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Abstract

In this paper, we study the calculus of variations of the nabla notion on time scales
including V-derivative, V-integral, and V-derivatives of exponential function. The Euler-
Lagrange equations of the first-order both single-variable problem and multivariable prob-
lem with nabla derivatives of exponential function on time scales are obtained. In par-
ticular, we show that the calculus of variations with multiple variables could solve the
problem of conditional extreme value. Moreover, we verify the solution to the multivari-
able problem is exactly the extremum pair. As applications of these results, an example
of conditional extremum is provided.
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1. Introduction

Regarded as a model of time, the time scale has turned into a newly independent
theory combining difference and differential equations [11], which has been applied into
several fields, such as, the calculus of variations [2—4,7,10,14,15,17,19-21], control fields
[5,6,8,9,12,18,22-24], and other fields involving economics [16], finance, engineering,
biology and physics [1, 11].

In [4], the authors obtained an Euler-Lagrange equation for a first-order single-variable
problem involving nabla derivatives, and set up a simple consumption and saving model
of the household. More precisely, they gave a following theorem:

Theorem 1.1. (see [4], Theorem 3.1) If a function y(t) provides a local extremum to the

functional
p(b)
Tl = [, D v(o(0), 57 () Ve (1.1)

*(a)
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where y € C?[p%(a), p(b)] and y(p*(a)) = A, y(p(b)) = B, then y must satisfy the Euler-
Lagrange equation

Lyo(t,9%,yY) = Lys (8,97, yY) =0
for t € [p(a),].

Furthermore, the authors stated the theorem for the functional with several variables,
and set up dynamic optimization problem in economics to maximize its lifetime utility:

o(T)
U= [ alClo(s))e-s(p(s), 07,
0

subject to constraint

AV (s) = rA(p(s)) + Y (p(s)) = C(p(s)), s € [0(0), T].

In order to enrich and improve the calculus of variations on time scales, a nabla ex-
ponential function is introduced into (1.1) and a fundamental problem of the calculus of
variations on time scales is actually concentrated on the Euler-Lagrange equation of the
functional:

p(b)
Pyl = [, (o), ealt, 00TV

This is in fact our main motivation for the present study. To be more precise, we will
pay particular attention to the Euler-Lagrange equations for the calculus of variations
on time scales involving the nabla notion (i.e. V-derivative, V-integral, V-derivatives of
exponential function).

Throughout this paper, a knowledge of time scales and time scale notation is assumed.
For an excellent introduction to the calculus on time scales, we refer the readers to mono-
graphs [10,11]. In what follows, R denotes the set of real numbers, and Z denotes the
set of integers. A time scale T is an arbitrary nonempty closed subset of R. Note that
[a, bl = [a,b] if a is right-dense and [a, b]x = [0(a), b] if a is right-scattered. The admis-
sible functions y are of class

C*([a,b],R) £ {y : [a,b] N'T — R|y" is continuous on [a, b]s },
where [a,b] N T has at least s+ 1 points.
Our main results of the paper are as follows.

Theorem 1.2. For the problem

p(b)

Fly] = /[,2(@ L(t.y(p(t)), (ea(t, 0)y(1) V)Vt — extr,  y(p*(a)) = A, y(p(b)) = B.

Ify(t) € CY([p*(a),b],R) is a weak local extremum point, then the following Euler-Lagrange
equation

Lyo (b7, (ea(t 00y(0) V) =LY 101y (1175 (€alt, 00y(8) Vealp(t), 0) = 0, t € [p2(a), blx,
holds.

For the first-order multivariable problem, the corresponding result stated as follows.
Theorem 1.3. For the multivariable problem

p(b) p v .~
F[y17"'7y’n7u1?”'7um] :/2( )L(t7y17 "'7y7€L7 (ea(t70)y1(t)) RARA (ea(t7 O)yn(t)) ?
p=(a

ufy ., ub (ur ()Y, ..., (um(t))Y )Vt — extr, (1.2)

coy Woms

vi(p*(a)) = uj(p*(a)) = A, 4i(p(b)) = u;(p(b)) = B,
1=1,2,...n, j=1,...m.
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If yi(t),u;(t) € CL([p*(a),b],R) are weak local extremum points, then the Euler-Lagrange
equations

Ly = L(Vea(tvo)yi)v ~ealp(t),0) =0,

1.3
Lu;; - ijv =0, (13)

hold.

Remark 1.4. Theorem 1.3 can also be applied to solve conditional extremum problems.
We refer the reader to the details of Corollary 2.2 in Section 2. In this paper, optimal con-
sumption path (see the example in Section 3) is obtained through a conditional extremum
for which Theorem 1.3 is applicable.

Theorem 1.5. The solution to the multivariable problem (1.2) is the optimal solution,
for linearity of f and concavity of L in (y°(t),u’(t)), t € [p*(a),blx. If (y(t),u(t)) €
C([p*(a),b],R) x C([p*(a),b],R) is the solution pair of the multi-variable problem (1.2),
for linearity of f and concavity of L in (y*(t),u(t)), t € [p*(a),blx, then (y(t),u(t)) must
be precisely the extremum pair and satisfy the Euler-Lagrange system (1.3).

As an example, we consider an economical model on time scale. The purpose is to find
a consumption path that would maximize utility U of a family:

U= [ uCs)esiots), 0 - A,

subject to constraint

for s € [0,0(T)].
By Theorem 1.3 and the chain rule, we have

{ 2—ls = plt)] - L } L0 aa

L—v()-(—Ban]-ls—p®]  A+v®B) -1 —vor)-e(ts) [s—p@)] | T

In the above example, the economic implications of expression and symbol are explained
in Section 3. Consumption and saving decisions can be established by discussing (1.4).
We refer the reader to Section 3 for details.

This paper is organized as follows. In Section 2, we study calculus of variations for
the time scale case by using the nabla notion (i.e. V-derivative, V-integral, V-derivatives
of exponential function). The Euler-Lagrange equation of the calculus of variations of
the first-order single-variable problem on time scales will be proved. Furthermore, we
obtain the Euler-Lagrange system of the first-order multivariable problem, and show that
calculus of variations with multiple variables could be applied into conditional extremum
problems. In addition, we verify that the solution to the multivariable problem is quite
right the extremal solution. Theorems 1.2-1.5 will be proved in this section. In Section 3,
we demonstrate applications of our main results by considering an example of maximizing
utility in which an optimal consumption path is observed.

2. The proofs of main results

Here, we first recall from [4] an equality which is derived based on the integral property.
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Lemma 2.1. (see [4], Lemma2.1) If f(t) is continuous on [p(a),b], where p(a) < b, and
if
b
| $ogtve=o
p(a)
for every function g(t) € C([p(a),b],R) with g(p(a)) = g(b) = 0, then f(t) = 0 for
t € [p(a),b].

Now, we give the proofs of our main results.

The proof of Theorem 1.2. Let h : [p*(a),b] — R be any admissible variation, i.e.,
h € CY([p*(a),b],R) with h(p?(a)) = h(p(b)) = 0. Assume that this variational problem
has a local extremum at y.

Define

O(e) = Fly(t) +eh(t)],

where € € (—00, +00).
Due to ® has a local extremum at € = 0, it follows that

'(0) = 0,2"(0) = 0(< 0)

in the local minimum (maximum) case.
Next we consider

D(e) = Fly(t) +<h(?)]

p(b)
- / Lt y(p(8)) + h(p(t)), (ealt, 0)y ()Y + e(ealt, 0)h(1)) ) VL.

For simplicity, we denote L(t, y(p(t))+eh(p(t)), (ea(t,0)y(t))V +e(eq(t,0)h(t))V) by L(t, u, v).
Differentiating with respect to ¢, we acquire

, p(b) ( v v
®'(e) =/ )d*L(t y(p(t) +eh(p(t)), (ea(t, 0)y(t)) " +elealt,0)h(t)))VE

—/ {Lu(t.y(p(1) + eh(p(t)), (ealt, 0)y(t)" + e(ealt, 0)A(t))V)h(p(1))
+Lv( y(p(t) + h(p(1)), (ealt, 0)y(1))Y + e(ealt, 0)h(1))V)(ealt, 0)A(1)) ¥} VL.

It is obvious that

p(b)
2'(0) = /02(a){Lu(t,y(p(t))a (ealt, 0)y () )h(p(t))

+ Ly(t, y(p(t)), (ea(t, 0)y(1)V ) (ealt, 0)A(t)) Y}V,

and we denote the first variation of F'(y) by Fi(h).
So a necessary condition for y(¢) to be a local minimum is

p(b)

F0) = [ (Lt y(ol0) (ealt, 0p(e) V) (p(2)

+ Lu(t,y(p(t)), (ea(t, 0)y (1)) (ealt 0)h(t)) VI VE
=0

for all h € CY([p*(a),b], R) with h(p*(a)) = h(p(b)) = 0.
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According to properties of V-integral, it follows that

p(a) v
F0) = [ (Pt y(o0), (ealt, () V(o )

+ Ly (8, y(p(1)), (ealt, 0)y(1))Y) (ealt, 0)h(1) VI VE
p(b)
+/a) {Lu(t,y(p(1)); (ealt, 0)y(t) V)R (p(t))
+ Lo (t,y(p(1)), (ea(t, 0)y(£) V) (ealt, 0)h(t)) Y}V
= (p(a) = p*(a){Lu(p(a), y(p*(a)), (ealp(a), 0)y(p(a)))V )h(p*(a))
+ Ly(p(a), y(p*(a)), (ealp(a), 0)y(p(a)) V) (ea(p(a), 0)h(p(a))) ¥}
(b)
[ Ll (o), (ealt.0p0)(p(t)
p(a)

+ Lo(t.y(p(t)), (ea(t, 0)y (1)) (ealt, 0)h(t)) Y}V
= (p(a) = p*(a))Lo(p(a), y(p*(a)), (ealp(a), 0)y(p(a)) V) (ealp(a), 0)h(p(a)))¥

p(b)

+ {Lu(t,y(p(t)), (ealt, 0)y(1)) V) (p(t))

p(a)
+ Ly (t,y(p(t)), (eal(t; 0)y ()Y ) (ealt, 0)h(t) Y} VL.

Thanks to the equality

(p(a) = p*(a))(ealp(a), 0)h(p(a)))Y = ealp(a), 0)h(p(a)) — eal(p?(a), 0)h(p*(a)),

we obtain
Fa() = La(p(a), ((0), ealp(@), Ou(p(@)) ¥ ealp(e), 0)h(p(a)
(0)
7 L) (a0, 0)(0) T (1)
Lt y(p(0), (calt,000(0) ) ealt, (1)} V.

By virtue of the formula (see [11], Theorem 8.47), it follows that
Fi(h) = Ly(p(a ) y(p*(a)), (ealp(a), 0)y(p(a))V)ea(p(a), 0)h(p(a))

+ / u(t7(p(8), (ealt. 0)y(6) T h(p(1) V¢

(p( ) y(p 2( ); (ea(p(b%O)y(p(b)))v)(ea(p(b%O)h(p(b)))
v( (@), y(p*(a)), (ea(p(a), 0)y(p(a)))" )ea(p(a), 0)h(p(a))

p(b)
—/a Ly (t,y(p(t)). (ealt, 0)y(£) V) (ealp(t), 0)h(p(1)) VE

= / " )+ (ea(t0)y(1))h(p(t)
- Lv(t y(p(1)), (ea(t, 0)y(t) Y )ea(p(t), 0)h(p(1))} VL.

Again, using the property of V-integral, we have
b
p(b){L“(t’ y(p(t)), (ealt, 0)y(1)V) = LY (£, y(p(t)), (ealt, 0)y (1) )ealp(t), 0)}r(p(t)) Vi

= (b= p(O){Lu(b,y(p(b)), (ea(,0)y(0)Y) = LY (b, y(p(b)), (¢a(b, 0)y(b))Y )ealp(b), 0)} A (p(b))
~0
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/) {Lu(t,y(p(1)), (ea(t, 0)y(D) ¥ )~LY (t,y(p(t)), (ea(t, 0)y(t) ¥ )ealp(t), 0)}h(p(t) VE =0,

for all h € C'([p%(a),b],R) with h(p?(a)) = h(p(b)) = 0. According to Lemma 2.1, we
conclude that

Lyf’ (t7 ypv (ea(ta O)y(t))v) - L(Za(t,O)y(t))V (t> ypv (ea(ta O)y(t))v)ea(p(t)a 0) = 07
for t € [p(a),b], exactly speaking for ¢ € [p?(a),b]sx. This completes the proof. O

The proof of Theorem 1.3 follows from the same argument as that of Theorem 1.2 and
we omit it.

Corollary 2.2. If a pair (y(t),u(t)) provide an extremum to the functional
p(b)
Flyul = [ Lit.y (@), 0) 9
p*(a)

among all pairs (y,u) such that

(ea(t, 0)y(1)Y = f(t,y" (1), u"(1)),
then, (y(t),u(t)) must satisfy the Euler-Lagrange system
Lyo (t,5° (1), u” (1)) + N[ fyo (t, 57 (1), u” (1)) = —=(N)" - ea(p(2),0),
Lo (8,47 (1), uP (8)) + N[ fur (£, 47 (t), u (t)) =0,
Ft P (1), (2)) = (ealt, 0)y(t)Y

Proof. Firstly, we introduce a multiplier A(¢), such that A\°(t) € C'([p*(a),b],R). Sec-
ondly, we consider the functional
p(b)
F*[y,u, A, (ea(t, 0)y(t)) Y] = / » )[L(t,yp(t),up(t))—i—)\p(t)( FtyP (), uP (£)—(eal(t, 0)y(t) V)] VL.
p?(a

Finally, we set
G(t,u”,y?, N u , (ealt, 0)y(8)Y) = L(t,y" (1), u” () +N (D)L f (£, 47 (2), u’ ()~ (ea(t, 0)y (1)) V].
By Theorem 1.3, it is obvious that the Euler-Lagrange system can be written as
Gy = Gy - alp(t), 0),
Gur = Gy,
Gy = GYv.
More concretely,
Lye (8,57 (1), u (1)) + N[ fye (, 4°(
Luo (t,y7 (), u? () + N[ fur (£, 5"(
FQyP(8), uP(t) — (ealt, 0)y(t
hold. O

The proof of Theorem 1.5. Assume that the pair (y, u) satisfies all the optimality con-
ditions, and let (y,u) be another admissible pair. Owing to the hypotheses of linearity
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and concavity, we measure the difference

p(b)
Pl = Fly.ll = [ |L(57.@) - Lty 0|t
P

*(a)

p(b)
§/2 {Lult,y”, u”) (5" = yP) + Lo(t,y”,u”) (0" — u”)} Vi
P

(a)

B /p::)) N[y (8,97 uP) (P = 4P) + fue (9, u?) (0P — uP)]

+ (W) Vealp(t), 005 — y°)| Vi
_ /piz)) INLfyo (1,507 0P ) (5 — ) + fuo (5P, 0P) (@ — )]

+[(Wea(t,0)9)]Y = AN (ea(t,0)7)Y — [(\ealt, 0)y)]Y + A (ea(t, 0)y) ¥ |V
- /,,SEZ)) N[ fyo (9P ) (@ = 4°) + Fur (8,97, 00) (@ — )]

+ X (ea(t,0)y)Y = N (ea(t,0)9)Y + [Nea(t,0)5]Y — [Weal(t,0)y] V|V
< /p SEZ IN[fyo (8,52 ) (57 — y°) + fur (t, 5P 0P) (@ — )

4 F Y u) — F( 5@+ |[WPealt,0)5]Y — [Wealt, 0)y]Y|VE
-/ vt / " [(vea(t0))(5 - 1T Ve

p?(a) p2(a)

= ()‘pea(t7 0))(@ - y)|zgl21)

=0,
for i,y € CY([p?(a),b],R), and y(p*(a)) = A, y(p(b)) = B. This concludes that (y,u) is
indeed unique and completes the proof. O

3. An economic application of conditional extremum

In this section, we will provide a conditional extremum in economics to illustrate an
important role played by Theorem 1.3.

The income of a household usually comes from the labor and capital, beside of these,
some from the profits of the firms. We suppose that the utility U of a family is

U= [ w(Cpe sols),0)- A

where C(p(s)) is the consumption of each member of the household at time p(s), u(-) is
each member’s utility, L(p(s)) is the total population of the economy, H is the number

Vs,

of households, W is the number of members of the household, § is the discount rate,
the greater is 8, the less the household values future consumption relative to current
consumption (see [13]).

Our position is to maximize U under the household’s capital holdings:
KUo) _ KD o, (5, psy) + TLEDECEN (5, oy - SOEDECED (5 (0,
where K (t) is the amount of capital at ¢ in the economy, and K(t) = k(t)A(t)L(t), A(t)
is the knowledge at ¢ in the economy, r is the real interest rate, e, (¢, s) shows the effects
of continuously compounding interest over the period [s,t], and w(t) is the wage of each
member of the household at time p(s). Labor and knowledge functions satisfy: LV (t) =
nL(t), AV (t) = gA(t), where n and g are parameters.

T
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After calculation on time scales, the constraint reduces to

(50 gy (5. 1% = 575+ k(0(5) - 0y (5. 0) - (er(5.p(5) = 1)

T Cn@alP(5),0) (s p(s) - w(p(s)
w;'ijM$ﬂ%w®m@D%XM$%

s € [0,0(T)], where Ay is the initial levels of knowledge.
In this model:

G5, 0,k [k()e, gy o5, 07) = u(Clp(s)Je—pp(s).0) - L(;I)H(Ts))

+ )\(P(S)){V(ls) k(p(s)) - ey (p(s),0) - (er(s, p(s)) — 1)

+4§'%@4M$ﬂ»m@m@»w@@»

%-jﬁdmgﬁyw@m@»%Xdﬂ%ﬂﬂﬁ%@A&WW}

(s

By Corollary 2.2, Euler-Lagrange equations are

() - e-al0(s).0) S = Np(s)) - 75 -exs,p(5) =0,
Mpl)) - - (ex(s,p(s)) — 1) = ~ Mol

v(s)
Without loss of generality, we can replace p(s) by ¢t and obtain the following dynamic
equation:

(W(CM)Y _ 2—[s—p(t)] 1

u'(C(t)) L—v@®)-(=Ban)]-[s—p@)] Q+vt)8) - (1—-vt)r) et s) [s—pt)]
(

Using the chain rule (see [4], Theorem 2.6), we obtain

(W)Y _ [ u"(C() + ($)CT (1))dh] - €7 (1)
u'(C(1)) u(C(1))
_ 2 —[s—p(t)]
[1—wv(t) - (=Bar)-[s—p)
1
T @ v0B) - A= v - er(tis) - [5— p(t)]
= H(s,t).
We can treat W as the growth rate of marginal utility. Next we have
H(s,t) - 0 <0,

if the utility function is concave (v’ > 0,u” < 0). The last inequality shows the growth
rate of consumption CV (¢) falls into two aspects:
(1) If H(s,t) < 0, then CV(¢) > 0, which indicates the consumer will consume less
currently and more in the future. Especially, when s — p(t) > 2, it is clear that
CV(t) > 0. That is to say the consumer is not eager to consume at present but
make some saving to pass the savings on to the consumption of more than two
periods in the future.
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(2) If H(s,t) > 0, then CV(¢) < 0, which implies the consumer is impatient and will
consume more in the earlier periods and less in the future periods. Especially,
when 2 — [s — p(t)] is close to 2, it is obvious that CV(t) < 0. That is to say
the consumer will consume more at p(t). In fact, the time interval is very short
(s — p(t) is close to 0), and the consumer can also get wages or income in the next
moment ¢ and s to determine future savings and consumption.

Remark 3.1. 1 is one period. S and r are the discount rate and the interest rate re-
spectively of one period and fixed in one period. v(t) = t — p(t) may not be in one
period.

Remark 3.2. Because of e,(p(t), s) = (1—v(t)p(t))ep(t, s), ep(p(t),s) > 0, and ep(t,s) > 0
(see [11]), 1—v(t)p(t) > 0 can be easily obtained. Hence, it is clear that 1—v(t)(—p@r) > 0,
14+v(t)s>0,and 1 —v(t)r > 0.

Therefore, given utility function u(C'), specific parameter values for 3, r, a backward
jump operator v(t), and a forward jump operator u(t) (u(t) = o(t) —t), we can establish
a dynamic system of consumption on time scales.

In special, if T = R, the model degenerates into continuous model:

U= /OTU(C(S))G_BSL(S)ds,

H

subject to the constraint:

ent

Tertow):

[6(n+g)sk(8)]/ _ k(t)e(nJrg)t(er(sft) _ 1) + e(n+g)tw(t)er(sft) - 1
0

if T = Z, the model degenerates into discrete model:

—ZHB C(s) 5

subject to the constraint:

that is,
1 1 1
K(s+1)=K(s) —— + W(s)L(s) - — C(s)L(s) -

1—r 1—r

4. Conclusions

The first conclusion is that we obtain necessary conditions for exponential function with
V-derivative, V-integral. In the special case a=0, Theorem 1.2 and Theorem 1.3 cover
the results [see [4], Theorem 3.1] and [see [4], Theorem 3.2], respectively. Secondly, nabla
exponential function is more efficient for application of economic optimization problems,
and finding the consumption path.

In the future, we will discuss the calculus of variations for the high-order and mul-
tivariable problem with V-derivatives of exponential function, and their applications in
scientific fields.
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