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Ribbon Catisina gore Roller Coaster Yiizeyinin Karakterizasyonlari
Selcuk BAS”
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Oz

Diferansiyel geometride 3-boyutlu Oklid uzayinda yiizeylerin &nemli bir smifi olan ve 1-parametreli
diferansiyellenebilir dogru aileleri ile elde edilen regle ve agilabilir yiizeyler bilgisayar destekli dizayn
programlarinda, ingaat miihendisliginde, mimarlik alanlarinda 6nemli bir yere sahiptir. Ayrica, robotik ve
mekaniksel bazi isleyislerin ¢alisma yolu ve caligma alanlarini {ireten siiregler uzaysal egri ve ylizeyler ile
olusturulur. Bu egri ve yiizeyleri anlamak i¢in diferansiyel geometriye basvurulmasi ise gayet dogal bir yaklagim
olacaktir. Dairesel yiizeyler de tipki regle yiizeyler gibi bir¢cok alanda kullanilan énemli bir konudur. Bir egri
yardimiyla elde edilen kanal ve tiip ylizeyler ise dairesel yiizeylere verilecek en dnemli yiizey ailelerindendir.
Roller coasterler trenin; virajlarin, halkalarin, tepelerin ve vadilerin etrafinda hareket ederken kinetik ve potansiyel
enerjinin etkilesimi ile klasik enerji doniistimlerine 6rnektirler. Bir roller coaster pisti, uzayda hareket eden bir
pargacigin uzayda verilen bir egri tizerinde kalacaktir. Roller Coaster yiizeyi dairesel ylizeylerin 6zel bir tipidir.
Bu ¢alismada, 3-boyutlu Oklid uzayinda Ribbon catistyla R-Roller Coaster yiizeyi arastirildi. Dahasi, R-Roller
Coaster yiizeyinin 1. ve 2. Temel formun katsayisi, ortalama egriligi, Gauss egrilikleri incelemistir. Ayrica, R-
Roller Coaster yiizeylerinin paralel yiizeyleri elde edildi. Son olarak, bir R -Roller Coaster yiizeyinin elastik
olmayan akisina karsilik gelen denklemler bulundu.

Anahtar kelimeler: Roller Coaster yiizeyi, Ribbon ¢ati, Dairesel yiizey, Paralel yiizey.

Characterizations of Roller Coaster Surface According to Ribbon Frame

Abstract

In differential geometry, the research of certain classes of surfaces with particular features in 3-dimensional
Euclidean space such as ruled and developable surfaces, which are 1-parameter smooth families of straight lines,
has a significant role in the field of CAD, civil engineering, and architecture. Moreover, the work path and
workspace of robotic or mechanic operations are formed by these spatial curves and surfaces respectively during
the generation process. Thus, it is reasonable to make use of differential geometry in order to understand these
surfaces and spatial curves. Circular surfaces are also regarded as a highly essential topic in a different area like
as ruled surfaces. A canal surface and tube surface of a space curve can be given as one of the important class of
examples of circular surface. Roller coasters are usual examples of energy transformation, with an interaction of
kinetic and potential energy as the train moves surrounding the curves, loops, hills and valleys of the path. A roller
coaster path so that a particle moving in space will stay on a given curve in space. The roller coaster surface is a
special type of spherical surfaces. In this study, R-Roller Coaster surfaces with Ribbon frame is investigate in
Euclidean 3-space. Moreover, the Gaussian curvature, mean curvature, first and second fundamental form of
coefficients of Roller Coaster surfaces of are examined. Then, the parallel surfaces of R-Roller Coaster surfaces
of are obtained. Finally, we derive the related equations for the inextensible flow of a R -Roller Coaster surface.
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1. Introduction

Roller coasters provide many excellent examples to use when teaching about statics, kinematics, forces,
vectors,dynamics and energy conservation. A roller coaster path so that a particle moving in space will
stay on a given curve in space. The geometric description of the curve for a roller coaster track starts
with the definition of a moving referential, in which the tangent, normal and binormal vectors define an
orthogonal frame. Hollis [1] considered how to create monorail roller coaster animations (figure 1) in

which the track is a surface in E* in the form of a narrow strip.

Figure 1. Roller Coaster Animations [1].

A standart circular surface provides the characteristic the fact that the mix part is definitely a
ring and so the unit normal in the circle plane can be totally parallel to the mix component. Presently
there are a large number of different titles intended for one of the standart circular surface in earlier
materials, that is , tubular surface [2,3,4], pipe surface [5] and canal surface [6,7,8]. A canal surface as
well express the envelope of a family of circles by way of variable radius. Carmo [9] investigated a few
geometric features of standart circular surfaces and demonstrated two significant theorems in applied
geometry regarding the total curvature of space curves, specifically, Fenchel's theorem and the Fary-
Milnor theorem. The roller coaster surface is a special type of circular surfaces. Roller coaster surface
which is similar to the tangent developable of a space curve. Abdel-Baky etc. [10] considered spacelike
roller coaster surfaces which are defined as spacelike circular surfaces whose generating circles are lines
of curvature. Finally, the authors investigated geometric properties of them. A nonstandart circular
surface has the characteristic that the cross section is not a circle and the normal of the circle plane is
generally not parallel to that of the cross component. Izumiya etc. [11] researched the singularities of
circular surfaces. Cui etc. [12] studied applied geometry of nonstandart circular surfaces by way of a
fixed radius.

Bohr [13] researched a basic explanation of developable ribbons applying a ruled process where
ribbons are unmatched defined by two producing functions. Bas etc. [14] researched inextensible flow
of curves with Ribbon frame in the Euclidean 3-space E-.

In this study, Roller Coaster surfaces with Ribbon frame is introduced in Euclidean space 3-
space. The Gaussian curvature, mean curvature, first and second fundamental form of coefficients of
Roller Coaster surfaces of are examined. We characterize Roller Coaster surfaces in the Euclidean space
3-space.

2. Preliminaries

For the construction of ribbon and the center curve of the ribbon we need two smooth functions, p(s)
and 4(S). We also assume that they are described in the interval s € [0,Z], where Z is the essential
length of the ribbon beneath building. We also suppose that #(s) € [0, 7] Vs and sin(€(s)) >0 Vs,

througout the paper. In this construction unit vector field A(S) is significant since it is defined by having
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the angle (S) to the center curve of the ribbon and it is also a field tangent to the ribbon. Actually,
A(s) will generate the Darboux vector D(S) since it is a direction field together with the generating
function p(s) as a product factor, i.e. D(s) = p(s)J(s).

We assume that {c(s), v(s),h(s)} are unique orthonormal vectors such that they are solutions to the
below system:

c (s) = p(s)I(s) xc(s),

v (s) = p(s)I(s) x V(s), )
h'(s) = p(s)J(s) xh(s),

where J(s) is defined in terms of h(s) and c(s) as the following:
J(s) =sin(8(s))h(s) + cos(8(s))c(s). @)

For the purpose of uniqueness we also implement arbitrary initial conditions referring to a basis
in R® for given fixed coordinate system

{c(0),v(0),h(0)} ={(1,0,0),(0,1,0),(0,0,1)}. 3)
The above system is stated as follows explicitly:
¢ (s) = p(s)sin (A(s)V(s),
V (s) = —p(s)sin (8(s))c(s) + p(s) cos(A(s))h(s), 4)
h'(s) = —p(s) cos(8(s)) v (s),

where the dot notation denotes differentiation according to s If we consider notation of compact matrix,
then we have

R(s) = R(s)E(s), (5)

where R(S) is the orthogonal matrix so that it satisfies 2det(R(s)) =1. Further, columns of the R(S)
are the coordinate functions of {c(s), v(s), h(s)} respectively [13], where

0 — p(s)sin(6(s)) 0
=(s) = | p(s)sin (6(s)) 0 — p(s)cos(9(s)) | ©)
0 p(s)cos(6(s)) 0

Let N be the standard unit normal vector field on a surface ¥ described by

_ Y. AY,
[, A
where ¥, = m Then, the functions
E=(¥,¥,),F=(¥,,¥,).G=(¥,¥,) 7
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are denoted to be the coeg¢cients of the first fundamental form and the functions
| = (¥, ,N),m=(¥,,N),n=(¥,.N), (8)

ss? su?

are defined to form the second fundamental form of V.

Additionally, the invariant functions of the Gaussian curvature K and the mean curvature H of the
surface are defined as follows:

eg - f?
K=——, 9
EG-F ©)
_Eg — 2Ff +zGe (10)
2(EG-F?)

respectively, [9].

Definition 2.1. [15], A surface evolution (s, V,t) is its flow 3 are said to be inextensible if its first
fundamental form {E,F, G} satisfies

a_E:a_Fzﬁzo_ (11)
ot ot ot

Definition 2.2. A circular surface is a map
L:1xR27Z —E®
defined by
L(t,v) = p(t) + r(t)(c,(t) cosv +c,(t)sin v), (12)

where ,¢,,C, 1 1 > E®and r:1 -R,,. Wecall y abase curve and a pair of two curves c,,C, a
director frame. The standard circles
V> p(t) + r(c (t) cosv +c, (t) sin v)

are called generating circles, [11].

3. Roller Coaster Surface According to Ribbon Frame in E®

In respect to the Ribbon frame (c(S), v(S),h(s)) the parametric expression of the R-roller coaster
surfaces is given by:

YR (s,u) = 7(s) + r cosuc(s) + rsin u(cos p(s)v(s) +sin p(s)h(s)). (13)
Proposition 3.1. Assume the spin curve of a R-roller coaster surface is a unit speed curve S:1 — E®

. . R . .
with nonzero curvature. So, Gaussian curvature of R -roller coaster surface Y™ (S,u) is given by

Ut (), = P51 0) = (22), + Py Sin O)(Uats)

+(pA, cos O) (A, + Ao i) A1) (141)y — (Aytts)(15),, (14)
+ (Dt + 210 )(13) 1= [(A ) (A1), — (Apss)(4,), + (s, + J’Zﬂl)ﬁ?)u]z

K =
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where

A4 = (1-rpsin ucos gsin 0),
A, = (rpcosusin 6)

M =—Tsinu

M, =T COSUCOSQ

M = rcosusin ¢

A= T + sl + [ty + Ao

and

" = r?[(1—rsin ucos gwsin 8)° + (rwcosusin 8)*]— (rsin 8 + r>wcos gsin ).

Proof. We have the natural frame W<, W, of the surface ¥~ (s,u) given by
Y, = (1—rpsin ucosgsin 8)c+ (rpcosusin G)v,

W, = (-rsin u)c+ (rcosucos @)V + (rcosusin g)h.
The quantities E,F, G are calculated to be

E = (1-rpsin ucosgsin 8)* + (rpcosusin 8)°,
F=—rsinu+r?pcosgsin 6,
G=r?

Additionally, the unit normal vector field N at any point is

N= %[(zzﬂs)c —(attsV + (atty + Ao )],

where

A, = (1—rpsin ucosgsin ),
A, = (rpcosusin ),

L =—rsinu,

L, = COSUCOS @,

Uy = rcosusin @,

A= \/[121%]2 + [11/“3]2 +[Au, + ﬂ'zlul]z-

Components of second fundamental form are

= %[(ﬂzﬂs)((ﬂl)s — P4, sin 0) —((4,), + pA,sin O)(4,445)
+(pA, cos O) (A u, + A,u4)],
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1

m = X[(ﬂzﬂa)(/%)u = (At5)(2),] (16)

n= %[(ﬂ“zﬂs)(ﬂl)u = (M) (1) + (Aupty + Ao 1 )(143) ]

On the other hand,
" = r’[(1—rpsin ucos gsin @) + (rp cosusin @)*]—[rsin &+ r?pcos gsin G]°.
So, the proof is complete.

Corollary 3.1. Assume the spin curve of a R-roller coaster surface is a unit speed curve f:1 — E®

with nonzero curvature. Then, mean curvature of R-roller coaster surface P'° (s,u) is given by

H = [+ (o) Mt — Gt )t ), + Gt + A ),]

= 2(=rsin 0 + r’weos gsin O)[(2,)(4), — (Ait5)(%;),]
+ P [(Ao)((A)s = WA, siN 0) +((4,) + WA Sin O)(—Ayt;) + (WA, COs 6],

where

(17

I = r’[(1—rpsin ucos gsin 8)* + (rp cosusin )*]—[(rsin @+ r?pcos gsin )]

Corollary 3.2. Assume the spin curve of a R -roller coaster surface is a unit speed curve f:1 —> E®
R

with nonzero curvature. If is inextensible, then

g((l— rpsin ucos @sin 8)* + (rp cosusin 8)?) =0,

g(—rsin 6 +r?pcospsin 6)=0,
ot (18)

%(rz):o.

Corollary 3.3. Let be a R -roller coaster surface PR (s,u) and l-IVJR(S,U) be a parallel surface of

PR (s,u) in Euclidean 3-space. Then, the equation of PR (s,u) is given by

PR (s,u)=y(s)+rcosuc(s) + rsin u(cos ¢(s)v(s) + sin ¢(s)h(s))

(19)
n @(% [(Aotts)C — (apts)V + (Aytty + Apgiy)],

where ©® is a constant.

Corollary 3.4. If ¢ = % r= ﬁ and u = 6 in equation (14), coincide with the equation [13]-7.
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4. Examples

Example 4.1.

First, let us regard a unit speed circular helix by
E=E(s) = (acosg,asin E,E),

d
where d =+a?+b? eR.

psin G:C%,

pcosezdiz,

.S S
—asin —,acos—,b |,
( d d )
V= (— cosi,—sin E,Oj,
d d

h= i bsin i,—bcosi,a),
d d d

Thus, we obtain

c=

o |-

PR (s u)—(acosi—Ecosu—sinE—rsinucos cosi+msinusin (s)sinE
L d d d PR e

) S ] .S rb .. . S
asin —+-—Ccosu cos— —rsin U cos ¢ sin — ——sin usin ¢ cos—,
d d d d d d

E+£cosu+Esinusin (s)l)
d d d AT

By using above equation we have following figure:

Figure 2. Roller Coaster surface W," (s, u) .
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Example 4.2.

Let us take the unit speed space curve

. A3 . s 43
E=¢&(s)= (7SInS ,5,70053),

c(s) = (% coss%,%,—%sin SJ,

v(s) = (~sin s,0,—coss),
h(s) = (—%cos s,?,%sin SJ.

On the other hand,

p(s) cos(6(s)) =

N

R \/§ . \/§I’ 1 . . r . .
Y, (s,u)z(Tsms +Tcosucoss§—rsm ucos ¢sin s—Esm usin ¢ coss,

§+Lcosu +gsin usin o,

V3 J3r

. . . r . . .
7COSS—TCOSUSIH S —1rsSin ucos @sin S+ESIn usin ¢sin S).

By using above equation we have following figure:

Figure 3. Roller Coaster surface ‘PZR (s,u).
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