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Abstract 
 

Fractured reservoirs exhibit complex fluid flow behavior due to the strong permeability contrast between the 
porous matrix and fracture network systems. Numerical simulation of these systems is generally performed 
using two main approaches, Continuum Fracture Models (CFM) and Discrete Fracture Models (DFM). The explicit 
fracture details of DFM lead to a high computational burden. The Multiple Interacting Continua (MINC) method, 
one of CFM, provides a viable compromise by representing matrix fracture interaction through nested continua. 
Since a high-resolution DFM is utilized as the reference benchmark in this study, fracture and matrix parameters 
are upscaled to construct MINC models. This study compares four different MINC models based on varying 
volume fraction schemes, including Equal Volume, Equal Distance, Logarithmic Distance, and Exponential 
Distance methods, utilizing newly derived analytical formulations to characterize matrix fracture interface areas 
and nodal distances. The results demonstrate that the upscaled matrix permeability is the dominant factor 
governing MINC accuracy, while the influence of the specific volume fraction distribution is relatively minor. For 
practical application, a simplified analytical expression is derived in this study to estimate MINC matrix 
permeability directly from the DFM interface areas. The validity of this expression is confirmed through 
numerical optimization.  
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Matris–Çatlak Etkileşimlerinin MINC Modellerinde Çözümlemesi: Hacim 
Fraksiyonu Dağılımlarının ve Ölçeklenmiş MINC Parametrelerinin Rolü  

 

Öz 
 

Çatlaklı rezervuarlarda, gözenekli matris ile çatlak ağı arasındaki yüksek geçirgenlik farkı karmaşık akış 
davranışlarına neden olur. Bu sistemlerin sayısal modellenmesinde yaygın olarak Sürekli Çatlak Modeller (CFM) 
ve Ayrık Çatlak Modeller (DFM) kullanılır. DFM, çatlakları ayrıntılı olarak temsil ettiği için yüksek hesaplama 
maliyeti gerektirir. CFM yaklaşımlarından biri olan Çoklu Etkileşimli Süreklilikler (MINC) yöntemi, matris–çatlak 
etkileşimini iç içe geçmiş süreklilikler aracılığıyla temsil ederek daha verimli bir alternatif sunar. Bu çalışmada, 
yüksek çözünürlüklü DFM modeli referans alınmış ve MINC modellerinin oluşturulması için matris ve çatlak 
parametreleri ölçek büyütme yöntemiyle elde edilmiştir. Eşit Hacim, Eşit Mesafe, Logaritmik Mesafe ve Üstel 
Mesafe olmak üzere dört farklı MINC yöntemi karşılaştırılmıştır. Ayrıca, matris–çatlak ara yüzey alanlarını ve 
hacimler arası mesafeleri tanımlayan yeni analitik formüller geliştirilmiştir. Sonuçlar, MINC modelinin 
doğruluğunu belirleyen temel unsurun ölçeklenerek büyütülmüş matris geçirgenliği olduğunu, hacim kesri 
dağılımının etkisinin ise sınırlı kaldığını göstermektedir. Uygulamaları kolaylaştırmak amacıyla, DFM ara yüzey 
alanlarından doğrudan MINC matris geçirgenliğini tahmin eden basitleştirilmiş bir analitik ifade önerilmiş ve bu 
yaklaşımın geçerliliği sayısal optimizasyonla doğrulanmıştır. 
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Introduction 

Fractured reservoirs may exhibit two flow domains. The first domain is matrix domain cowering low 
permeability medium. The second domain is fracture network system representing high permeability 
medium. Matrix permeability usually forms during deposition and early rock formation. Fracture 
permeability develops later due to processes such as cracking or dissolution. The interaction of these 
two domains produces complex transport behavior and strong spatial heterogeneity. For this reason, 
fractured media are commonly modeled using either continuum models or discrete models. 

In a discrete fracture model, i.e. DFM, fractures are represented individually. Their hydraulic and 
geometric properties are defined on a fracture-specific basis. These properties may include fracture 
position, porosity, directional permeability, compressibility, and matrix–fracture mass exchange. The 
main advantage of DFM is the direct resolution of fracture-controlled flow (Lei et al., 2017). This 
includes both fracture–matrix and fracture–fracture interactions. For accurate implementation exact 
fracture geometry, and its statistical distribution must be incorporated explicitly (Karimi-Fard et al., 
2006).   

By contrast, CFM represents fractures implicitly within overlapping continua. In this framework, matrix 
and fracture systems are modeled as continuous media rather than as individual discrete structures. 
The dual-porosity concept was introduced to describe this behavior (Barenblatt et al., 1960). In such 
models, primary porosity is associated with pore space between grains, whereas secondary porosity 
develops later through processes such as fracturing and dissolution. The same conceptual framework 
also uses a shape factor to quantify transfer between matrix and fracture domains. Warren & Root 
(1963) introduced different shape factors for better representing the mass exchange between matrix 
and fracture continua. The primary advantage of DFM models is their high accuracy, although this 
comes at the expense of increased computational cost (Egya et al., 2018). 

There are different continuum models depending on connectivity between the media. The dual-
porosity, single-permeability model (DPSP) assumes that global flow occurs mainly in the fracture 
continuum (Figure 1). At the same time, fluid exchange is allowed between fractures and matrix blocks. 
However, matrix-to-matrix flow is neglected because matrix blocks are not hydraulically connected. As 
a result, this model is appropriate only when fracture flow dominates the transport process. 

 

Figure 1. Schematic Diagram for Dual-porosity and Single-Permeability Concept 

 

Figure 2. Schematic Diagram for Dual-porosity and Dual-Permeability Concept 

If the matrix medium is not only a storage system and has a moderate permeability, acts as an active 
flowing medium and contains connected flowing pathways within matrix continuum, then DPSP is not 
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an appropriate choice. For this case dual-porosity dual-permeability (DPDP) models are utilized as 
shown in Figure 2. In DPDP models, fluid flow occurs not only between fractures but also within the 
matrix. Hull and Clemo (1987) developed a computer model that considers both fracture permeability 
and matrix permeability. 

 

Figure 3. Schematic Diagram of MINC Model Concept 

The Multiple Interacting Continua (MINC) formulation is another type of continuum-based model. It 
extends the dual-porosity framework by hierarchically dividing the matrix region into a series of 
connected domains, as shown in Figure 3. Unlike classical dual-porosity approaches, where analytical 
treatment is generally limited to regularly shaped matrix blocks, the MINC method does not require 
specific matrix geometry. This flexibility improves its applicability to more complex fractured systems. 
The model was introduced and improved by Pruess & Narasimhan (1982); and Pruess & Narasimhan 
(1985). Like DPSP model fractures are well connected to each other. Unlike the DPSP model, the matrix 
domain is subdivided to many levels. The main objective of MINC is to model transient storage effects 
more effectively using nested volume structures. The higher the number of matrix continua the better 
is the transient behavior (Pruess, 1992).  

MINC grid for a regular shape is presented in Figure 4, where the fracture continuum is represented 
by the outermost dashed line, with the inner regions corresponding to the matrix elements. The 
arrangement of the distances between matrix blocks and the fracture must account for the 
thermodynamic properties of each block. This grid structure is buried most of the time inside 
discretization scheme and hidden from the end user.  

To design a Multiple Interacting Continua (MINC) model, the primary parameter required is the volume 
fraction for each continuum. To satisfy geometric volume conservation sum of all volume fractions 
should be equal to unity. Once the volume fractions are determined, other parameters which are 
distances, interface areas, can be calculated. Although three-dimensional analytical equations for 
volume fracture calculations are available, two-dimensional forms are not. The corresponding two-
dimensional form of these geometrical formulations (Equations 1, 2, 3, 4, 5 and 6) for an identical 
square is derived analytically here for the first time. These equations are then validated using a newly 
integrated MATLAB code, which employs proximity functions that take the distances of each 
continuum from the fracture as input and compute the geometric volume fractions. Both the analytical 
equations and proximity function yield identical results. 
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Figure 4. MINC Model Grid for 6 Domains (1 fracture and 5 matrix domains) 

The proximity function represents the fraction of matrix volume as a function of distance from the 
fracture. In the proximity function approach, nodal distances (di,j) are obtained from the relationship 
between matrix volume and distance from fractures. For regular fracture geometries, proximity 
functions can be derived analytically. For arbitrary or stochastic fracture distributions, proximity 
functions may be estimated using Monte Carlo techniques. In this approach, random points are 
generated within the domain and their distances to the nearest fractures are evaluated Pruess & 
Karasaki (1982). 

The geometrical formulation for an identical square is as follows: 

𝑣𝑓,1 = [𝑠2 −
(𝑠 − 𝑎)2

𝑠2
] ≈

2a

𝑠
 (1) 

, where 𝑣𝑓,1 represents fracture domain volume fraction, 𝑠 is the side length of the outermost element 

and 𝑎 is fracture aperture. 

Volumej =  𝑣𝑓,𝑗 𝑠
2  ∙  1(m)     

(2) 

, where 𝑉olume𝑗 represents nested volume j.  

𝐴𝑟𝑒𝑎𝑗,𝑗+1 = 4𝑠( ∑  𝑣𝑓,𝑖 

J

i=j+1

)
1
2  ∙  1(𝑚)    (3) 

𝐴𝑟𝑒𝑎𝑗,𝑗+1 is the interfacial area between neighbor continua.  

The guiding nodes are positioned at the centers of the intervals bounded by the inner and outer faces 
of each volume. The only exception is the first node, which is placed at the outer face of first matrix 
continuum (Figure 5). The nodal distance refers to the spacing between two adjacent nodes. 
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d1,2 =
s

4
[(∑  𝑣𝑓,𝑖 

J

i=2

)
1
2 − (∑  𝑣𝑓,𝑖 

J

i=3

)
1
2] (4) 

The distance d1,2 in the first matrix block is shown in Figure 5. 

dj,j+1 =
𝑠

4
[(∑  𝑣𝑓,𝑖 

J

i=j

)
1
2 − ( ∑  𝑣𝑓,𝑖 

J

i=j+2

)
1
2]  (5) 

Figure 5 shows the geometric locations of 𝑑𝑗,𝑗+1 which can be calculated with Equation 5.  

dj−1,j =
𝑠

4
( 𝑣𝑓,𝑗−1 +  𝑣𝑓,𝑗 )

1
2 −

𝑠

8
v

f,j

1
2  (6) 

The distance between j-1th and jth nodes, 𝑑𝑗−1,𝑗, can be calculated with Equation 6. 

 

Figure 5. An Example of Nodal Distances in the Computational Mesh of an Exponentially Spaced MINC 
Model 

This study compares four different MINC methods based on varying volume fraction schemes. These 
methods differ in how they define the spacing and volume fractions of nested elements: the Equal 
Volume method uses constant volume fractions, the Equal Distance method applies uniform spacing, 
while the Logarithmic Distance and Exponential Distance methods employ logarithmic and exponential 
spacing, respectively. Accordingly, this study evaluates the impact of volume fraction distribution on 
MINC model accuracy and identifies the dominant parameters governing matrix–fracture interactions. 

Methodology 

The numerical simulations in this study were conducted to evaluate pressure transient behavior and 
flow characteristics in complex fractured systems. The generation of DFM and MINC models is based 
on the Bristol Channel data, a field-based fractured media in UK (Geiger et al., 2010). Figure 6 shows 
the densely fractured cross-section of the reservoir. For all simulation scenarios, which are constant 
source injection problems and a constant pressure boundary problem, methane is used as the working 
fluid to represent a typical fractured shale gas reservoir environment. 

In this study single-phase porous media mass balance equation is describing both the fluid flow in 
porous matrix and fluid flow in the fracture, assuming that the flow is laminar and viscously dominated. 
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Figure 6. Bristol Channel Geometry (Tatomir, 2012). 

In such a case stokes flow can be reduced to Hagen–Poiseuille flow, which is mathematically the same 
as Darcy flow (Equation 8) and permeability of the fractures can be related to the fracture aperture 
(Witherspoon et al., 1980).  The governing mass balance equation for methane flow in a 2D porous 
medium is defined as: 

𝜕(𝜌𝜙)

𝜕𝑡
+ 𝛻(𝜌𝑢) = 𝑞 (7) 

, where 𝜙 is porosity, 𝜌 is density,  𝑞 is source term, and u is the velocity, given by the Darcy equation: 

𝑢 = (−
𝑘

𝜇
 ) 𝛻𝑝.  (8) 

In this formulation, 𝑝 denotes pressure, 𝑘 is permeability, 𝜇 represents the dynamic fluid viscosity. 
These equations are implemented and solved using Finite Element Method (FEM) within the COMSOL 
Multiphysics environment both by utilizing DFM and MINC models. 

 

Figure 7. Isolated 4 m x 2 m Domain for Detailed Investigation (green shaded are in Figure 6)  

The Bristol Channel geometry shown in Figure 6 covers an area of 18 m × 8 m and represents a densely 
fractured medium. In this study, only a smaller section of this domain is considered, as illustrated in 
Figure 7. The objective is not to simulate the entire domain. Instead, the study aims to assess and 
compare four different MINC modeling configurations, using the DFM approach as the reference 
solution. 
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Discrete Fracture Model Construction  

Parameter Estimation for Discrete Fracture Model 

Figure 8 shows the computational domain, which is closed to flow at outside boundaries. The blue lines 
represent Neumann 0 boundary condition. The black zones represent the fracture domain; the gray 
zones represent the matrix. The dots in the figure represent the discretized fracture segments. A 
constant methane source is homogeneously injected through the fractures. Table 1 summarizes the 
constant source injection problem parameters. 

 

Figure 8. Discrete Fracture Model Setup 

𝑘𝑓 =
𝛿𝟐

12
 

(9) 

The fracture permeability 𝑘𝑓 is based on the cubic law (Equation 9) derived from stokes equation. 

Table 1. Parameters for the Discrete Fracture Model 

Domain Properties DFM Parameters 

Fracture aperture (m) 0.01 

Matrix permeability (m²) 1 × 10⁻¹⁷ 

Fracture permeability (m²) 8.3333 × 10⁻⁶ (derived from cubic law, Eq. (9)) 

Matrix porosity (-) 0.18 

Fracture porosity (-) 1 

Initial pressure (Pa) 1 × 10⁵ 

Mass source term (kg/s) 1/6000 (injection into fractures) 

Discrete Fracture Model Mesh Generation 

Mesh sizes can be chosen from extremely fine to extremely coarse range, using triangular elements 
for 2D problems. Although a normal mesh size is created in DFM, the computation time is significantly 
high. Discretization is particularly dense near fractures in Figure 9, resulting in an increase in the 
number of triangles and a decrease in their size as they approach the fractures. Utilizing a finer mesh 
requires greater computational power due to the higher level of discretization.  



Ordu Üniversitesi Bilim ve Teknoloji Dergisi | Ordu University Journal of Science and Technology                                   2026, 16 

8 
 

 

Figure 9. Computational Mesh Structure for the DFM Model 

MINC Model Construction  

Due to its high accuracy, the DFM model is taken as the reference model for MINC models. Therefore, 
same domain needs to be converted to MNC model. There are many possibilities for MINC model 
construction depending on the volume fraction distributions. This section details the geometrical 
meshing for nested elements and the upscaling procedures required to align the continuum response 
with the discrete fracture benchmark. 

MINC Discretization 

MINC Model Grid Construction with Equal Nested Volumes  

In the MINC model, the first continuum represents the fracture domain. Its volume is set equal to the 
actual fracture volume used in the DFM model. Based on this relationship, the volume fraction of the 
fracture continuum is calculated. The volume fractions of the remaining continua are equally 
distributed. Equations 2, 3, 4, 5 and 6 are used to calculate geometric properties based on the volume 
fractions. MINC model grid with equal nested volumes is shown in Figure 10. 

 

Figure 10. MINC Grid with Equal Nested Volumes  

MINC Model Grid Construction with Equal Distance Intervals  

In MINC model with equal distance intervals all the nested matrix volumes are set to the same distance 
to each other. However, the distance between the fracture and first matrix continua, d12, needs to be 
separately calculated according to Equation 4 due to the volume constraints of the fracture continuum. 
MINC model grid with equal distance intervals is shown in Figure 11.  
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Figure 11. MINC Grid with Equal Distance Intervals 

MINC Model Grid Construction with Logarithmic Distance Intervals  

In this approach, the distances associated with the nested matrix continua in the MINC model increase 
logarithmically from the fracture domain toward the innermost matrix region. This arrangement is 
consistent with the pressure isolines obtained from pressure diffusion analyses. MINC model grid with 
logarithmic distance intervals is shown in Figure 11. 

 

Figure 12. MINC Grid with Logarithmic Distance Intervals 

MINC Model Grid Construction with Exponential Distance Intervals 

In this configuration, the spacing of the nested matrix continua in the MINC model increases 
exponentially from the fracture domain toward the innermost matrix region. As a result, the outer 
continua near the fracture is more finely resolved, while the inner matrix regions are represented by 
progressively larger intervals. MINC model grid with exponential distance intervals is shown in Figure 
13. 

 

Figure 13. MINC Grid with Exponential Distance Intervals 
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Volume Fractions 

To enhance the computational accuracy of the simulations, all MINC models in this study are 
constructed with ten nested elements, as a higher level of discretization leads to greater precision in 
capturing pressure and concentration gradients. 

The fracture volume fraction (f1) is kept constant across all four models, where f1 is directly equated to 
the fracture volume from DFM model to ensure that the storage capacity of the fracture system 
remains unchanged. The distribution of the remaining volume among the nine matrix elements 
depends on the chosen MINC model type. The resulting volume fractions for the Equal Volume, Equal 
Distance, Logarithmic, and Exponential MINC methods are listed in Table 2.  

Table 2. Volume fractions of MINC models with 10 nested volumes 

Volume Fraction Equal Volume 
MINC 

Equal Distance 
MINC Method 

Logarithmically 
Distanced MINC 

(LOG-MINC) 

Exponentially 
Distanced (LN-

MINC) 

f₁ 0.0475 0.0475 0.0475 0.0475 
f₂ 0.1058 0.2109 0.0894 0.1402 
f₃ 0.1058 0.1846 0.0997 0.1437 
f₄ 0.1058 0.1582 0.1022 0.1366 
f₅ 0.1058 0.1318 0.1137 0.1356 
f₆ 0.1058 0.1054 0.1186 0.1242 
f₇ 0.1058 0.0791 0.1304 0.1139 
f₈ 0.1058 0.0527 0.1341 0.0909 
f₉ 0.1058 0.0264 0.1263 0.0581 
f₁₀ 0.1058 0.0033 0.0379 0.0092 

MINC Upscaling 

Upscaling refers to the process of modifying or transforming properties and characteristics from a finer 
or more detailed scale to a coarser or larger scale. This procedure is frequently implemented to 
enhance the computational efficiency of complex models or to extend their applicability across diverse 
reservoir types. It may encompass methodologies such as averaging, simplification, or other 
adjustments aimed at rendering the characteristics derived from DFM model suitable for integration 
into MINC models. 

Fracture Volume Fraction  

The first step in geometric upscaling is to ensure that the storage capacity of the fracture system is 
accurately represented in the continuum model. To maintain storage volume in DFM must be 
equivalent to the volume of the first domain (fracture continuum) in MINC model. Figure 14 shows 
schematic representation of geometric upscaling of fracture volume. The total volume represented by 
the fracture aperture in the DFM model (blue area) is equated to the volume of the first domain in the 
MINC model (green area) to ensure mass conservation. 
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Figure 14. (a) DFM vs. (b) ED-MINC Grid Representation  

Fracture Permeability  

 

Figure 15. Schematic of Transmissibility Upscaling Between Adjacent Cells 

The left and right boundary conditions in DFM model is set as constant pressure boundaries to 
determine transmissibility of the MINC fracture continuum, as shown in Figure 15. Fluid flow occurs 
through interconnected fractures, since matrix permeability is set to 0. In Figure 16, high pressure is 
applied on the left boundary and low pressure on the right boundary. The top and bottom boundaries 
are no-flow boundaries. when the model reaches steady state ,the upscaled fracture permeability for 
MINC model can be calculated using the transmissibility equation from Karimi-Fard et al. (2006). Table 
3 summarizes DFM Constant Boundary Problem Parameters. 

𝑇𝑙,𝑟 =
𝑄𝑙,𝑟

(𝑝̅𝑙 − 𝑝̅𝑟)
 
𝜇

𝜌̅
 (10) 

𝑇𝑙,𝑟 is the matrix transmissibility, 𝑄𝑙,𝑟 is the mass flow rate, 𝑝̅𝑙  is the average pressure of cell the left 

domain, 𝑝̅𝑟  is the average pressure of the right domain, 𝜌̅ is the average density between left and right 
domains. 
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Figure 16. Steady-state Pressure Distribution for Transmissibility Upscaling under Constant Pressure 
Boundaries 

On the left-hand side, the pressure is fixed to constant Dirichlet boundary of 2 bars, on the right-hand 
side the pressure is fixed to 1 bar. After them model reaches to the steady state Equation 10 is utilized 
to calculate the upscaled fracture permeability, which is 2.51 ∙ 10−7 𝑚2. 

Table 3. Fracture Permeability Upscaling Problem - Input Data  

Domain Properties DFM Parameters 

Fracture aperture (m) 0.01 

Matrix permeability (m²) 1 × 10⁻¹⁷ 

Fracture permeability (m²) 8.3333 × 10⁻⁶ 

Matrix porosity (-) 0.18 

Fracture porosity (-) 1 

Boundary condition (Pa) Left boundary: 2 × 10⁵ 
Right boundary: 1 × 10⁵ 

Matrix Permeability  

Since the DFM model is used as the reference for the MINC method, the matrix permeability must be 
derived from the original fracture-network distribution within the matrix domain. Direct use of non-
upscaled matrix permeability values in the MINC model may introduce significant errors. Therefore, 
permeability upscaling is an essential step in the MINC modeling workflow. 

An initial analytical estimate of the MINC matrix permeability can be obtained by upscaling the DFM 
matrix permeability with the ratio of fracture–matrix contact area between the DFM and MINC models. 
The ratio of the fracture–matrix contact area can be deducted from Figure 14 geometrically. Equation 
11 shows the upscaling principle based on flux continuity: 

𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝑀𝐼𝑁𝐶
≈ 𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝐷𝐹𝑀

∙
𝐴𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒,𝑚𝑎𝑡𝑟𝑖𝑥𝐷𝐹𝑀

𝐴𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒,𝑚𝑎𝑡𝑟𝑖𝑥𝑀𝐼𝑁𝐶

 (11) 

Real matrix permeability is (𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝐷𝐹𝑀
) is used in DFM model. This value needs to be upscaled to 

matrix permeability of MINC model (kmatrixMINC
). Since Equation 11 provides only a rough 
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approximation, the initial estimate requires further refinement through an optimization process. To 
build and validate the MINC models, a constant source injection problem is established and specific 
domain parameters used in this setup are detailed in Table 4. 

Table 4. Matrix Permeability Upscaling Problem - Input Data 

Domain Properties MINC Parameters 

Fracture aperture (m) 0.0481 

Matrix permeability (m²) 2.79 × 10⁻¹⁶ m² (roughly calculated from Equation 11) 

Fracture permeability (m²) 2.51 × 10⁻⁷ m² (upscaled from Equation 10) 

Matrix porosity (-) 0.18 

Fracture porosity (-) 1 

Initial Condition (Pa) 1 × 10⁵ 

Mass Source Term (kg/s) 1/6000 kg/s 

The optimization process is formulated to treat 𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝑀𝐼𝑁𝐶
 as the control variable. The objective 

function of the optimization is to minimize the difference between the stored mass in the matrix 
domains of MINC and DFM models. This approach ensures that each MINC discretization scheme 
effectively aligns with the benchmark performance of the DFM model. After the optimization is 
finalized and upscaled 𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝑀𝐼𝑁𝐶

  value is calculated, mass storage versus time graph is generated to 

check mass balance in matrix domain for both models (Figure 17).  

 

Figure 17. Mass Storage in the Fracture and Matrix Domains of DFM and MINC Models After Using 
Optimized and Upscaled Matrix Permeability Value 

As expected after optimization, the accumulated mass overtime in both fracture and matrix domains 
shows very good agreement between the DFM and MINC models. This process needs to be repeated 
for each MINC model to find upscaled matrix permeability values. 
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Results and Discussion 

This section presents a comparative evaluation of the four MINC discretization schemes against the 
high resolution DFM reference. The performance of each model is analyzed in terms of pressure 
transient behavior, with a specific focus on the role of matrix permeability optimization and 
computational efficiency. 

Upscaled Matrix Permeability Optimization Results for MINC Models 

As expected after optimization, the accumulated mass overtime in both fracture and matrix domains 
shows very good agreement between the DFM and MINC models. This process needs to be repeated 
for each MINC model to find upscaled km values. 

The optimization process is conducted separately for each model to minimize the matrix mass storage 
difference between MINC models and reference DFM solution. The optimized permeability values for 
MINC models are obtained and summarized in Table 5.  

Table 5. Optimized Matrix Permeability for each MINC Model 

MINC Model Type Optimized Matrix Permeability (km) (m2) 

Equal Volume MINC 2.1288x10-16 

Equal Distance MINC 2.1337x10-16 

Logarithmically Distanced MINC 2.1318x10-16 

Exponentially Distanced MINC 2.1258x10-16 

The resulting permeabilities closely align with the initial estimate derived from Equation 11, which is 
2.79x10-16 m². The applicability of Equation (11) depends on the geometric characteristics of the 
fracture network. The formulation was developed and validated using a relatively well-connected 
fracture system. For fracture networks with significantly lower fracture connectivity, matrix–fracture 
interaction mechanisms may differ, potentially affecting the accuracy of the upscaled matrix 
permeability estimate. To better estimate the upscaled matrix permeability an optimization study is 
carried out, and the results are listed in Table 5. As represented in Table 5, the optimized matrix 
permeabilities obtained for all four MINC configurations are remarkably similar to one another. 

Mean Squared Error Comparison 

Selecting an appropriate evaluation criterion is critical for model assessment. The difference between 
each MINC and DFM models are quantified by the mean squared error. According to Wang & Bovik 
(2009) , prediction MSE is a fundamental indicator of predictive accuracy. Lower mean squared error 
values indicate smaller deviations from the reference mean. The MSE is defined as follows: 

𝑀𝑒𝑎𝑛 𝑆𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑟𝑟𝑜𝑟 =  
1

𝑚
 ⋅ ∑(𝑟𝑗 − 𝑧𝑗)

2
𝑚

𝑗=1

 (12) 

, where 𝑟𝑗 is the reference value, 𝑧𝑗 predicted value and 𝑚 number of observations. 

MSE calculations have been conducted for two different sets of matrix permeability values. Table 6 
highlights the importance of upscaling matrix permeability. A lower error signifies that each MINC 
model deviates less from DFM model. The first column shows the results when no upscaling is 
performed for MINC matrix permeability, i.e. matrix permeability is taken directly from DFM model. 
Therefore, first column reveals significant errors. The second column of Table 6 presents the MSE for 
MINC models developed using an approximately upscaled matrix permeability from Equation 11 
without optimization study, which yields significantly smaller errors, demonstrating that the upscaled 
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permeability enhances model consistency four orders of magnitude (10-2 to 10-6). Since the optimized 
km values presented in Table 5 are very close to each other, in the last column the averaged optimized 
km value (2.13x10-16 m²) is used for each MINC model. As demonstrated in the fourth column of Table 
6, employing this averaged value yielded the minimum deviation from reference DFM model for each 
MINC configuration. This confirms the overall model performance is not highly sensitive to the chosen 
volume fraction scheme but rather to the accuracy of the matrix permeability optimization. Therefore, 
accurately upscaled matrix permeability is the primary driver of model accuracy. 

When the mean squared errors are examined in Table 6, Equal Distance MINC model consistently 
exhibits the largest deviation from DFM model. This suggests that a uniform spacing of continua is 
ineffective in capturing the steep gradients that develop near the fracture matrix interface. 

Consequently, the discretization should be denser near the outer continua, where interaction with the 
fracture is dominant, and gradually coarser toward the inner continua. Such a non-uniform spatial 
distribution provides a more realistic representation of fracture matrix exchange mechanism. 

Table 6. Mean Squared Error Results 

MINC Model Type 1) MSE 
with 

𝒌𝒎𝒂𝒕𝒓𝒊𝒙𝑫𝑭𝑴
=

 𝒌𝒎𝒂𝒕𝒓𝒊𝒙𝑴𝑰𝑵𝑪  

(1x10-17 m²) 

2) MSE 
acc. to 

Equation 11 
𝒌𝒎𝒂𝒕𝒓𝒊𝒙𝑴𝑰𝑵𝑪

 

(2.79x10-16 m²) 

3) MSE 
average of 
optimized 

𝒌𝒎𝒂𝒕𝒓𝒊𝒙𝑴𝑰𝑵𝑪
 

(2.13x10-16 m²) 

Equal Volume MINC 3.57x10-2 3.62x10-6 1.81x10-6 

Equal Distance MINC 4.39x10-2 1.10x10-5 8.69x10-6 

Exponentially Distanced MINC 3.78x10-2 4.90x10-6 3.24x10-6 

Logarithmically Distanced MINC 3.51x10-2 3.87x10-6 1.56x10-6 

Comparison of Computation Time 

Since the MINC model uses considerably fewer grid elements than the DFM model, it is expected to 

require significantly less computation time. The results in Table 7 further confirm this reasoning. All 

computation times reported in Table 7 reflect the performance associated with the system equipped 

with an AMD Ryzen 7 3700U processor.  Stated differently, when the same hardware is used, the DFM 

models need a longer computation time to solve the same physical problem compared to MINC 

models. 

Table 7. Comparison of Computational Time of the Models Using the Same Hardware 

Simulation Method CPU Time 

Equal Volume MINC a few seconds 

Equal Distance MINC a few seconds 

Logarithmically Distanced MINC a few seconds 

Exponentially Distanced MINC a few seconds 

Optimization of 𝑘𝑚𝑎𝑡𝑟𝑖𝑥𝑀𝐼𝑁𝐶
 40 seconds 

DFM ~10 minutes 

Concluding Remarks 

This study investigates the performance of several MINC configurations for modeling fractured 
reservoirs, using a high-resolution DFM model as the benchmark.  
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1. The study demonstrated that the upscaled matrix permeability (kₘ) is the primary parameter 
controlling MINC model accuracy. Regardless of the chosen volume-fraction scheme, all 
optimized kₘ values converged to nearly identical results and consistently reduced the 
deviation from DFM benchmark. This indicates that MINC performance is largely insensitive to 
the specific volume-fraction distribution, whereas accurate estimation of kₘ is essential for 
reproducing the correct fracture–matrix mass exchange behavior. 

2. The proposed analytical formulation (Equation 11) for upscaling matrix permeability provides 
a highly efficient and accurate estimation of the matrix fracture interface area. By using this 
formula, the deviation from DFM model is significantly reduced from orders of 10-2 to 10-6 
without the need for time consuming numerical optimization. This demonstrates that Equation 
11 can serve as a robust and rapid tool for aligning MINC models with highly connected 
complex fracture networks, ensuring computational precision with minimal effort. 

3. Among MINC configurations evaluated, Equal Volume, Logarithmic Distance, and Exponential 
Distance approaches reproduced DFM response with high fidelity when combined with the 
optimized matrix permeability. In contrast, Equal Distance configuration consistently exhibited 
the largest deviation. This behavior indicates that uniform spacing fails to capture the steep 
pressure gradients that naturally develop near the fracture–matrix interface in the DFM 
model, where the matrix pressure changes more sharply in regions adjacent to fractures. Non-
uniform discretization, denser near fractures and progressively coarser toward the interior, 
provides a more realistic representation of fracture matrix mass exchange and therefore yields 
better agreement with the benchmark solution. 

4. The optimized MINC approach achieved accuracy comparable to 4 m x 2 m DFM model while 
substantially reducing computational cost. Simulations that require approximately ten 
minutes with DFM method were completed within seconds using MINC, highlighting its strong 
computational advantage over DFM in terms of simulation time. 

Future work will examine the scalability of the proposed MINC parameterization. The study will test 
whether matrix permeability and discretization defined on a representative subdomain can be applied 
to the full Bristol geometry. The representativeness of the small-scale domain will be evaluated by 
comparing fracture network characteristics across scales. Metrics such as fractal dimension and related 
statistical measures will be utilized to clarify the transferability of the upscaling approach for larger 
systems.  
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