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Abstract.
In this work we study investigates k� type helices obtained from versor

vector �elds de�ned along curves in four�dimensional Minkowski space. New
relationships between curvature functions and helical structures were obtained
by expressing the versor vector �eld in terms of the Frenet frame of the base
curve.
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1 Introduction

The di¤erential geometry of curves in Minkowski (or Lorentzian) spaces has been
the subject of extensive research due to its signi�cance in both mathematics and
theoretical physics. The geometric structure of spacetime in general relativity
is modelled by Minkowski manifolds, which provides the motivation for the
investigation of curves and their invariants in such spaces. The theory of curves
in four-dimensional Minkowski space E41 has attracted considerable attention
due to the fact that it provides a natural setting for the study of generalized
helices and other special curves.
The Frenet frame constitutes a fundamental tool in the study of curves. The

framework under consideration provides a moving orthonormal frame along a
given curve. This framework consists of the tangent vector, the principal normal
vector, and the binormal vectors. Furthermore, the geometry of the curve is
described through curvature functions. In Minkowski spaces, the Frenet frame
must be adapted to the causal character of vectors (spacelike, timelike, or null),
which leads to several generalisations of the classical Frenet�Serret formulas.
The subject of special curves, including helices, has been a signi�cant area

of study within the �eld of di¤erential geometry for some time [1-3]. In the
context of three-dimensional Euclidean space, a helix is de�ned by the property
that its tangent vector makes a constant angle with a �xed direction [4]. This
concept has been subjected to various generalisations, including slant helices and
higher-dimensional helices de�ned using Frenet frames [5, 6]. The concept of
slant helices was subsequently expanded to higher-dimensional Euclidean spaces
[7], wherein the principal normal vector forms a constant angle with a �xed
direction in the ambient space.
In Minkowski space, several authors have investigated special curves using

the Frenet apparatus [8-9]. A plethora of studies on spacelike and timelike curves
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in Minkowski 4-space have yielded novel characterisations of such curves in terms
of curvature functions. These studies have also given rise to the introduction
of hitherto unexplored classes of special curves. In particular, Ilarslan and
Ne�ovíc studied spacelike and timelike normal curves in Minkowski spacetime
and provided important results related to their geometric properties [10].
Another signi�cant development in the theory of special curves is the intro-

duction of k�type helices [11-12]. This concept generalises classical helices by
requiring that one of the Frenet frame vectors maintains a constant scalar prod-
uct with a �xed direction in the ambient space. In four-dimensional Minkowski
space, this de�nition gives rise to di¤erent types of helices, depending on whether
the tangent, normal or binormal vectors satisfy the constant angle condition [13].
Further developments in this area include the study of B2 - slant helices and

other generalized helical curves in Minkowski space E41 [14].
The curves mentioned above are characterized by the feature that one of

the higher-order Frenet vectors, like the second binormal vector, maintains a
constant angle with a speci�c �xed direction. This property aids in achieving
a deeper understanding of the geometry of curves within higher-dimensional
Minkowski spaces.
In addition to the classical Frenet frame, alternative moving frames have

also been utilised in the study of special curves. For instance, the application of
extended Darboux frames and parallel transport frames has been utilised in the
investigation of slant helices and other generalized curves in four-dimensional
spaces [15-16]. These approaches provide alternative geometric descriptions and
frequently result in novel characterisations of special curves.
Recent studies have also investigated generalized helices and slant helices

using di¤erent geometric frameworks, including fractional di¤erential geometry
and other generalized curvature concepts [17-18]. These developments demon-
strate that the study of helices and their generalisations remains an active re-
search area in modern di¤erential geometry.
Despite these advances, the interaction between vector �elds de�ned along

curves and the geometry of helices in Minkowski spaces remains an area of ex-
ploration. In particular, the role of versor vector �elds, i.e. vector �elds of
constant norm along a curve, has received relatively little attention in the con-
text of k-type helices in Minkowski space. It is therefore hypothesised that the
investigation of the Frenet frames generated by such vector �elds may provide
new geometric characterisations of special curves in E41 :From a di¤erent per-
spective, (k;m)�type slant helices were de�ned and studies were conducted in
various spaces [19-20].
Motivated by these observations, the present study investigates k�type he-

lices obtained from versor vector �elds de�ned along curves in four�dimensional
Minkowski space. By expressing the versor vector �eld in terms of the Frenet
frame of the base curve, new relationships between curvature functions and
helical structures obtained.
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2 Preliminaries

Minkowski space in E41 is an Euclidean space provided with the standart metric
given by g(X;Y ) = �x1y1 + x2y2 + x3y3 + x4y4,where X = (x1; x2; x3; x4) and
Y = (y1; y2; y3; y4) be two vectors in E4:Since g( ; ) is a inde�nite metric, recall
that a vector u 2 E41can have one of three casual characterss;it can be spacelike,
if g(u; u) > 0 or u = 0, timelike if g(u; u) < 0;or null or lightlike if g(u; u) = 0 and
u 6= 0:The norm of a vector u 2 E41 is given by kuk =

p
g(u; u):Let � : I ! E41

be an arbitrary curve in E41 . The curve � is said to be of a unit speed or
parametrized by arc length function s if g (�

0
; �

0
) = �1. We say that the curve

� is spacelike,timelike or null(lightlike) for any s;if �
0
(s) is spacelike,timelike or

null(lightlike), respectively [21].
Let � be a versor �eld on E41 :Locally � can have one of three causal charac-

teristics: spacelike, null or timelike. Thus, Frenet frames f�1; �2; �3; �4g can be
constructed for these three cases [22].
This study will speci�cally build theories on the Frenet frame, assuming � is

spacelike. Cases where � is timelike and null can be examined .
Let � = �1 is spacelike ,that is g (�1; �1) = 1 and C be a curve tangent

to �1.In this case, let�s construct the Frenet frame of (C; �): If
d�1
ds 6= 0,then

d�1
ds is perpendicular to �1,so take �2 in the direction of

d�1
ds : Thus,

d�1
ds has three

di¤erent casual characters. However, for this study, let�s choose d�1ds as spacelike,
i.e., g(d�1ds ;

d�1
ds ) > 0: �2 is then the normalized vector �eld corresponding to

d�1
ds :

The vector �eld �3 is in the direction of the normal component C
? of d�2

ds
with respect to plane f �1; �2g and can have all the causal charavters.Let�s
assume that C? is a spacelike unit vector, i.e., g(C?; C?) > 0 . Then �3
is the normalized vector �eld C? and �4 is the unique timelike unit vector
�eld perpendicular to the 3-dimensional subspace f �1; �2; �3g ;such that the
orientation of f�1; �2; �3; �4g is the same as that of E41 .The Frenet formulas are
[22]

d�1
ds = k1�2
d�2
ds = �k1�1 + k2�3
d�3
ds = �k2�2 + k3�4
d�4
ds = k3�3:

(2.1)

Let � be an versor �eld on E41 with Frenet frame f�1; �2; �3; �4g . � versor �eld
said to be a k- type slant helix if there exists a non-zero �xed direction vector U
such that g( �k; U) = ck, where ck is a real constant and k 2 f1; 2; 3; 4g [12].
3.
Teorem 3.1 Let E41 be a versor �eld in Minkowski space. Let �1 be a

spacelike unit vector, and let C be a curve tangent to �1 such that
d�1
ds and C

?

are spacelike vectors, and let f�1; �2; �3; �4g be given by the Frenet equations.
i) Consider a curve C with constant curvatures k1 and k2 , none of which

are zero. If the curve C is a 1�type slant helix , then C is a 3�type slant helix
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ii) Consider a curve C with constant curvatures k1 and k2, none of which
are zero. If the curve C is a 1�type slant helix , 3�type slant helix ,and then
C is a 4�type slant helix, then C has curvature k3 = 0:
Proof: i) Let us assume that the curve C is a 1�type slant helix. Then

g(�1; U) = c1 (3.1)

there exists a real constant c1 such that Taking the derivative of (3.1) yields

g(
d�1
ds
; U) = 0 (3.2)

and using (2.1) gives

k1 g (�2; U) = 0 (3.3)

Since k1 6= 0,

g (�2; U) = 0 (3.4)

holds. Taking the derivative of (3.4) and using (2.1) and (3.1),

�k1c1 + k2 g(�3; U) = 0

or

g (�3; U) =
k1
k2
c1 (3.5)

it follows that the curve C is a 3�type slant helix.
ii) For a 1�type slant helix and a 3�type slant helix with the C curve having

k1 6= 0 and k2 6= 0, if the derivatives of both sides of (3.5) are taken and (2.1)
used,

k3 g(�4; U) = 0

is obtained. Since the C curve is also a 4�type slant helix, we have k3 = 0:
Teorem 3.2 Let E41 be a versor �eld in Minkowski space. Let �1 be a

spacelike unit vector, and let C be a curve tangent to �1 such that
d�1
ds and C

?

are spacelike vectors, and let f�1; �2; �3; �4g be given by the Frenet equations. If
the curve C is a 2�type slant helix with the constant curvature k1 6= 0 , k2 6= 0,
and k3 6= 0, then it is also a 4�type slant helix.
Proof: Let us assume that the curve C is a 2�type slant helix. Then

g (�2; U) = c2 (3.6)

there exists a real constant c2 such that. If we take the derivative of (3.6),

g (
d�2
ds
; U) = 0

and using (2.1),
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�k1 g (�1; U) + k2 g (�3; U) = 0: (3.7)

And taking the derivative once more

�k1 g (
d�1
ds
; U) + k2 g (

d�3
ds
; U) = 0:

Using (2.1)

�k21 g (�2; U)� k22 g (�2; U) + k2k3 g (�4; U) = 0

and if (3.6) is taken into account

g (�4; U) =
(k21 + k

2
2)

k2k3
c2:

it follows that the curve C is a 4�type slant helix.
Teorem 3.3 Let E41 be a versor �eld in Minkowski space. Let �1 be a

spacelike unit vector, and let C be a curve tangent to �1 such that
d�1
ds and C

?

are spacelike vectors, and let f�1; �2; �3; �4g be given by the Frenet equations.
i) Consider a curve C with constant curvatures k1; k2 and k3, none of which

are zero. If C is a 3�type slant helix and 1�type slant helix , then C is also a
4�type slant helix.
ii) Consider a curve C with constant curvatures k1; k2 and k3, none of which

are zero. If C is a 3�type slant helix and 4�type slant, then C is also a 1�type
slant helix.
Proof: Let us assume that the curve C with constant curvatures k1; k2 and

k3, none of which are zero is a 3� type slant helix. Then

g (�3; U) = c3 (3.8)

there exists a real constant c3 such that ( 3.8) holds. Taking the derivative of (
3.8) and using (2.1),

�k2 g (�2; U) + k3 g (�4; U) = 0 (3.9)

and taking the derivative once more

�k2 g (
d�2
ds
; U) + k3 g (

d�4
ds
; U) = 0

If (2.1) is used

�k2 g (�k1�1 + k2 �3; U) + k3 g (�k3 �4; U) = 0

or

k2 k1 g (�1; U)� k22 g (�3; U)� k23 g (�4; U) = 0

and if (3.8) is considered
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k2 k1 g (�1; U)� k22c3 � k23 g (�4; U) = 0 (3.10)

is obtained.
i) Let C is a curve with constant curvatures k1, k2 and k3, none of which are

zero. Assume that C is a 3�Type slant helix and also a 1� Type slant helix,
then we have

g (�1; U) = c1

and taking into account the fact stated in (3.10),

g (�4; U) =
k22c3 � k2 k1c1

k23
= cons tan t

it follows that the curve C is a 4�type slant helix.
ii) Let C is a curve with constant curvatures k1, k2 and k3, none of which

are zero. Assume that C is a 3�Type slant helix and also a 4� Type slant helix,
then we have

g (�4; U) = c4

and taking into account the fact stated in (3.10),

g (�1; U) =
k23c4 + k

2
2c3

k1 k2
= cons tan t

it follows that the curve C is a 1�type slant helix.
Teorem 3.4 Let E41 be a versor �eld in Minkowski space. Let �1 be a

spacelike unit vector, and let C be a curve tangent to �1 such that
d�1
ds and C

?

are spacelike vectors, and let f�1; �2; �3; �4g be given by the Frenet equations.
i) Consider a curve C with constant curvatures k2 and k3, none of which are

zero. If the curve C is a 4�type slant helix , then also C is a 2�type slant helix
ii) Consider a curve C with constant curvatures k2 and k3, none of which

are zero. If the curve C is a 4�type slant helix , 2�type slant helix ,and then
C is a 1�type slant helix, then C has curvature k1 = 0:
Proof: i) Let us assume that the curve C is a 4�type slant helix. Then

g (�4; U) = c4 (3.11)

there exists a real constant c4 such that Taking the derivative of (3.1) yields

g (
d�4
ds
; U) = 0 (3.12)

and using (2.1) gives

�k3 g (�3; U) = 0 (3.13)

Since k3 6= 0,
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g (�3; U) = 0 (3.14)

holds. Taking the derivative of (3.14) and using (2.1)

�k2 g (�2; U) + k3 g (�4; U) = 0

or

g (�2; U) =
k3
k2
c4 (3.15)

it follows that the curve C is a 2�type slant helix.
ii) For a 4�type slant helix and a 2�type slant helix with the C curve having

k2 6= 0 and k3 6= 0, if the derivatives of both sides of (3.15) are taken and (2.1)
used,

k1 g (�1; U) = 0

is obtained. Since the C curve is also a 1�type slant helix, we have k1 = 0:
CONCLUIONS
The Frenet frames of the vector �eld E41 were constructed in Minkowski

space using a curve C and a vector �eld � [22 ]. Since the � vector �eld consists
of specelike, timelike, and null vectors, the f�1; �2; �3; �4g vector Frenet frame
gives rise to di¤erent structures. When constructing these frames, the situation
became even more interesting when the specelike, timelike, and null characteris-
tics of the vectors �1, �2 , �3 , and �4 were also taken into account. Upon closer
examination, the following situations arise.
A) When �1 is a spacelike vector and

d�1
ds is a spacelike vector, there are three

distinct Frenet versor frames depending on whether C? is spacelike, timelike,
or null,
When �1 is a spacelike vector and

d�1
ds is a timelike vector, there is a Frenet

versor frame,
When �1 is a spacelike vector and

d�1
ds is a null vector, there is a Frenet versor

frame,
B) a Frenet vector frame when �1 is a timelike vector,
C) a Frenet vector frame when �1 is a null vector.
In total, this results in seven Frenet frames that are similar to one another

but di¤er in the structure of their causal vectors. This actually provides a
tremendous new perspective on the �eld of geometry, enabling the derivation of
interesting results.
In this study, the necessary and su¢ cient conditions for the Frenet frames

of the versor to be slant helices when �1 is a spacelike vector,
d�1
ds is a spacelike

vector, and C? is spacelike, have been investigated. The remaining six distinct
cases will be addressed from the same perspective in a master�s thesis titled
Frenet frames of Versor vector �elds along a curve in 4-dimensional Lorentz
space.
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