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Abstract: Uncertainty in crack flexibility can significantly affect the vibration characteristics of cracked microbeams, particularly in
microscale structures. This study investigates the stochastic free vibration behavior of cracked microbeams with random crack
flexibility within the framework of modified couple stress theory. The crack is modeled as a torsional spring; its position defines the
crack location, while its rotational flexibility characterizes the crack severity. In the stochastic formulation, the crack location is kept
deterministic, and the crack flexibility is modeled as a random variable. Natural frequencies are obtained for simply supported and
clamped-clamped microbeams using a numerical procedure based on the characteristic equation. Deterministic frequency maps are
first generated in the crack parameter plane to identify regions where the modal response is most sensitive to crack location and crack
flexibility. Monte Carlo simulation is then used to propagate the uncertainty in crack flexibility, and the resulting samples of the first
mode natural frequency are evaluated using the mean, standard deviation, coefficient of variation, and percentile intervals. The results
show that the coefficient of variation increases as the crack location moves toward the midspan, and the simply supported microbeam
exhibits larger uncertainty than the clamped-clamped microbeam. A sensitivity analysis of the uncertainty level further confirms that
greater dispersion in crack flexibility leads to greater uncertainty in the natural frequency.

Keywords: Crack flexibility uncertainty, cracked microbeams, natural frequency, modified couple stress theory, stochastic free
vibration

Rastgele Catlak Esnekligine Sahip Catlakhh Mikro Kirislerin Dogal Frekans Belirsizligi

Oz. Catlak esnekligindeki belirsizlik, 6zellikle mikro 6lgekli yapilarda, titresim karakteristiklerini 5nemli dlgiide etkileyen bir unsurdur.
Bu caligmada, rastgele catlak esnekligine sahip ¢atlakli mikro kirislerin stokastik serbest titresim davranisi, degistirilmis ¢ift gerilme
teorisi cergevesinde incelenmektedir. Catlak, burulma yay1 olarak modellenmistir; yaymn konumu catlagin yerini tanimlarken, yay
direngenligi, catlak siddetini karakterize etmektedir. Stokastik formiilasyonda catlak konumu sabit alinmis, ¢atlak esnekligi ise rastgele
degisken olarak modellenmistir. Basit mesnetli ve ankastre-ankastre mikro kirisler i¢in dogal frekanslar, karakteristik denkleme dayali
sayisal bir yontemle elde edilmistir. Oncelikle, modal yanitin gatlak konumu ve gatlak esnekligine en duyarli oldugu bélgeleri
belirlemek amaciyla catlak parametre diizleminde deterministik frekans haritalar1 olusturulmustur. Daha sonra, ¢atlak esnekligindeki
belirsizligi yaymak i¢in Monte Carlo simiilasyonu kullanilmis ve elde edilen birinci mod frekans drnekleri ortalama, standart sapma,
degisim katsayis1 ve yiizdelik araliklar kullanilarak degerlendirilmistir. Sonuglar, degisim katsayisinin, ¢atlak konumu kiris ortasina
yaklastikga arttigin1 ve basit mesnetli mikro kiriste, ankastre-ankastre mikro kirise gore daha yiiksek belirsizligin ortaya ¢iktigini
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gostermektedir. Belirsizlik seviyesi duyarlilik analizi sonuglart ise, catlak esnekligindeki daha genis dagilimin daha giiclii frekans

belirsizligine yol agtigimni dogrulamaktadir.

Anahtar kelimeler: Catlak esnekligi belirsizligi, ¢catlakly mikro kirisler, dogal frekans, modifiye ¢ift gerilme teorisi, stokastik serbest

titresim.
1. Introduction

Microbeam-type structures are fundamental components of
many modern microscale devices, including MEMS, sensors,
actuators, and resonators. Their dynamic behavior plays an
important role in device performance, stability, and reliability.
When structural dimensions decrease to the microscale,
classical continuum models may become insufficient because
size effects become significant. To capture these effects, the
modified couple stress theory proposed by Yang et al. [1] has
been widely adopted. By introducing a material length-scale
parameter, this theory provides a size-dependent
representation of the stiffness and deformation characteristics
of microstructures. The applicability of the modified couple
stress theory to beam-like microsystems has been
demonstrated in many studies [2—18].

Cracks are common defects in micro- and nanoscale structural
elements and may significantly alter their static and dynamic
behavior. Their influence has therefore been examined in
several deterministic studies. Loya et al. [19] analyzed cracked
nanobeams and reported significant size-dependent changes in
the natural frequencies. Tadi Beni et al. [20] showed that
natural frequencies decrease with increasing crack severity. Ha
and Lien [21] used an overall additional flexibility matrix to
include crack characteristics and investigated the effects of
material properties, foundation parameters, length scale,
damping, and crack parameters on functionally graded
microbeams. Further studies [22—27] demonstrated that crack
location, crack severity, and boundary conditions play
important roles in the vibration response of cracked
microbeams.

Nonlinear vibrations of cracked microbeams have also been
investigated within the framework of the modified couple
stress theory [28, 29]. These studies showed that when the
crack is modeled by a torsional spring, increasing crack
flexibility reduces both linear and nonlinear frequencies, even
in the presence of additional effects such as geometric
nonlinearity, tip mass, and magnetic loading. These findings
further confirm the important roles of crack location and crack
flexibility in the vibration behavior of cracked microbeams.

Recent researches have also addressed uncertainty in
nanobeam dynamics. The stochastic nonlinear response of a
nanobeam resting on a viscoelastic foundation and subjected
to random external excitation was investigated with particular
emphasis on material nonlinearity, damping, and response
uncertainty bounds [30]. The free vibration of nanobeams with
random non-ideal supports was analyzed within a probabilistic
framework [31]. Moreover, mechanical behaviors of
functionally graded nanobeams under uncertainty in material
properties and random loading were investigated [32]. Despite
these contributions, the influence of uncertainty in crack
flexibility on the vibration characteristics of size-dependent
cracked microbeams has received limited attention. In
practical applications, crack flexibility may vary because of
manufacturing imperfections, damage evolution, and

uncertainty in estimating crack severity. Consequently,
deterministic analysis alone may not adequately characterize
the modal response, and a stochastic framework is required to
quantify the propagation of crack-severity uncertainty into the
natural frequencies.

Previous studies examined the deterministic vibration
characteristics of cracked microbeams [28, 29] while other
investigations considered random excitation, uncertain
supports or material properties in micro and nanoscale beam
systems [30-32]. The present study therefore investigates the
stochastic free vibration behavior of cracked microbeams with
uncertain crack flexibility within the framework of the
modified couple stress theory. The crack is modeled as a
torsional spring, whose position defines the normalized crack
location and whose rotational flexibility characterizes the
crack severity. The analysis is conditional on known crack
locations, while the crack flexibility is modeled as a random
variable. Although crack location may also be uncertain in
practice, it is assumed to be known in the present study to
isolate the effect of crack-flexibility uncertainty. The
consideration of random crack location is reserved for future
work.

The principal contribution of this study is the combined use of
deterministic frequency maps and Monte Carlo simulation.
The deterministic maps identify location-dependent sensitivity
regions, while Monte Carlo simulation propagates uncertainty
in crack flexibility to the natural frequencies. The resulting
frequency samples are characterized using the mean, standard
deviation, coefficient of variation, percentile intervals, and
convergence analysis. Uncertainty amplification is also
compared under simply supported and clamped-clamped
boundary conditions. This combined deterministic—stochastic
approach provides probabilistic frequency bounds and
sensitivity information that cannot be obtained from
deterministic analysis alone.

2. Stochastic Modeling of Cracked Microbeams

The cracked microbeam model considered in this study is
based on the modified couple stress theory and follows the
deterministic formulation presented in [28]. The schematic
representation of the cracked microbeam is shown in Fig. 1.
The beam is described using the Euler—Bernoulli beam model,
while the crack is modeled as a torsional spring. The
normalized rotational flexibility of the torsional spring is
denoted by K. This parameter therefore represents the crack
flexibility. Accordingly, a larger value of K corresponds to a
more severe crack. Thus, the cracked microbeam is
represented as two beam segments connected through a
rotational spring at the crack position.

All length quantities used in the stochastic model are
nondimensionalized with respect to the beam length L.
Therefore, the normalized crack coordinate is defined as /.
=x./L, where x. is the dimensional crack position. The
physically admissible interval is 0 < [, < 1.
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Fig. 1. Schematic figure of the cracked microbeam
modeled by a torsional spring.

The dimensionless linear governing equations are:

A+ ) wi @ (x, t) + Wy (2, t) — agw;,"(x,t) = 0 0
0<x<l,
1+ ) w, @ (x, £) + Wy (x, ) — a;w," (x,t) = 0 @
l.<x<1
where wi(x, t) and wa2(x, t) denote the transverse displacements
of two segments of the microbeam. a; is the dimensionless
axial-loading parameter. y is the micro size-effect parameter
which includes the material length scale parameter (/) of the
modified couple stress theory [2]. Assuming harmonic motion,

wi(x, t) = Yi(x)el®t  i=1,2 (3)

where Y; (x) is the mode shape function of two segments of the
microbeam and w is the frequency of vibration. The spatial
vibration functions satisfy

1+ YP @) - 02i(x) — ¥ (x) = 0 "
i=1,2.

The crack is incorporated through compatibility conditions at
x = l., together with the end conditions corresponding to
simply supported and clamped-clamped beams. This leads to
a homogeneous linear algebraic system, from which natural
frequencies are obtained through the characteristic equation.

det M(w, K, 1) = 0 )

where M is the system matrix assembled from the boundary
and crack compatibility conditions.

The boundary conditions considered for the simply supported
and clamped-clamped microbeams and the compatibility
conditions are summarized in Table 1.

For each specified crack location and crack severity, the modal
roots are computed numerically from (5). In the present study,
the roots are first localized by a uniform grid-based search over
the prescribed frequency interval and then refined by a golden-
section procedure applied to the local minima of the smallest
singular value of the system matrix. The deterministic natural
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frequencies obtained in this way provide the basis of the
stochastic analysis.

Table 1 Boundary and compatibility conditions for
simply supported and clamped-clamped cracked
microbeams.

simply left end: right end:
supported Y,(0)=0 (1) =0
n"@M=0 %"M)=0
clamped- left end: right end:
clamped Y,(0) = 0 Y,(1) = 0
1'(0) =0 n'(1)=0

Compatibility Y;(l.) = Y5(l,)

conditions at , , "
crack YZ (lc) - Yl (lc) - Ktyl (lc) =0

location ") =Y"(,)
A+ ") —a i)
-1 +pyr"d) + a; Y, (1) =0

In this study, the crack location is kept deterministic, while the
crack flexibility K; is modeled as random in order to represent
the crack-severity uncertainty.

The crack flexibility K; is modelled using a lognormal
distribution because it guarantees positive realizations and
provides a simple right-skewed prior for damage-related
flexibility. Let

K; ~ Lognormal(u, o2) 6)

where p and o are the mean and standard deviation of In K},
respectively. The corresponding probability density function is

1 (In k—p)?
fie () = ——exp [- 2], k> 0. (7

In the numerical simulations, the generated samples are
restricted to the bounded interval

0<K, <2 ®)

The upper bound is introduced to keep the random samples
within the deterministic parameter domain considered in the
frequency maps and to avoid unrealistically severe cracks
outside the intended range of the torsional-spring crack model.
Values outside this interval are rejected and resampled.

4
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Fig. 2. Probability density function of the truncated
lognormal random crack flexibility parameter K, with

u=0 and varying o values.
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Figure 2 illustrates the probability density functions of the
truncated lognormal crack flexibility parameter K, for
different values of o, while the mean parameter is fixed at
1=0. The parameter ¢ represents the level of uncertainty;
increasing o results in a wider distribution and greater
variability in the crack flexibility parameter.

The stochastic analysis is evaluated by Monte Carlo
simulation. For each boundary condition, N = 8,000
realizations are generated. For the j-th realization, a random

sample Kt(j )is generated and substituted into the deterministic
characteristic equation,

det M(w, K ) = 0. ©)

The corresponding natural frequency is then computed
numerically using the same root-search procedure described
above. Repeating this procedure for all Monte Carlo
realizations yields the frequency sample set

{“’r(lj)};; n=1,234. (10)

In the stochastic results presented in this study, the analysis
focuses on the first dimensionless natural frequency, and the
resulting samples are post-processed using statistical measures
such as the mean, standard deviation, coefficient of variation,
and selected percentiles.

3. Numerical Results

Before performing the stochastic analysis, deterministic
frequency maps were generated in the (I, K;) plane for both
simply supported and clamped-clamped cracked microbeams.
These maps were used to examine how the natural frequencies
vary with crack location and crack flexibility, and to identify
the regions where the modal response is most sensitive to the
crack parameters. In this deterministic stage, both [, and K,
were varied over prescribed ranges, and the first four
dimensionless natural frequencies were obtained from the
characteristic equation. For each specified crack location and
crack flexibility value, the modal roots were initially identified
through a uniform grid-based search and subsequently refined
using a golden-section procedure applied to the local minima
of the smallest singular value of the system matrix. The case
K, = 0 was included as an intact-beam reference. After this
deterministic sensitivity assessment, the stochastic analysis
was performed by fixing the crack location and modeling K,
as a random variable.

Figures 3 and 4 present the deterministic distributions of the
first four dimensionless natural frequencies in the crack-
parameter plane (I, K;) for simply supported and clamped-
clamped microbeams, respectively. The results show that the
influence of crack flexibility depends strongly on the crack
location and vibration mode. Regions associated with large
modal curvature and bending moment exhibit more
pronounced frequency variation, whereas weak-curvature
regions show limited sensitivity to crack flexibility. For higher
modes, several sensitive regions appear along the beam due to
the nodal points of the corresponding mode shapes. The
clamped-clamped microbeam exhibits higher frequency levels
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than the simply supported microbeam because of its stronger
boundary constraint. However, the same mode-dependent
sensitivity mechanism is observed. These deterministic maps
provide the physical basis for the stochastic analysis by
indicating where uncertainty in K, is expected to produce
greater or smaller frequency scatter.

2) 1* mode R 2
| ‘ 2
02 24 08 8 02 € o8

c) 3 mode
') 15 I

Fig. 3. Deterministic distribution of the first four
dimensionless natural frequencies in the crack-

d) 4™ mode

parameter plane (., K.) for the simply supported
microbeam. In each panel, the color bar represents the
value of the corresponding dimensionless natural
frequency, wy,.

) 1 mode
2

02 04 06 08 02 04 06 08

Fig. 4. Deterministic distribution of the first four
dimensionless natural frequencies in the crack-
parameter plane (l.,K.) for the clamped-clamped
microbeam. In each panel, the color bar represents the
value of the corresponding dimensionless natural
frequency, wy,.

Following the deterministic assessment, the stochastic analysis
was carried out by fixing the crack location and modeling the
crack flexibility K, as a random variable. The analysis focused
on the first dimensionless natural frequency, since the first
mode is of primary importance in many microbeam resonator
applications. Four deterministic values of the normalized crack
location were considered: [, =0.2, 0.3, 0.4, and 0.5. For each
crack location, K, was modeled as a truncated lognormal
random variable with u = 0 and ¢ = 0.15 and 0 < K; < 2.
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Both simply supported and clamped-clamped boundary
conditions were examined.

For each Monte Carlo realization, a random value of K; was
generated and directly substituted into the characteristic
equation. The corresponding first dimensionless natural
frequency was then obtained using a grid-based search
followed by golden-section refinement. Based on the
convergence study, N=8000 Monte Carlo realizations were
adopted for the final stochastic simulations. The resulting
frequency samples were evaluated in terms of the mean,
standard deviation, coefficient of variation, and the 5th and
95th percentiles.

Figure 5 shows the coefficient of variation with respect to the
crack location for the first dimensionless natural frequency.
For both boundary conditions, the coefficient of variation
increases as the crack location moves from [, = 0.2 to [, =
0.5. This indicates that the uncertainty in crack flexibility
propagates more strongly to the first natural frequency when
the crack is located closer to a dynamically sensitive region of
the first mode. The simply supported microbeam exhibits a
noticeably larger coefficient of variation than the clamped-
clamped microbeam for all crack locations. This shows that
the first-mode response of the simply supported beam is more
sensitive to random crack flexibility, whereas the clamped-
clamped boundary condition reduces uncertainty propagation
because of its stronger boundary constraint.

0.2 025 03 0.35 0.4 045 0.5
Crack location, I,

Fig. 5. Coefficient of variation with respect to the crack
location for the first dimensionless natural frequency.

Figure 6 presents the mean first dimensionless natural
frequency together with the 5%-95% uncertainty interval. The
mean frequency decreases as the crack location moves toward
l. = 0.5. This trend shows that the crack becomes more
influential when it is positioned closer to the midspan region.
The clamped-clamped microbeam has higher natural
frequencies than the simply supported microbeam, as
expected, because of its larger boundary stiffness. The shaded
uncertainty intervals show that the frequency dispersion
becomes more visible as the crack location approaches [, =
0.5, especially for the simply supported case. This result
confirms that the effect of random crack flexibility is not
uniform but depends strongly on both crack location and
boundary condition.
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Fig. 6. Mean first dimensionless natural frequency with
Sth — 95th percentile interval for different deterministic
crack locations. The shaded regions indicate the
percentile interval obtained from 8000 Monte Carlo
realizations of the random crack flexibility K.

Tables 2 and 3 summarize the statistical characteristics of the
first dimensionless natural frequency for simply supported and
clamped-clamped cracked microbeams, respectively. For both
boundary conditions, the mean frequency decreases as the
crack location moves from [, = 0.2 toward [, = 0.5. This
result shows that the crack becomes more influential when it
is located closer to the dynamically sensitive region of the first
mode. In the simply supported case, the coefficient of variation
increases from 3.397% at [, = 0.2 t0 4.962% at [, = 0.5. This
shows that the uncertainty induced by random crack flexibility
becomes more pronounced as the crack approaches the
midspan. A similar trend is observed for the clamped-clamped
case; however, the uncertainty level is considerably smaller.
The coefficient of variation increases from 0.033% at [, = 0.2
to 1.616% at [, = 0.5. This comparison indicates that the first
natural frequency of the simply supported microbeam is more
sensitive to crack-flexibility uncertainty. In contrast, the
stronger boundary constraint of the clamped-clamped beam
reduces the propagation of uncertainty, especially when the
crack is located near [, = 0.2.

Table 2 Statistical characteristics of the first
dimensionless natural frequency of the simply
supported cracked microbeam under random crack
flexibility. P5 and P95 denote the 5th and 95th
percentiles, respectively.

[, Mean Std. CV (%) PS5 P95
dev.

0.2 7.609 0.2585 3.397 7.172 8.016
0.3 6.529 0.2898 4.439 6.044 7.007
0.4 5.982 0.2910 4.865 5.508 6.457
0.5 5.799 0.2877 4.962 5.333 6.275

Table 3 Statistical characteristics of the first
dimensionless natural frequency of the clamped-
clamped cracked microbeam under random crack
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flexibility. P5 and P95 denote the 5th and 95th
percentiles, respectively.

l. Mean Std. CV (%) P5 P95
dev.

02 22706  0.0076 0.033 22.693 22718
03 21465 0.0842 0.392 21.328  21.608
0.4 18.423  0.2358 1.280 18.048  18.817
0.5 17.242  0.2787 1.616 16.801 17.713

Figures 7 and 8 show the Monte Carlo convergence of the
stochastic simulations. The relative changes in the mean first
dimensionless natural frequency and the coefficient of
variation are evaluated with respect to the N=8000 result. In
Fig. 7, the relative change in the mean frequency decreases
rapidly as the number of Monte Carlo samples increases.
Figure 8 shows a similar convergence behavior for the
coefficient of variation. These results indicate that the
statistical quantities are already nearly converged at N=4000.
Therefore, N=8000 was seclected for the final simulations to
obtain conservative and statistically reliable estimates.

Relative change in mean (%)

L . L T

b
3000 4000 000 000 7o RO00
Number ol Monle Carlo samples

L L
1000 2000y

Fig. 7 Convergence of the mean first dimensionless
natural frequency with respect to the number of Monte
Carlo samples. The relative change is calculated with
the N=8000 result as the reference.

Relative change in CV (%)

L L L L I o
bk
1000 2000 3000 4000 000 B0 000 RO

Number ol Monte Carlo samples

Fig. 8 Convergence of the coefficient of variation of the
first dimensionless natural frequency with respect to the
number of Monte Carlo samples. The relative change is
calculated with the N=8000 result as the reference.

Figure 9 shows the effect of uncertainty level o on the first
dimensionless natural frequency. The crack location is fixed at
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l. = 0.5, since this location produced the largest first-mode
uncertainty in the previous analysis. For both boundary
conditions, the coefficient of variation increases as o
increases. This result indicates that a larger dispersion in the
random crack flexibility K, leads to stronger uncertainty
propagation in the natural-frequency response. The simply
supported microbeam exhibits a larger coefficient of variation
than the clamped-clamped microbeam for all considered
values of @. This confirms that the simply supported boundary
condition is more sensitive to crack flexibility uncertainty. The
selected value o = 0.15 can therefore be interpreted as a
moderate uncertainty level within the examined range.

Coefficient. of variation (%)
=
T
I

0.08 O.‘l U.IIE ()‘Il4 (J.‘l() O‘IIS UjZ U.‘Z;‘ 0“?.4 0.1?(\

Fig. 9 Sensitivity of the coefficient of variation of the
first dimensionless natural frequency to the lognormal
spread parameter a. The crack location is fixed at . =
0.5, and (N=8000) Monte Carlo realizations are used
for each value of o.

4. Concluding Remarks

This study investigated the natural-frequency uncertainty of
cracked microbeams with random crack flexibility within the
framework of the modified couple stress theory. The crack was
modeled as a torsional spring, and its normalized rotational
flexibility was modeled as a random variable to represent
uncertainty in crack severity. The crack location was kept
deterministic, and both simply supported and clamped-
clamped boundary conditions were considered.

Before the stochastic analysis, deterministic frequency maps
were generated in the (I, K;) plane. These maps showed that
the influence of crack flexibility depends strongly on the crack
location, vibration mode, and boundary condition. This
deterministic assessment provided the physical basis for
interpreting the stochastic results.

The stochastic analysis was performed using Monte Carlo
simulation. For each realization, a random value of K, was
generated from a truncated lognormal distribution and directly
substituted into the characteristic equation. The results showed
that crack flexibility uncertainty does not propagate uniformly
to the first natural frequency. Instead, the frequency
uncertainty increases as the crack location moves toward the
midspan region. The simply supported microbeam is more
sensitive to crack-flexibility uncertainty, whereas the stronger
boundary constraint of the clamped-clamped beam reduces
uncertainty propagation.

The sensitivity analysis of the uncertainty level showed that
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larger dispersion in K, leads to greater natural-frequency
uncertainty. Therefore, the assumed uncertainty level of the
crack flexibility has a direct influence on the predicted
frequency scatter.

The present results demonstrate that random crack flexibility
can produce significant and location-dependent uncertainty in
the natural frequencies of cracked microbeams. Because the
current analysis is conditional on fixed crack locations, a direct
extension is to model crack location and crack flexibility
jointly as random variables, including possible statistical
dependence, and to examine their combined effect on the
frequency distributions. Further work may also address
multiple cracks, experimentally calibrated probability
distributions, and Bayesian updating of crack parameters from
measured frequency data.
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