′ (𝑢𝑛) − 𝐽𝜆

′ (𝑢),  𝑢𝑛 − 𝑢⟩: 

∥ 𝑢𝑛 − 𝑢 ∥𝐸
2 = ⟨ 𝐽𝜆

′ (𝑢𝑛) − 𝐽𝜆
′ (𝑢), 𝑢𝑛 − 𝑢 ⟩ + 𝜆 ∥ 𝑢𝑛 −

𝑢 ∥ℓ𝑚
2

2 + 𝜅 ∑ 𝑚𝑥∈𝒱 (𝑥)(𝑓(𝑥, 𝑢𝑛) − 𝑓(𝑥, 𝑢))(𝑢𝑛 − 𝑢).  (8)                                    

Each term on the right-hand side tends to zero: 

i. ⟨𝐽𝜆
′ (𝑢𝑛), 𝑢𝑛 − 𝑢⟩ → 0: since ∥ 𝐽𝜆

′ (𝑢𝑛) ∥𝐸∗→ 0 

and (𝑢𝑛 − 𝑢) is bounded in 𝐸. 

ii. ⟨𝐽𝜆
′ (𝑢), 𝑢𝑛 − 𝑢⟩ → 0: since 𝑢𝑛 ⇀ 𝑢 weakly and 

𝐽𝜆
′ (𝑢) ∈ 𝐸∗ is a fixed element. 

iii. 𝜆 ∥ 𝑢𝑛 − 𝑢 ∥ℓ𝑚
2

2 → 0: by strong convergence in 

ℓ𝑚
2 (𝒱). 

iv. The nonlinear term: by (f3) and the uniform 

bound |𝑢𝑛|, |𝑢| ≤ 𝑀, we have                  

|𝑓(𝑥, 𝑢𝑛) − 𝑓(𝑥, 𝑢)| ≤ 𝐶𝑀 uniformly, so 

| ∑ 𝑚𝑥 (𝑥)(𝑓(𝑥, 𝑢𝑛) − 𝑓(𝑥, 𝑢))(𝑢𝑛 − 𝑢)| ≤

𝐶𝑀 ∥ 𝑢𝑛 − 𝑢 ∥ℓ𝑚
1 → 0. 

Therefore ∥ 𝑢𝑛 − 𝑢 ∥𝐸
2 → 0, i.e., 𝑢𝑛 → 𝑢 strongly in 𝐸. ◻ 

Remark 19.  The main departure from Pankov–

Zhang (Zhang and Pankov, 2010) occurs in Step 1. Their 

proof exploits the coercivity of the potential on ℤ 

(meaning 𝑉(𝑛) → +∞) to decompose ∥ 𝑢 ∥ℓ2(ℤ)
2  into a 

controlled finite-set contribution and a small tail; this 

splitting is unavailable under our assumptions. We replace 

it with three ingredients: (i) the compact embedding 𝐸 ↪

ℓ𝑚
2 (𝒱) to extract a pointwise-convergent subsequence; 

(ii) the Ambrosetti–Rabinowitz condition (f4) to derive 

𝛼 = 0 (or 𝛽 = 0); (iii) the polynomial lower bound (3) to 

produce the final contradiction. In particular, the 

strengthened assumption 𝐹(𝑥, 𝑢)/|𝑢|2 → ∞ used in 

(Zhang and Pankov, 2010) is not required. 

7. Linking Geometry 

Throughout this section we take 𝜅 = 1. 
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7.1 Spectral decomposition and abstract critical point 

theorems 

Fix 𝜆 ∈ ℝ. If 𝜆 ≥ 𝜆1, let 𝑘 ≥ 1 be the unique integer 

satisfying 𝜆𝑘 ≤ 𝜆 < 𝜆𝑘+1; if 𝜆 < 𝜆1, set 𝑘 = 0. Define 

𝑌 : = span{𝜙1 , … , 𝜙𝑘}
𝐸

,   

𝑍 : = 𝑌⟂ = span{𝜙𝑘+1, 𝜙𝑘+2, … }
𝐸

,                      (9)                     

so that 𝐸 = 𝑌 ⊕ 𝑍 orthogonally in both 𝐸 and ℓ𝑚
2 (𝒱) 

(with 𝑌 = {0} when 𝑘 = 0). Set 

𝜆+ : = max(𝜆, 0),  𝛿𝑍 : =
𝜆𝑘+1−𝜆+

𝜆𝑘+1
∈ (0,1].   (10)                                     

Fix 𝑧0 ∈ 𝑍 with ∥ 𝑧0 ∥𝐸= 1. For 0 < 𝑟 < 𝜌, define 

𝑁 : = {𝑢 ∈ 𝑍: ∥ 𝑢 ∥𝐸= 𝑟},
𝑀 : = {𝑢 = 𝑦 + 𝑠𝑧0: 𝑦 ∈ 𝑌,  𝑠 ≥ 0, ∥ 𝑢 ∥𝐸≤ 𝜌},

∂𝑀 : = {𝑢 = 𝑦 + 𝑠𝑧0: 𝑦 ∈ 𝑌,  𝑠 ≥ 0, ∥ 𝑢 ∥𝐸= 𝜌}
∪ {𝑦 ∈ 𝑌: ∥ 𝑦 ∥𝐸≤ 𝜌}.

 

We shall use the following two abstract results. 

Theorem 20 (Linking Theorem (Rabinowitz, 1986, 

Theorem 5.3)).  Let 𝐽 ∈ 𝐶1(𝐸, ℝ) satisfy the PS condition 

and inf𝑢∈𝑁𝐽(𝑢) > sup𝑢∈∂𝑀𝐽(𝑢). 

Setting  Γ : = {𝛾 ∈ 𝐶(𝑀, 𝐸): 𝛾|∂𝑀 = id}, the value             

𝑐 : = inf
𝛾∈Γ

sup
𝑢∈𝑀

𝐽(𝛾(𝑢)) 

 is a critical value of 𝐽 with 𝑐 ≥ inf𝑢∈𝑁𝐽(𝑢). 

For 𝑟 > 0 let 𝐵𝑟(0): = {𝑢 ∈ 𝐸: ∥ 𝑢 ∥𝐸< 𝑟} . 

Theorem 21 (Symmetric Mountain Pass Theorem 

(Rabinowitz, 1986, Theorem 9.12)).  Let 𝐽 ∈ 𝐶1(𝐸, ℝ) be 

even with 𝐽(0) = 0, satisfying the PS condition and 𝐸 =

𝑌 ⊕ 𝑍 with dim𝑌 < ∞. Suppose: 

(B1)  there exist 𝑟, 𝛼 > 0 such that 𝐽|∂𝐵𝑟∩𝑍 ≥ 𝛼; 

(B2)  for a nested dense sequence 𝐸1 ⊂ 𝐸2 ⊂ ⋯ of finite-

dimensional subspaces, there exist radii 𝜌𝑚 > 0 such that 

𝐽 ≤ 0 on 𝐸𝑚\𝐵𝜌𝑚
(0) for each 𝑚 ≥ 1. 

Then 𝐽 has an unbounded sequence of critical values 𝑐1 ≤

𝑐2 ≤ ⋯ → +∞. 

7.2 Spectral bounds 

Lemma 22 (Spectral bounds).  For the decomposition (9) 

with 𝜆𝑘 ≤ 𝜆 < 𝜆𝑘+1: 

((𝐻 − 𝜆)𝑦,  𝑦)ℓ𝑚
2 ≤ 0  for all 𝑦 ∈ 𝑌,

((𝐻 − 𝜆)𝑧,  𝑧)ℓ𝑚
2 ≥ 𝛿𝑍 ∥ 𝑧 ∥𝐸

2   for all 𝑧 ∈ 𝑍.
 

Proof. Upper bound on 𝑌. Expanding in the eigenbasis: 

((𝐻 − 𝜆)𝑦, 𝑦)ℓ𝑚
2 = ∑ (𝑖≤𝑘 𝜆𝑖 − 𝜆)|𝑦𝑖|

2 ≤ 0, since 𝜆𝑖 ≤

𝜆𝑘 ≤ 𝜆 for all 𝑖 ≤ 𝑘. 

Lower bound on 𝑍. ((𝐻 − 𝜆)𝑧, 𝑧)ℓ𝑚
2 = ∑ (𝑖≥𝑘+1 1 − 𝜆/

𝜆𝑖)𝜆𝑖|𝑧𝑖|
2. For 𝜆 ≥ 0, the factor 1 − 𝜆/𝜆𝑖 is increasing in 

𝜆𝑖, so inf𝑖≥𝑘+1(1 − 𝜆/𝜆𝑖) = 1 − 𝜆+/𝜆𝑘+1 = 𝛿𝑍. For 𝜆 < 0 

(which occurs only when 𝑘 = 0): ((𝐻 − 𝜆)𝑧, 𝑧)ℓ𝑚
2 =

          ∥ 𝑧 ∥𝐸
2 − 𝜆 ∥ 𝑧 ∥ℓ𝑚

2
2 ≥∥ 𝑧 ∥𝐸

2 = 𝛿𝑍 ∥ 𝑧 ∥𝐸
2 . ◻ 

7.3 Ambrosetti–Rabinowitz growth on finite-

dimensional subspaces 

Lemma 23 (AR-monotonicity).  Let 𝑊 ⊂ 𝐸 be a finite-

dimensional subspace spanned by finitely many 

eigenfunctions of 𝐻, so that 𝑊 ⊂ ℓ𝑚
𝜃 (𝒱). Define 𝐺(𝑣)

: = ∑ 𝑚𝑥∈𝒱 (𝑥)𝐹(𝑥, 𝑣(𝑥)) for 𝑣 in the unit sphere 𝑆𝑊 of 

𝑊. Then 

 𝐶4 : = inf
𝑣∈𝑆𝑊

𝐺(𝑣) > 0,  

and consequently 

 ∑ 𝑚𝑥∈𝒱 (𝑥)𝐹(𝑥, 𝑢(𝑥)) ≥ 𝐶4𝜌𝜃   

for all 𝑢 ∈ 𝑊 with ∥ 𝑢 ∥𝐸= 𝜌 ≥ 1. 

Proof. The unit sphere 𝑆𝑊 is compact (since 𝑊 is finite-

dimensional) and 𝐺 is continuous on 𝑆𝑊. For any 𝑣 ∈ 𝑆𝑊, 

there exists 𝑥0 ∈ 𝒱 with 𝑣(𝑥0) ≠ 0 (since ∥ 𝑣 ∥𝐸= 1 and 

𝑚 > 0 everywhere), and condition (f4) then gives 

𝐹(𝑥0, 𝑣(𝑥0)) > 0. Hence 𝐺 > 0 on 𝑆𝑊, and the infimum 

𝐶4 = inf𝐺 > 0 is attained. 

For the lower bound, write 𝑢 = 𝜌𝑣 with 𝑣 = 𝑢/𝜌 ∈ 𝑆𝑊 . 

By (f4), the map 𝑡 ↦ 𝐹(𝑥, 𝑡)/|𝑡|𝜃 is non-decreasing on 

(0, ∞) (since its derivative equals (𝑓(𝑥, 𝑡)𝑡 − 𝜃𝐹(𝑥, 𝑡))/

|𝑡|𝜃+1 ≥ 0). Hence 𝐹(𝑥, 𝜌𝑣(𝑥)) ≥ 𝜌𝜃𝐹(𝑥, 𝑣(𝑥)) for 𝜌 ≥

1 and 𝑣(𝑥) ≠ 0. Summing over 𝑥 with weights: 

∑ 𝑚𝑥∈𝒱 (𝑥)𝐹(𝑥, 𝜌𝑣(𝑥)) ≥ 𝜌𝜃𝐺(𝑣) ≥ 𝐶4𝜌𝜃 .  ◻ 

7.4 Linking geometry 

Lemma 24 (Linking geometry).  Let 𝜆 ≥ 𝜆1 and set                

𝑧0 : = 𝜙𝑘+1/∥ 𝜙𝑘+1 ∥𝐸 . There exist 0 < 𝑟 < 𝜌 such that 

inf𝑢∈𝑁𝐽𝜆(𝑢) > 0 ≥ sup𝑢∈∂𝑀𝐽𝜆(𝑢). 

Proof. Lower bound on 𝑁. For 𝑢 ∈ 𝑍 with ∥ 𝑢 ∥𝐸= 𝑟, 

Lemma 22 and (4) yield 

𝐽𝜆(𝑢) ≥
𝛿𝑍

2
∥ 𝑢 ∥𝐸

2 −
𝜀

2
∥ 𝑢 ∥ℓ𝑚

2
2 − 𝐴(𝜀) ∥ 𝑢 ∥

ℓ𝑚
𝑝

𝑝
. 

Since 𝐻 ≥ 𝜆1𝐼, we have ∥ 𝑢 ∥ℓ𝑚
2

2 ≤ 𝜆1
−1 ∥ 𝑢 ∥𝐸

2 . By 

Assumption 4 and Hölder’s inequality:  

∥ 𝑢 ∥
ℓ𝑚

𝑝
𝑝

≤ 𝐶∞
𝑝−2

𝑟𝑝−2𝜆1
−1𝑟2. Substituting: 

𝐽𝜆(𝑢) ≥ 𝑟2 [
𝛿𝑍

2
−

𝜀

2𝜆1

−
𝐴(𝜀)𝐶∞

𝑝−2
𝑟𝑝−2

𝜆1

]. 

Choose 𝜀 = 𝛿𝑍𝜆1/4. For 𝑟 > 0 sufficiently small, the 

bracket is at least 𝛿𝑍/4 > 0, giving inf𝑁𝐽𝜆 ≥ (𝛿𝑍/4) 𝑟2 >

0. 

Upper bound on ∂𝑀, Part 1 (𝑠 = 0, 𝑢 = 𝑦 ∈ 𝑌). 
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Lemma 22 and 𝐹 ≥ 0 together give 𝐽𝜆(𝑦) ≤ 0. 

Upper bound on ∂𝑀, Part 2 (𝑢 = 𝑦 + 𝑠𝑧0 ∈ 𝑊 : = 𝑌 ⊕

span{𝑧0}, 𝑠 > 0, ∥ 𝑢 ∥𝐸= 𝜌). By Lemma 12 with 𝑝 = 𝜃, 

the eigenfunctions satisfy 𝜙𝑖 ∈ ℓ𝑚
𝜃 (𝒱), so 𝑊 ⊂ ℓ𝑚

𝜃 (𝒱). 

Lemma 23 applied to 𝑊 gives 

∑ 𝑚𝑥 (𝑥)𝐹(𝑥, 𝑢(𝑥)) ≥ 𝐶4𝜌𝜃.  

For the quadratic part, using 𝐻𝜙𝑘+1 = 𝜆𝑘+1𝜙𝑘+1 and the 

continuity of 𝐸 ↪ ℓ𝑚
2 (𝒱):  

((𝐻 − 𝜆)(𝑠𝑧0), 𝑠𝑧0)ℓ𝑚
2 = 𝑠2(𝜆𝑘+1 − 𝜆)

∥ 𝜙𝑘+1 ∥ℓ𝑚
2

2

∥ 𝜙𝑘+1 ∥𝐸
2   

                                    ≤ 𝐶(𝜆𝑘+1 − 𝜆)𝑠2 ≤ 𝐶(𝜆𝑘+1 − 𝜆)𝜌2.  

Combined with ((𝐻 − 𝜆)𝑦, 𝑦)ℓ𝑚
2 ≤ 0, this yields 

 
1

2
((𝐻 − 𝜆)𝑢, 𝑢)ℓ𝑚

2 ≤ 𝐶𝑊𝜌2 for some constant 𝐶𝑊 > 0. 

Hence 𝐽𝜆(𝑢) ≤ 𝐶𝑊𝜌2 − 𝐶4𝜌𝜃 ≤ 0 for                                         

 𝜌 ≥ 𝜌0 : = (𝐶𝑊/𝐶4)1/(𝜃−2). 

Choosing 𝜌 ≥ max(𝑟 + 1, 𝜌0) completes the proof. ◻ 

Remark 25 (Mountain pass as a special case).  When       

𝜆 < 𝜆1, we have 𝑌 = {0}, 𝑀 = {𝑠𝑧0: 0 ≤ 𝑠 ≤ 𝜌},                      

 𝑁 = ∂𝐵𝑟(0) ∩ 𝐸, and 𝛿𝑍 = (𝜆1 − 𝜆+)/𝜆1 ∈ (0,1]. 

Lemma 22 provides the lower bound on 𝑁, and     

𝐽𝜆(𝑠𝑧0) ≤ 𝐶𝑊𝑠2 − 𝐶4𝑠𝜃 → −∞ as 𝑠 → ∞. In this case the 

Linking Theorem reduces to the standard Mountain Pass 

Theorem and yields a nontrivial critical point. 

Lemma 26 (Finite-dimensional estimate).  For 𝑚 ≥ 1, let 

𝐸𝑚 : = span{𝜙1 , … , 𝜙𝑘+𝑚}. There exist constants 𝑐1, 𝑐2 >

0 such that 

 𝐽𝜆(𝑢) ≤ 𝑐1 ∥ 𝑢 ∥𝐸
2 − 𝑐2 ∥ 𝑢 ∥𝐸

𝜃 for all 𝑢 ∈ 𝐸𝑚 .  

In particular, 𝐽𝜆 ≤ 0 on 𝐸𝑚\𝐵𝑅𝑚
(0) for all sufficiently 

large 𝑅𝑚. 

Proof. Since 𝐸𝑚 is finite-dimensional, all norms are 

equivalent; in particular, ((𝐻 − 𝜆)𝑢, 𝑢)ℓ𝑚
2 ≤ 𝐶𝑚 ∥ 𝑢 ∥𝐸

2 . 

Lemma 23 applied to 𝐸𝑚 gives                             

∑ 𝑚𝑥 (𝑥)𝐹(𝑥, 𝑢) ≥ 𝐶5 ∥ 𝑢 ∥𝐸
𝜃  for ∥ 𝑢 ∥𝐸≥ 1. Since 𝜃 > 2, 

the estimate 𝐽𝜆(𝑢) ≤ 𝑐1 ∥ 𝑢 ∥𝐸
2 − 𝑐2 ∥ 𝑢 ∥𝐸

𝜃 follows 

immediately, and the right-hand side is non-positive for    

∥ 𝑢 ∥𝐸≥ 𝑅𝑚 : = (𝑐1/𝑐2)1/(𝜃−2). ◻ 

8. Existence of Solutions for 𝜿 = 𝟏 

Theorem 27 (Existence and multiplicity, 𝜅 = 1).  Under 

Assumptions 1, 4, and 6 with 𝜅 = 1, for every 𝜆 ∈ ℝ the 

following hold. 

i. There exists at least one nontrivial solution       

𝑢 ∈ 𝐸 of (𝐻 − 𝜆)𝑢 = 𝑓(𝑥, 𝑢). 

ii. If in addition 𝑓(𝑥,⋅) is odd for every 𝑥 ∈ 𝒱, then 

𝐽𝜆 possesses an unbounded sequence of critical 

values, and the equation has infinitely many 

pairs of nontrivial solutions ±𝑢𝑚 ∈ 𝐸. 

Proof. By Theorem 18, 𝐽𝜆 satisfies the PS condition. 

Proof of (i). 

CASE 1 (𝜆 < 𝜆1, mountain pass). Set 𝑧0 = 𝜙1/∥ 𝜙1 ∥𝐸. By 

Remark 25, inf𝑁𝐽𝜆 ≥ (𝛿𝑍/4) 𝑟2 > 0 with                              

𝛿𝑍 = (𝜆1 − 𝜆+)/𝜆1 > 0, and 𝐽𝜆(𝑠𝑧0) → −∞ as 𝑠 → ∞. 

Since     𝐽𝜆(0) = 0 < inf𝑁𝐽𝜆, Theorem 20 (with 𝑌 = {0}) 

yields a critical value 𝑐 ≥ (𝛿𝑍/4) 𝑟2 > 0 and hence a 

nontrivial critical point. 

CASE 2 (𝜆 ≥ 𝜆1, linking). By Lemma 24, inf𝑁𝐽𝜆 > 0 ≥

sup∂𝑀𝐽𝜆. Since 𝐽𝜆(0) = 0 < inf𝑁𝐽𝜆, Theorem 20 yields a 

critical value 𝑐 ≥ inf𝑁𝐽𝜆 > 0 and a nontrivial critical point 

𝑢 ∈ 𝐸. 

Proof of (ii). The oddness of 𝑓(𝑥,⋅) implies that 𝐽𝜆 is even 

and satisfies 𝐽𝜆(0) = 0. Condition (B1) of Theorem 21 is 

provided by Lemma 24, which gives                             

𝐽𝜆|∂𝐵𝑟∩𝑍 ≥ (𝛿𝑍/4) 𝑟2 > 0. Condition (B2) is provided by 

Lemma 26 with 

𝐸𝑚 : = {
span{𝜙1 , … , 𝜙𝑚} if 𝜆 < 𝜆1,
span{𝜙1 , … , 𝜙𝑘+𝑚} if 𝜆𝑘 ≤ 𝜆 < 𝜆𝑘+1,  𝑘 ≥ 1,

 

with corresponding radii 𝑅𝑚 > 0 such that 𝐽𝜆 ≤ 0 on 

𝐸𝑚\𝐵𝑅𝑚
(0) for each 𝑚 ≥ 1. Theorem 21 then yields an 

unbounded sequence of critical values and the pairs 

±𝑢𝑚. ◻ 

9. Further Remarks and Open Problems 

The results of this paper naturally suggest several 

directions for further investigation. 

The defocusing case 𝜅 = −1. The Palais–Smale condition 

established in Theorem 18 holds for both signs of 𝜅, but 

the linking geometry developed in Section 7 is specific to 

the self-focusing case; adapting the variational framework 

to treat existence and non-existence of solutions in the 

defocusing regime requires a different approach and will 

be pursued separately. 

Bifurcation. A natural continuation of Theorem 27 is to 

study the bifurcation of nontrivial solutions from the 

trivial one as 𝜆 crosses an eigenvalue 𝜆𝑘 of 𝐻, a question 

that the discrete spectrum established in Proposition 16 

makes precise. 

Exponential decay. The solutions obtained here belong to 

the energy space 𝐸 ⊂ ℓ𝑚
2 (𝒱), and it is natural to ask 

whether they decay exponentially at infinity; under 

suitable additional assumptions on 𝑓 near zero, this is 
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expected to follow from the functional calculus of 𝐻, in 

analogy with the one-dimensional argument of (Zhang 

and Pankov, 2010). 
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